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A new discrete spectral problem is introduced and the corresponding hierarchy of the lattice soliton equations are

derived by means of the trace identity. We find a new Darboux transformation of the lattice soliton equation, through

which the explicit solutions are shown.
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1. Introduction

Much progress has been made on the theory of
continuous integrable systems since the trace iden-
tity was proposed.[!?] Many new integrable sys-
tems with good properties have been given,3—¢
such as the Darboux transformation (DT) and the
nonlinearization.”~® In recent years discrete inte-
grable systems have become the focus of common con-
cern because of their application in physics, math-
ematics and many other branches of science as
well [10-12]

Usually we consider the spectral problem

E¢ = U('u,, )‘)¢5 ¢t = V¢; (1)

where U(u, ) is a matrix and
u(n,t) = (ui(n,t),ua(n,t))T,
u; = u;(n,t) = uy;

are the potentials depending on integers n € Z and
t € R. X is the spectral parameter and A\; = 0. For
the function f(n,t) = f, the shift operator FE and the
difference operator D are defined by

Ef(n:t) = f(n+ ]-:t) = fn+1:

E7'f(n,t) = f(n—1,t) = fn_1,
Df(n:t) = (E_ 1)f(n:t) = f(n+ ]-at) _f(nat)'

The eigenfunction ¢ = (¢!, $?)7T is a function de-
pending on n and ¢t. So Eq.(1) also can be rewritten

as

¢n+1 = Un¢n;

The compatibility condition of Eq.(1) is a discrete

zero-curvature equation
U(uy Nt = (EV (u, A\)U (u, \) = U (u, \)V (u, A), (3)
which gives a hierarchy lattice equations
Umt = Km(u(n, 1)), (4)

where K, (u(n,t)) = Kp(u, Eu, E~1u, A).

In the continuous case many good approaches
have been used, such as the homogeneous balance
method,"3! the hyperbolic function method,['* the
Jacobi elliptic function method,®2% etc. For lattice
soliton equations, there are fewer successful solution
approaches. However, if the lattice soliton equation
is obtained from a spectral problem which is formed
properly, the DT can be found easily.

By virtue of the Lax pair of Eq.(4), we define the

transformation

q‘gn = Tn¢n; (5)
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which can turn Eq.(2) into
én«l»l = ﬁn‘;na
(z;nt = Vnﬁgn;
with (ug(n,t),uz(n,t)) = (i1(n,t), da(n,t)).

After the original solutions of Eq.(4) are properly
selected we can find the new solutions by the DT.

2.New lattice soliton equations

In this paper we introduce a discrete spectral

problem
E¢=U9, (6)
A A
U— Y2 = $1 ’
g 1+pgq b2

where p = p(n,t) and ¢ = g(n,t) are two potentials,
and A is a spectral parameter with \; = 0.

‘We assume that

A )B
c -A

I =

The stationary zero-curvature equation
(ETYU -UI' =0 (7)
gives
MW 4 xgBM — x4 — ApC =0,
ApAW + xpgBM + ABW — X2B + ApA =0,
AC) —gAM —gA—pgC —C =0,
ApC) — pg AN — AN _ \gB + pgA + A = 0. (8)

Substituting the expansions

A= f: A A™,

m=0

B= i B A™,
m=0

C= i CpA™™
m=0

SO

Ut,, = (E(I'A™)3)U = U(LA™)4
0

—qAY) — qA,, — pgCoy — Cr

Then the Lax integrable lattice soliton equations are

g = —qAY — qA,, — pgC,, — Cy,
pe = pALY) + pgBSY) + BY + pA,,. (12)

into Eq.(8), we get the recurrence relations

AW 4+ ¢BM — A, —pC,, =0,

pAY) +pgBY + BY — Byyiq + pAs, =0,

C1 = gAY — gAm — pgCm — Cr = 0,

pCO 1 — pgAY — A — ¢Bui1 + pgAm + Ay = 0.
(9)

The initial values are taken as

1
A0:§: By =Co =0,

and we assume that Eq.(9) has additional initial con-
dition A; |[u]:0 = B; |[u]:0 =Cj |[u]:0 =0 (] > 1).
Then Aj;, B; and C; are uniquely determined by
Eq.(9). The first few A;, B; and C; are

(=1

Bi=p, Ci=q¢"Y, A5 =-pgY,

By =pM —p*g Y,

cfY = gt=1 — g,

Ay = —pWg1) — pgt 1 + p?(g )2,
That is to say the recurrence relations in the following
are right:

Bui1 = pAG) +pgB) + BL) + pAn,

1 = aAD + qAu +pgCry + Crn,

A,E:L)+1 - Am+1 = pCm+1 - qB'S)+1 (10)
Let
™ A; AB; i
(F)‘m)-l- = Z A 3
izo \ Ci —Ai
A(pAY + pgBY + BY + pA,,) (11)
PqAm + Am — pgAly) — A
When m = 1, the first system is
g, = ¢*pM — ¢V,
pe, =M — p?7. (13)
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When m = 2, the second system is Substituting them into the trace identity,[*
— _ (p(1)2,3 (2 (1)y,2 1
Gt, ()¢ + (@ +p)a é_uX(A+pC+2qu_/\qB+p2qC)
+pMgthg — =2 4 p(q(_l))2, (o C
=A I ) » (15)
P, :p3(q(—1))2 _p2q(—1) AB — 2pA — pC
and comparing the coefficient of A™™~! on both sides,
—pV (g + ¢ +p@ — )2 (14)  we have
. . s
We introduce the notation E(Am + pCon + 29qAm — qBumi1 + p2qChm)
(A, B) = tr(AB). C
=(r—m) "

We need the following equations, which are easy to

calculate:
oU
V,—)=0C
(n5)=c.
<V, 8—U> = AB — 2pA — p2C,
dq

U 1
<V, a> = X(A + pC + 2pgA — A\gB + p*qC),

where V. = I'U L.

with

By1 — 2pA,, — p?Ch,
From Eq.(10) we know that
Bm+1 - 2pAm —P2Cm = Br(rp

To fix the constant 7, we set m = 1, and obtain 7 =

0. So

Cm \ 6Hp,
BW T obu ]

H, = — .
> ( . ™

n€eZz

Then Eq.(7) can be shown as the following:

Cm m m— —
P =J _ gm _ gpHmea  pm 1@, (16)
B u du du
tm
in which
g p(E+1)D 1p 1+pg—p(E+1)D g

—1-pg—q(E+1)D™'p

is the skew-symmetry operator and

E Y1+ pg+q(E+1)D 1p)

E(p(E+1)D"'p)
is the recurrence operator.

It is easy to obtain

0 —-E!
E 0

3. Darboux transformation

We take Eq.(13) as an example to derive the cor-

o(E+1)D™"q

—E"'(¢(E+1)D ')
E(1+pq—p(E+1)D'q)

responding DT. Equation (13) can be rewritten as

Pnt = Pn+1 — piqnfl;

Gnt = GoPnt1 — Gn1. (17)
Its Lax pairs are

Yn—l—l = UnYn;
Yo: = V.Y, (18)
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with at the same time [jn, V,, and U,, V,, have the same
A Ap schedule.
Un = i Let
Gn  PnGn+1 ¢
A
o — Pndn-1 )‘pn
dn—1 3 + Pn@n-1 ¢$L wrzl

We assume there is a gauge transformation

Y, =T,Y,, be two basic solutions of Eq.(13) and use ¢, ¥, to

i i define a matrix T,, by
which can transform two spectral problems into

Y T T Aa, b,
¢ (19) o aad
with
Un = TorUnT, ', Let A; and Ay be two solutions of det T, = 0. When
Voo = (T + TuVa)T, s A=,
y Xl + andh + \ibpd? Nl + antpl + Aibpy2

Two rows of Y,, are linear-correlated, and let the  with

coefficient be 7;. So the following are right:
#i(n) = gn + Pngnei(n) + oi(n),

Xidy, + andy, + Aibnd?, vi(n) = A + Aipnai(n).
=ity + Gnty + Aibu), We also can get
ety + Xidh + dnd
1 2 2 _ Mdg[p(n)ra(n) — po(n)ra(n)]
:7i(cn1/)n + /\z’l/)n + dnwn) Gnt1 = /\2ng1 — /\1#11/2 ’
These can be written as b1 = (A1 — A2)vi(n)ra(n)
)\2N2V1 - )\1,U1V2
Ai + @y + Aibpai(n) =0, o (A1 = A)pa(n)p2(n)
n+1 — 5
en + Niai(n) + dnay(n) = 0, (20) pa(n)ra(n) — pz(n)vi(n)
 ama(n)(n); — Apu(n)1v(n);
th dpt1 = (22)
wi 82 — )2 pa(n)va(n) — pa(n)vi(n)
ai(n) = W (i=1,2). Through direct calculation we can prove
Solving Eq.(20) we get (b, — Pn)Cn + @nbni1 + @py1 — a, =0, (23a)
_ A1Az(ea(n) — az(n)) Prni1 +bnt1 + Prlnbny1 + bpdn — ppdy, = 0. (23b)
" )\2&2 — )\1&1
- A — Do From Eq.(21) we know that
" Agag(n) = M (n)’ detT,, = (A — A1) (A — A2).
_ (A1 = M) (n)as(n)
no ai(n) —agz(n) ' From all of these, we prove thefol]owing asser~tion.
d - Az2aa(n) — Ajai(n) 01 Proposition 1 The matrix U,, defined by U,, =
" ai(n) —ag(n) (21) T, +1U,T, ! has the same form as U,,, in which the old

otentials p,,, ¢, are mapped into p,,, §,, according to
Using Eq.(21), we know that P Pn: 4 PP Pn: 4 &

~'n = Pn — bn:
pi(n) p p
Vi(n) ’ Gn = qn + Cn+t1. (24)

a;(n+1)=
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The transformation (24) is usually called the DT from

(Yn; Pry @n) t0 (Yo} By Gn)-
Proof
Let

T =TF/det T,

A, A,
Ty Un T = f11( n) f12( n)
f21(/\, n) f22(/\; n)
Because
A+d, =)\,
T =
—¢, Atap,
Tn+1 = At i Ab”'i'l 3
Cnt1 A + dn+1

we know that fi;(\,n), fia(A,n), Afa1(A,n) and
Afaa(A,m) are cubic polynomials in A through a di-
rect calculation. We prove in the following that when
A= (1=1,2),

fru(Pi,n) =0 (k,1=1,2).

Take f11(A,n) as an example. From Eq.(20) we
know that

Ai +an, = —Aibpa;(n), A +d, = —az-_l(n)cm

so
J11(Xi,n)
=X + dn)[Mi(Xi + ang1) + Aignbnya]
- )\zpncn()\z + an-l—l) - )\ibn—l—lcn(l +p'nq'n)
=(—a; " (n)en)[Ni(—Aibprrai(n+ 1) + Aignbny1]
- )‘z'pncn(_)‘ibn+lai(n + 1))
- Aib'n-l-lc'n(l + pnq'n) =0.
Then
Tnt1Un T = (det Ty,) Qn,
in which
AQ) + Q) AQ+Q2
Qn = Q2! Q22

This also can be written as
Tn+1 Un = QnTn

After expanding, comparing the coefficients of A

(7=0,1,2), we obtain

Qn =1,

Q,=Q.=0,

lezz = Pn — by = P,

21 _ o
Qn =Cnt1+4n =Gn
QfLQ = PnCn+1 + 1 + Pndn — Cn+1bn - q'n,bn
=1+ (Cn+1 + Qn)(pn - bn) =1 +ﬁ’né’n

So
The proof is completed.

Proposition 2 Under the transformation (24),

the matrix V,, has the following form:

V _ % - ﬁn‘i’n—l /\ﬁn
n= - Y . A
dn—1 Pndn—1 — 5
Proof
Let

T ' =T%/det T,
A A,

(Tht + T, Vo)T = g1(An)  gia(A,n)

g21(A\,n)  gaa(\,n)

Through direct calculation we know g11(A,n),
g12(A, 1), g21(A, ), gaa(A,m) are cubic polynomials of
A, and when A = A; (=1,2), gi (Ai,n)=0 (k,1=1,2).

Taking g11(\,n) as an example, from Eq.(20) we

notice that

Ai + an = =Aibpai(n),

i+ dy = —cpa; (n),

ant = —Aibpra;(n) — Nbpai(n),

@it(n) = gn—1 + 2pngn—105(n) — Xiai(n) — Aipnai(n).
So

As
gu(Xi,n) = [ant + (an + Xi) <E - Pnin)
+ /\ibnqn—1:| (Ai +dn)
- A?bntpncn + (an + Ai)/\ipncn

A

Therefore we assume that
(Tht + T, Vo) Ty = (det T,,) Ry,
with
AR + R ARL2+ R2

R, =
R¥  ARZ2+R}
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It can also be written as
Trt + T Ve, = R, T,

Comparing the coefficient of M (5=0,1,2), we get

1
Rll _
n 27
1
R22 _ _
n 27
R2 =0

R}? =p, — by = pn,

R =cp+ n1=Gn-1,

R}, = — Pndn-1+ Gn—1bn — Pncn + bncn
=~ (pn — bu)(cn + @n-1) = —Pnln-1,

R}, =(pn = bn)(cn + gn-1) = Pndn-1.

The proof is completed.

So we conclude that the transformation (20) can
transform the Lax pair into another Lax pair with the
same form.

Proposition 3 The transformation (Yy,; pn, qn)

— (Ya; Dn, Gn) is a DT of Eq.(17). Under the trans-

formation

ﬁn = Pn — b’n;
Gn = qn + Cny1,

if p,, ¢, are two solutions of Eq.(17), then p,, §, are
also solutions of Eq.(17).
In the following the transformation is used to get

the new solutions of Eq.(17).

SO

AL — A2

pr =1 +b, =1 I - N
p + + )\2(12 — )\1&1

Let p, = g, = 1, Then the Lax pair of Eq.(18)

can be written as

A A
Yn+1 = Yn7
1 2
%/\ -1 A
1 1—=X (25)
2
Two real basic solutions of Eq.(25) are
t A
On :ﬂ"exp(iv)\Q—f—‘l) A X2 +4 |
1-2+
2 2
t A
o= e (= LV AV
2 2
with
A VA2 44
B=1+s4+Y2 70
2 2
From
20N — A2 (s
iy = FA00 =820
¢n()"t) - ’Y‘Lwn()‘i)
A€ A€
2ngéit(q _ 2L 4 SL} _ 2L sl
) = G G,
! B ,Bfneflt/\l -7\ ’
Az & A2 &
2ngéat (1 _ 22 4 82} _ 2282
By"e <1 2+2> 72(1 9 2)
as(n) = .

B3meb2t Ay — Yoo

()\1 — /\2)(1 + 2(]1 + 2(]2 + 4a1a2)

qn:1+cn+1:1+

with

Xi VA +4
ﬂi=1+5+’T,

&=/ +4,

()\2 — )\1) + (A2a2 — /\1a1) + 2(A2(11 — )\1(12) + 2(A2 — /\1)a1a2’

are new solutions of Eq.(17).
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