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A subalgebra of loop algebra Az and its expanding loop algebra G are constructed. It follows that both resulting

integrable Hamiltonian hierarchies are obtained. As a reduction case of the first hierarchy, a generalized nonlinear

coupled Schrédinger equation, the standard heat-conduction and a formalism of the well known Ablowitz, Kaup, Newell

and Segur hierarchy are given, respectively. As a reduction case of the second hierarchy, the nonlinear Schrédinger and

modified Korteweg de Vries hierarchy and a new integrable system are presented. Especially, a coupled generalized

Burgers equation is generated.
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1. Introduction

As we know, the loop algebra A; with the basis

described as follows is used constantly:

A" 0
h =
(=) 0 - )’
emy={ 2,
0 0
0 0
= 1
o={ o o) 1)

[A(m), e(n)] = 2e(m + n),
[A(m), f(n)] = —=2f(m +n), (2)

[e(m), f(n)] = h(m + n),
deg h(n) = dege(n) = deg f(n) = n, (3)

from which the well known Ablowitz, Kaup, Newell
and Segur (AKNS) hierarchy, Kaup and Newell (KN)
hierarchy etc. were obtained.[!]

Guo 23] once proposed an approach to engen-

der Hamiltonian hierarchies with multiple potential
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functions and obtained some integrable systems. Al-
though some integrable systems with multiple poten-
tial functions were given by the method of integrable
couplings,[*~7 a great deal of the calculation was te-
dious. Therefore, Guo set forth a simple method, i.e.
forcing the power margins of spectral parameter A in
a spectral matrix to be more than two. For this sake,
he constructed a few subalgebras of loop algebra Ay
with the margins of A powers to be more than two. In
what follows, by use of Guo’s idea, we take a subalge-
bra of loop algebra A, and its expanding loop algebra
G to establish two new Lax pairs, from which two
new integrable Hamiltonian hierarchies are obtained.
As reduction cases of the first hierarchy, a generalized
nonlinear coupled Schrédinger equation, the standard
heat conduction equation and a formalism of AKNS
hierarchy are obtained. As a reduction case of the sec-
ond hierarchy, the nonlinear Schrédinger and modified
Korteweg de Vries (NLS-MKdV) hierarchy ¥l and a
new integrable system are given. Especially, a coupled
generalized Burgers equation is presented. In another
sense, this paper also provides a method for generat-
ing the expansion of integrable systems of the known

hierarchies.
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2.Two new integrable hierarchies

2.1. A subalgebra of the loop algebra A,

Consider the following subalgebra of loop algebra
A2:

0 o0 0
h(n)=1 0 0 —ix" [, (4a)
0 X 0
0 0 iAntl
e(n) = 0 0 0 ) (4b)
Al g g
0 Azt
fln) =1 ixztt 0 0], (4
0 0 0
[h(m), e(n)] = f(m+ ), (4d)
[h(m), £(m)] = e(m + ). (40)
[F(m), e(m)] = —h(m +n + 1), (4
deg h(n) = 2n, dege(n) =deg f(n)=2n+1. (4g)

In terms of Egs.(4a)—(4c), we design an isospectral

problem
Px = UQD, )\t = O:
0 —irA gA
. 9 (5)
U= irA 0 —i\? —
—g) iX%+is 0
Let
0 —icA  bA
V= icA 0 —ia |,
—bA ia 0
where

a= E I

m>0

b= b,
m>0

c= E CemA 2™,
m>0

Solving the auxiliary equation

Ve = [U: V]a (6)

gives rise to the recurrence relations as follows:

Amz =49Cm+41 — rbm«l»l

=@bmy — TCmz — GSCyy + T8b,,, (7a)

bme =Cma1 — T@m + SCp, (7b)

Crma =bmit1 — qm + Sby,, (7¢)

ag =c = const, by = cg =0, (7d)

a == =), bi=cq

¢y =cr, by =cq, (7e)
ag = — crqy + cqry — cs(q® — r?)

+ 206 -y, (71

by =crs — 5a(r” — ¢°) — cgs, (Te)

Ccy =Cqy — gr(r2 —¢%) — csr-. (7h)

Substituting A"V = <)‘2nZVm) + <)\2n Z Vm>
m=0

m=n+1
= (A™V); + (A*V)_ into Eq.(6) yields

—(NV)4at U, (A"V) 1] = (X"V) o= [U, A*"V)].

(8)

It is easy to find that the terms on the left-hand
side in Eq.(8) are of degree > 0, while the terms on
the right-hand side are of degree < 1. Therefore, the
terms of both sides of Eq.(8) are of degree 0,1. Thus,

we have

— (\"V) 4o + [U,(A"V)4]
= —bp11f(0) — cny1€(0) — gcpy1h(0) + 7by 11 R(0).

Set V(™ = (A\2"V),, then a new Lax pair ¢, =
Uy, p; = V(™ leads to the zero-curvature equation

Ui — Vz(n) + [Ua V(n)] =0, (9)

from which a new integrable system is presented as

follows:
q Cnt1
ut,, = r = bn+1
s/, Thpy1 — GCny1
0 1 0
1
=3 -1 0 O G, =JG,. (10)

0 0 -9

Here G,, = (—2byy1,2¢n11,2a,)T,J is a Hamiltonian

operator. From Egs.(7a), we find an; = gbnz — rcnz —
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s(qen — rby) = @bpy — TCngy — 8Gn_1,. Thus, a recur-

rence operator is shown as

—s4+q071¢0 —0+qd0lro g0 'sd
L=| -0-r071¢0 —s—r0~rd —rd1s0
—07140 -0~ 170 —07150
Therefore, Eq.(10) may be written as
—2cq
Uy, = JL"Gy = JL" 2cr . (11)

2c

As a reduction case of Eq.(11), taking n = 2, we
have generalized nonlinear coupled Schrédinger equa-

tions

c
Gty =CTgz — §(Q(T2 - q2))z o C(qs)m

3
— er?qy + eqrry + Ecrs(r2 -¢%)
3
+ gcr(r2 —¢*)? — csq, + crs?,

Tt, =CQuz — %(r(r2 — q2))z —¢(r8)z
3c
+ cq’ry — crqq, + 7(18(7“2 - q%)

3c
+ =q(r* — ¢*)% — csry + cqs?,

8
Sty =CTQzx — CqQTgx — C(s(q2 - T2))z
3c
+ E(r2 — ) (rre — q4z). (12)

Therefore, we call Eq.(11) a generalized Schrédinger
hierarchy.

Taking s = 0 in Eq.(11) engenders a formalism of
AKNS hierarchy as follows:

iy, = = JL"Gy, (13)
™
tn
where

. 1[0 1
J==

2\ -1 0
i g0~ 1q0 0+ qd 1ro

9 —rd 99 —ro-'ro |’
3 9

Go = “

2cr

Remark 1 Here L is different from that of the
well-known AKNS hierarchy.[] Hence, the system (13)
is not an AKNS hierarchy.

Similar to Eq.(12), in terms of Eq.(13), we have

a simple coupled Schrédinger equation

C
- 5((1(7“2 —q%))s — cr’q,

qtz =CTgg

3
+egrre + (7 = @),

C
o =ctie — S(r(r? — 4?))e + ere
3c
—cqrg, + —q(r? — ¢*)%. (14)

8
Let ¢ =7 = u,ty =t in Eq.(14); the standard linear

heat conduction equation u; = cu,,, is given. A direct

calculation shows

ou

V, — >= —2b)?
<V, g > ,
<V, a—U >= 2c\?,
or
oU
V,—>=2
<V, EP > a,
oU
<V, N >= (4a — 2gb + 2rc) A (15)

Inserting Eq.(15) into the trace identity gives

5 5 —2b)2
2 (4q — — vy 2
5 (4a —2gb + 2rc)A = A Y A 2¢eX . (16)
2a

Comparing the coefficients of A =27 yields

)
5_u(4an+1 —2gbpy1 4 2r¢ny1) = (—2n+ )G, (17)

Taking n = 0 in Eq.(17) gives v = 0. Thus,

6H,
Su — COm (18)

which are just the adjoint symmetries,® where

_ 4an+1 B 2qbn+1 + 2"'C'rkl»l
—4n

H,

are Hamiltonian functions.

In terms of Eq.(18), we may establish binary sym-
metry constraints to obtain nonlinearization of the
system (11). We shall discuss this problem in another
paper.

From Eq.(18), we have the bi-Hamiltonian struc-
ture of the system (11) as follows:

0H, 6H, 4
=J =K
Htn du du '
where K = JL.
It is easy to verify that JL = L*J. Therefore, the

system (19) is integrable in the Liouville sense.

(19)
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2.2. An expanding loop algebra fG+km+n), j+k<2,
. [A(5,m), e(k,n)] = .
Let us consider an expanding loop algebra G of fOm+n+1), j+k>2,
the loop algebra (4) as follows: (20d)
. e(j+km+n), j+k<2,
0 0 0 [h(Ja m), f(ka n)] = .
e(0Om+n+1), j+k>2
hGn)=| 0 0  —ixnti |, (20a) (20e)
0 ixh 0 hGj+km+n), j+k<2,
[e(j7 m)’ f(k7n)] = .
) h(O,m+n+1), j+k>2
0 0 \2nti
. (20f)
e(j,n) = 0 0 0 : (20Db)
-0 o deg h(j,n) =dege(j,n) = deg f(j,n) = 2n +j,
0 —ianti 7=0,1. (20g)
f@Gn) =1 ixti 0 UN B (20c) From Egs.(20a)—(20c), an isospectral problem is es-
0 0 0 tablished:
¢z = U¢; At = 0, ¢ = (¢1; ¢2a ¢3)T:
0 —iUQ - IU4)\ uy + U3/\
U= iug+iug 0 —ix2 = h(0,1) + u1€(0,0) + uaf(0,0) + uze(1,0) + ug f(1,0).
—Uuy; — ’U,3)\ 1A2 0
(21)
Let
—ic(0) —ic(1)A  b(0) + b(1)A
ic 0) +ie(1)A 0 —ia(0) — ia(1)A
—b (0) = ()X ia(0) + ia(1)A 0
Z .75m)h m) +b(.7: m)e(ja _m) ‘|‘C(],m)f(j, _m))a
m=0 j=0
where
a(0) =Y a(0,m)A*™, a(l) =) a(l,m)A ",
m>0 m>0
Solving the stationary zero-curvature equation
Ve = [U: V]: (22)

yields

a;(0,m) =u1¢(0,m) — uab(0,m) + uge(l,m+ 1) — usb(1,m + 1)
=uy¢(0,m) — ugb(0,m) + uszb, (1, m)

— ugcy(1,m) + (ugus — uguq)a(l, m), (23a)

b(0,m) =c(0,m + 1) — uga(0,m) — uga(l,m + 1), (23b)
¢z(0,m) =b(0,m + 1) — u1a(0, m) — uza(0,m), (23¢)
az(1,m) =uie(l,m) — ugb(1,m) + uze(0, m) — ugb(0,m), (23d)
bz (1,m) =c(1,m + 1) — uga(1,m) — usa(0,m), (23e)
cz(1,m) =b(l,m + 1) — uya(1l,m) — uza(0,m), (23f)
a(0,0) =a, (23g)

a(1,0) =b(1,0) = ¢(1,0) = b(0,0) = ¢(0,0) = 0, (23h)
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a(1,1) =0, (231) Then Eq.(22) can be written as
b(1,1) =aus, (23)) vy v =ve - o v
c(1,1) =auy, (23k)
a(0,1) :%(u?,, u?), (231) A direct calculation gives
5(0,1) =y, (23m) —v® 4o, v
c(0,1) =0y, (23n) = — [b(0,n+ 1) — uga(1,n + 1) £(0,0)
a(1,2) =a|uszus — usuzy + g(ug —u2)|, (230) — [e(0,m 4+ 1) — uga(l,n + 1)]e(0,0)
—b(1 1)f(1,0) —c(1 1)e(1,0
6(172) =aus, + gu4(u§ _ Ui), (23p) ( ,TL+ )f( 3 ) C( 5n+ )e( ’ )
2 — [use(1,n + 1) — ugb(1,n + 1)]A(0,0).
@ 2 2
b(1,2) =ougy + 5u3(u3 —uy). (23q)
Taking a modified term A, = 0 !(usb(l,n + 1) —
Note that uzc(1,n+1))h(0,0), with V(™) = V+(") + Ay, then the
L zero-curvature equation
Vi =373 (a(G, m)h(s, —m)

m=0 ;=0

+ b(]; m)e(j: _m) + C(j, m)f(]; _m))7

ARIESC i 7S

Uy
Uz 1 w10 ug
Ut = = —
us 2 0
Ug + 0
—2b(0,n)
2¢(0,n)
=Ji = J1G1n
—2b(1,n+ 1)
2¢(1,n+1)
0 0
1 0 0
Ugail’ll,z -0 u28*1u1
u18_1u2 Io} + ula_lul
—2b(1,n)
2¢(1,n)
= J2 = J2G2n-
—2b(0,n)
2¢(0,n)

U, — V™ 4 [U,v™] =0, (24)
admits the Lax integrable system
ugd~1uy 0 0 —2b(0,n)
0+ u 0 tuy 0 0 2¢(0,n)
0 —u48_1u4 1-— u48_1u3 —2b(1, n -+ 1)
0 —1—u30 tuy —uz0 lus 2¢(1,n+1)
w0 ug — 0 w0y —2b(1,n)
w10 ug 8+ u 0 1y 2¢(1,n)
w0 tug — usd tug w0 lus + usd lug —2b(0,n)
ur 0 tuy +uzd tug w0 ug + uzd 1y 2¢(0,n)
(25)

From Egs.(23a)—(23f), a recurrence operator is presented as

0
0
B,
B;

1
0
(&
Co

0
1
D,
D,

Ay
Az
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where
A = u307 30 — (ug + uz0™ (uguz — uguy))0 tug,
By = —0 +us0 1ug0 — (u1 + u30 N (uguz — usug))0 tuy,
C1 = —u3z0 tug — (ug + u30~ (uguz — uyug))0 Luy,
Dy = —u307 uy — (u1 + u307 (uguz — usug))0~ tus,
Ay = 0+ ugd tuz — (uz + ug0 (ugus — u1ug))0 tug,
By = u407 uyd — (ug + ug0~ (ugus — uguy))0 1y,
Co = —ug0~  ug — (ug + us0~ (uguz — usug))0 luy,
Dy = —(ug + u40 1 (ugusz — usuy))0 tus.
L satisfies

Gin = LGan, JiL=1L"Jy=J. (26)

A direct calculation yields

oUu
V, — >=—2b(0) — 2b(1)A
<V > (0) — 2b(1)A,
oU
< V, 8_11,2 >—2C(O) + 2C(1)A,
<V, v >= — 2b(0)\ — 2b(1)A?,
6U3
oUu
— >=2¢(0)\ + 2¢(1)\2
<V’6u4> c(0)A + 2¢(1)A°,

+ [2uqc(1) — 2uzb(1)
+ 4a(0)]X + 4a(1)X>.

Substituting the above formulae into the trace iden-

tity, we have

(27)
Comparing the coefficients of A=2"~1 in Eq.(27), we
obtain
1)
6—U(ZU4C(1,’H +1) — 2uzb(l,n+1)
+4a(0,n+ 1)) = (v — 2n)G1np. (28)

Comparing the coefficients of A=2" in Eq.(27) leads to

)
6—u(2U4C(O, n) — 2u3b(0,n)

+4a(l,n+1)) = (v —2n+1)Gap,. (29)

Inserting the initial values in Egs.(23g)-(23q) into
Eqgs.(27) and (28), we find v = 0. Thus, we have

iH(l, 2n)
du
:Gln:
H(1,2n)
_ugb(1l,n 4 1) —uge(l,n+ 1) — 2a(0,n + 1) (30)
= - :
9 H2,m— 1)
du ’
:G2n:
H(2,2n - 1)
_ 2u3b(0,n) — 2usc(0,n) — 4a(1l,n + 1) (31)
B 2n—1 ‘
Hence, Eq.(25) can be written as
H
u :J15 (1,2n)
du
_ g pfH@2n 1)
ou
SH(2,2n — 1)
:J2
du
H(1,2 2
AL )
du
0
0
=JiL" . (32)
—2ausg
204

Equation (26) implies that Eq.(32) is Liouville inte-
grable.

Some reduction cases of Eq.(32) are given as fol-
lows.

i) Taking us = ug = 0, Eq.(32) reduces to the
NLS-MKAV hierarchy 8]
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U
Uy =
Uz
t n—1
1 —0 + ug0 tugy ug0 1ug —u10 1y -0 — w0y —2au,
2 w10 tugy 0+ u 0 1y, —0 4 uy0 g w0y 2auy
-~ —2au
= J it t, (33)
2aug
where J; is a symplectic operator.
ii) Taking u; = us = 0, we set ¢(0,n) = b(0,n) = a(1,n) = 0, then Eq.(32) reduces to
- us
Uy =
Uy
t
1 us0 tuy 1 — uy 0 tug u30 tuzd —0 + u30 tu,d —2b(1,n)
2\ —1—wu38'uy —uz8lug —0 — ug0 tuzd —ug0 tuyd 2¢(1,n)
- - —2b(1,n
sy (L,n) (34)

2¢(1,n)

where J, is a Hamiltonian operator.
In particular, taking n = 2,t; =t in Eq.(34), we

present coupled generalized Burgers equations

Ugt =0 <U4m + ug(usguy — uztsy)

+

N W

(@—ﬁwm)

Uyt = <U3m + uz(usg s — Uzlsy)

3
E(ug — uZ)uM) .

The system (34) is a new integrable hierarchy of

+

evolution equations, to the best of our knowledge.

Remark 2 We can further expand the loop alge-
bra (20) into other high-dimensional loop algebras by
replacing 2n+7 with Nn+7, N = 3,4, - --, so that new
integrable Hamiltonian systems could be worked out.
In addition, we can use the method in Refs.[6,7] to ob-
tain some expanding integrable models of the system
(32). By making use of the approach of K symmetry
and 7 symmetry theory in Ref.[9], we can deduce a
nonisospectral integrable Hamiltonian hierarchy and
an infinite-dimensional Lie algebra. These two prob-

lems will be discussed in another paper.
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