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For a nonholonomic system, a new type of Lie symmetrical non-Noether conserved quantity is given under general

infinitesimal transformations of groups in which time is variable. On the basis of the invariance theory of differential

equations of motion under infinitesimal transformations for ¢ and g5, we construct the Lie symmetrical determining

equations, the constrained restriction equations and the additional restriction equations of the system. And a new type

of Lie symmetrical non-Noether conserved quantity is directly obtained from the Lie symmetry of the system, which

only depends on the variables t, gs and ¢s. A series of deductions are inferred for a holonomic nonconservative system,

Lagrangian system and other dynamical systems in the case of vanishing of time variation. An example is given to

illustrate the application of the results.
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1. Introduction

Symmetries and conserved quantities for a dy-
namical system play an important role in the fields of
mathematics, mechanics and physics. There are three
main symmetry methods used to seek the conserved
quantities of a dynamical system: Noether symmetry,
Lie symmetry and Mei’s form invariance. The Noether
symmetry is an invariance of the Hamiltonian’s action
under the infinitesimal transformations of groups.[ ¢
The Lie symmetry is an invariance of the differential
equations under the infinitesimal transformations of
groups.[©7] The Mei form invariance means that the
form of the equations of motion remains invariant un-
der the infinitesimal transformations of the dynamical
function of a system. It is different from the Noether
symmetry and the Lie symmetry and can also lead to
a conserved quantity under certain conditions.[8=11]

In 1979, Lutzky applied the Lie theory to the dif-
ferential equations of motion for a mechanical system,
and studied Lie symmetries and conserved quantities
of the dynamical system.[”] In the last 20 years, re-

searchers have developed the method of Lie symmetry

and obtained many important results (see Refs.[4-7,
12-43]). In general, a Lie symmetry does not imply
a conserved quantity. If and only if the infinitesimal
transformations of Lie symmetry satisfy the structure
equation (i.e. Noether identity), does the Lie sym-
metry lead to a conserved quantity,®:712=30 which
is then called the Noetherian. In 1992, Hojman/3!
gave the direct method of finding conserved quanti-
ties by using Lie symmetry. This direct method is
generalized by Gonzalez-Gascénl®?! and Lutzky.[33:34]
Pillay and Leach®® demonstrated that the invari-
ant derived from Hojman’s conservation law is triv-
ial for all Noether symmetries. Therefore, by using
Hojman’s method, one can find the non-trivial con-
served quantity which is led to by the non-Noether
symmetry. The conserved quantity is called the non-
Noetherian. In recent years, the Lie symmetrical non-
Noether conserved quantities of some dynamical sys-
tems have been studied by using this direct method
in Refs.[36-43], and a series of important results are
obtained. But, the direct method of finding conserved

quantity mentioned above is utilized only to the spe-
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cial infinitesimal transformations of groups in which
the time is invariant.

This paper studies a new type of conserved quan-
tity of Lie symmetry for a nonholonomic system un-
der general infinitesimal transformations of groups in
On the basis of the in-

variance theory of differential equations of motion un-

which the time is variable.

der the infinitesimal transformations, we construct
the Lie symmetrical determining equations, the con-
strained restriction equations and the additional re-
striction equations of the system. And a new type
of Lie symmetrical non-Noether conserved quantity is
directly obtained from the Lie symmetry of the sys-
tem, which only depends on the variables t, g, and ¢,
and a series of deductions are given for the holonomic
nonconservative system, the Lagrangian system and
other systems in the case of vanishing of time varia-

tion. Also, an example is given to illustrate the results.
2.Lie symmetry of nonholonomic

systems

Here we consider a mechanical system whose con-
figuration is determined by the n generalized coordi-
nates gs(s = 1,...,n). Let its motion be subjected
to the g ideal nonlinear nonholonomic constraints of

Chetaev type

B=1,...,9). (1)

Then its motion can be described by the differential

fﬁ(taqaq) = O;

equations as follows:

d 8L OL dfs

. - = Ws A . = ]-: s 1),y 2

dt o4, " 9a, =TT Moy, ¢ )
where L = L(t,q,q) is the Lagrangian, Q, =

Qs(t,q,q) are the nonpotential generalized forces, Ag
are the multipliers of constraint, and the repeated sub-
scripts represent the summation. In general, it is sup-

posed that the system (2) is nonsingular, i.e.

8L
det
(aq‘s 6qk

) £0. (3)

Before integrating Eq.(2), we can find Ag as functions
of t, g and q, i.e.

Substituting this into Eq.(2), we obtain
d 0L 4L

5845_&15:@5‘?/15 (3:1:"'577'): (5)
af,

As = As(taqaq) = /\,3 6(] .

Equations (5) are called the equations of motion of the
holonomic system corresponding to the nonholonomic
From Egs.(5),

we can find all the generalized accelerations as

system expressed by Egs.(1) and (2).

Gs :hs(t7q7q) (S: 17"'7”)' (7)

We introduce the general infinitesimal transfor-

mations for ¢ and ¢, as

t* =t + EfO(ta q, q):
a5 (t") = qs(t) + €&s(t, q,9), (8)

where ¢ is an infinitesimal parameter, and &g,&,
are infinitesimal generators. Equation (8) is a one-
parameter Lie group of transformations.

Taking the infinitesimal generator vector

0 0
XO) = ¢go=— +¢&,——
60 It + 6 8(]5 3 (9)
and its first prolonged vector
M = xO) 4 (¢ _g.én-2
X = X0 (& — duto) s (10)

the invariance of Eq.(7) under the infinitesimal trans-

formations (8) can satisfy the determining equations

68 - qséo - 2£0hs = X(l)(hs) (S = 17 s 7n)a (11)

and the invariance of the constraint Eq.(1) under the
infinitesimal transformations (8) can be made to sat-

isfy the constrained restriction equations
XW(fs(t,0,4))=0 (B=1,....9). (12)

Considering the Appell-Chetaev condition

0
o280, =0 (B=1,...gis=1om) (13
and
6(]3 = Agq, — ¢ At = 5(58 - 4350): (14)
we have the following additional restriction equations:
9] .
a_f;ﬁ(gs — b)) =0 (B=1,...,:s=1,...,n).

(15)
If the generators &y, &, satisfy the determining
equations (11), then the transformations are called the
Lie symmetrical transformations of the corresponding
holonomic system (5).
If the generators £y and &, satisfy the determining
equations (11) and the constrained restriction equa-

tions (12), then the transformations are called the
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weakly Lie symmetrical transformations of the non-
holonomic system (1) and (2).

If the generators &y, &, satisfy the determining
equations (11), the constrained restriction equations
(12) and the additional restriction equations (15),
then the transformations are called the strongly Lie

symmetrical transformations of the nonholonomic sys-

tem (1) and (2).
3. A new type of Lie symmetrical
non-Noether conserved quan-

tity of nonholonomic systems

We now obtain directly the non-Noether con-
served quantities from the Lie symmetries of the non-
holonomic system, which only depend on the variables
t, gs and gs.

Theorem 1 For the holonomic system (5) cor-
responding to the nonholonomic system (1) and(2), if
the generators £y and £, of infinitesimal transforma-
tions (8) satisfy the determining equations (11) and

the following condition:
6“0 = Oa (16)

and there is a function p = u(t, q,q) such that

Oh d
aqs

ln,u—O (s=1,...,n), (17)

then the corresponding holonomic system (5) pos-

sesses the following conserved quantity:

I, = 1 a(uﬁo)+; ac;(uﬁs)
L O 6 — gufo) =const.  (18)

Proof We have

A 4 (10u0)
dt uato

Aok, d <1au£>

dt ot 1 0gs
d 9¢, 10p,. .
+ a aqs ; aqs (é‘s - q5§0)}
d 0 .
dt a (é‘s - qs§0)a (19)
and
d 98 _ 96 _ Ohi 86
dt ot ot ot gy’
dog,  0¢,  Ohy 8¢,

58% a aqs aqs an’

Vol. 13
d . .
a (js (55 - 4550)
o d ; . 9 ,: .
:aqs a(é-s - qst) - dq, (55 - qs£0)
Ohy 0 .
- aqs a_q-k(é-s - qs€0)' (20)

Substituting Egs.(20) into Eq.(19) and using Egs.(11),

we obtain

dl; d (10up 19dp
dt ( ot °)+ (uaqsf

10u . . Oh,
3 o - )| + o+ iz
82h, 82h,
56,00+ 94,00 %"
82%h, .
—q . 21
+aqsaqk(€’“ gr€o) (21)

Taking the partial derivatives of condition (17) for ¢,
gr and ¢y, substituting them into Eq.(21), and using
condition (16) and Eq.(11), we obtain

dl;

5 =0 (22)

Theorem 2 For the nonholonomic system (1)
and (2), if the generators &, and £, of infinitesimal
transformations (8) satisfy the determining equations
(11) and the constrained restriction equations (12),
and the conditions (16) and (17) hold, then the sys-
tem possesses the weakly Lie symmetrical conserved
quantity (18).

Theorem 3 For the nonholonomic system (1)
and (2), if the generators &, and £, of infinitesimal
transformations (18) satisfy the determining equations
(11), the constrained restriction equations (12) and
the additional restriction equations (15), and the con-
ditions (16) and (17) hold, then the system possesses

the strongly Lie symmetrical conserved quantity (18).
4. Deductions

From Theorem 1, we have the following deduc-
tions:

Deduction 1 For the ideal holonomic noncon-
servative system (5) satisfying A, = 0, if the gener-
ators & and s of infinitesimal transformations (8)
satisfy the determining equations (11), and the con-
ditions (16) and (17) hold, then the system possesses
the Lie symmetrical conserved quantity (18).

Deduction 2 For the Lagrangian system (5) sat-
isfying A, = 0 and Q, = 0, if the generators £, and
s of infinitesimal transformations (8) satisfy the de-

termining equations (11), and the conditions (16) and
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(17) hold, then the system possesses the Lie symmet-
rical conserved quantity (18).

If we only introduce the special infinitesimal
transformations for g,, then we have At = 0 and
o = 0, and Egs.(8)—(11) and (18) become, respec-
tively,

=t q(t*) =q,(t) +e&(t,q,q),  (23)

0 . 0
X —¢, XM = x©) 4 ¢ 24
é‘ aqs 3 + é‘ aqs 3 ( )
.. Oh . Oh
s =X (h,) = = — 2
19 10 :
I, = ———(pés) + ———(ués) = const. 26
L uaqs(uﬁ) uaqs(uﬁ) (26)

We then have the following deduction.

Deduction 3 For the holonomic system (5) cor-
responding to the nonholonomic system (1) and (2), if
the generators &, of infinitesimal transformations (23)
satisfy the determining equations (25), and there is a
function p = p(t, q,q) satisfying the condition (17),
then the system possesses the Lie symmetrical con-
served quantity (26).

Deduction 4 For the nonholonomic system (1)
and (2), if the generators ¢ of infinitesimal transfor-
mations (23) satisfy the determining equations (25),
and there is a function p = u(t,q,q) satisfying the
condition (17), then the system possesses the weakly
Lie symmetrical conserved quantity (26).

Deduction 5 For the nonholonomic system (1)
and (2), if the generators & of infinitesimal transfor-
mations (23) satisfy the determining equations (25),
the constrained restriction equations (12) and the ad-
ditional restriction equations (15), and there is a func-
tion p = u(t,q,q) satisfying the condition (17), then
the system possesses the strongly Lie symmetrical con-
served quantity (26).

For the ideal holonomic nonconservative system
(5) satisfying A; = 0 and the Lagrangian system (5)
satisfying A, = 0 and @, = 0, Deduction 3 gives the
conserved quantity (26), respectively.

For the Lagrangian system, if there is a function
u = p(q) satisfying condition (17), then we can obtain

the Hojman conserved quantity (26).[%1]

5. Example

As an example, we study the conserved quanti-
ties of Lie symmetry of the Appell-Hamel problem, of
which the Lagrangian, the constraint equation and the

nonpotential generalized forces are, respectively,2 ¢!

1 o oy .
L=om(q + ¢ + d3) — mggs, (27)

f=di+d—d =0, (28)
Qi=Q2=Q3=0. (29)
Equation (2) gives

mgy = 2A\g1, MGz = 2)ga,

mgs = —mg — 2)¢s. (30)

From Egs.(28) and (30), we have

mg
A= 31
15 (31)
and
q= -2 g,
2¢s3 ’
G =22 _p,
2¢s ’
.. g

The determining Egs.(11) give

. e s

& — dio + g+&o

qs3
. . . g . . . gq.l
=—(&—- Q1§0)% + (&3 — ‘B&O)Ea
& — G26o + g,—2£0
qs

=— (- 425.0)2% + (& - 4350)942

243’
€3 — gafo + géo = 0, (33)
and these have solutions
=1, &6 =86=E§=0, (34)
0=0,6=6=0 &=1, (35)

=1 6=6&=0, =1 (36)

The generators (34), (35) and (36) satisfy respectively
the condition (16). The condition (17) gives

g d
-+ —Inpu=0 37
q3+dt nlL ’ ( )

and the above equation has following solutions
w=t"2 (38)

1 ) ) . _
= —§m(qf+q§+q§)+mgq3 t72 (39)

According to Theorem 1, from Egs.(34), (38) and
(39), we obtain, respectively,

Ip = —2t7" = const. (40)
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From Eqs.(35),(38) and (39), we obtain, respectively,

I =0, (41)

1,0 o . -t
I =—g [—(qf +45+4d3) — gqs] = const. (42)

2

From Eqs.(36),(38) and (39), we obtain, respectively,

1

I, = —2t~! = const, (43)
_ Lo o -
=271 g [ﬁ(qf +42+43) — gq3} = const.
(44)

The constrained restriction equations (12) give

(€1 — q1€0)d1 + (€2 — G2€0)d2 — (€3 — d3€o)ds = 0, (45)

and the additional restriction equations (15) give

(&1 —q1€0)d1 + (2 — 42€0) G2 — (€3 — 43€0)g3 = 0. (46)

The generators (34) satisfy Eqgs.(45) and (46). From
theorem 3, we know that the conserved quantity (40)

is strongly Lie symmetrical. The generators (35) and
(36) satisfy Eq.(45) and they do not satisfy Eq.(46).

From Theorem 2, we know that the conserved quan-

tities (42) and (44) are all weakly Lie symmetrical.

Using the inverse Noether theorem,?~4 we know

that the conserved quantities (40), (42) and (44) are

non-Noether ones.
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