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The quantum confined Stark effect (QCSE) of the self-assembled InAs/GaAs quantum dots has been investigated

theoretically. The ground-state transition energies for quantum dots in the shape of a cube, pyramid or “truncated

pyramid” are calculated and analysed. We use a method based on the Green function technique for calculating the

strain in quantum dots and an efficient plane-wave envelope-function technique to determine the ground-state electronic

structure of them with different shapes. The symmetry of quantum dots is broken by the effect of strain. So the

properties of carriers show different behaviours from the traditional quantum device. Based on these results, we also

calculate permanent built-in dipole moments and compare them with recent experimental data. Our results demonstrate

that the measured Stark effect in self-assembled InAs/GaAs quantum dot structures can be explained by including linear

grading.
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1. Introduction

Progress made in the growth of “free-standing”
(e.g., colloidal) quantum dots and in the growth
of semiconductor-embedded (“self-assembled”) dots
has opened the door to new and exciting spectro-
scopic studies of quantum structures. The last decade
has witnessed an intensive research effort focused on
Self-

assembled InAs—-GaAs quantum dots provide nearly

the physics of semiconductor quantum dots.

ideal examples of zero-dimensional semiconductor
systems!! 4 and are hence of considerable contempo-
rary interest for the study of new phenomena and po-
tential device applications. However, very little has
been known about their detailed atomic and elec-
tronic structures, including, for instance, the form
of the ground-state electron and hole wavefunctions.
Therefore, to model and hence to control the opti-
cal and electronic properties, precise knowledge on a
level as fundamental as the electronic structure would
be desirable.
Stranski-Krastinow (SK) dots suggested a pyramidal

Initial structural studies of uncapped

shape,®! and several groups therefore conducted the-

oretical investigations into the structure of ideal pyra-
midal dots.[6=11 The typical schematic diagram of an
InAs pyramidal quantum dot and InAs wetting layer

is shown in Fig.1.

More recent structural study has demonstrated
that both the dot shape and size can vary with the
growth conditions. In addition to the ideal pyramidal
shape, more recent work has also provided evidence of
“truncated” pyramids,*?] lens-shaped dots,[*3] cone-
shaped dots,['¥ and has shown that In and Ga con-
centrations can also vary in the dot.'5~171 These
have revealed rich and sometimes unexpected fea-
tures such as quantum-dot shape-dependent tran-
sitions, size-dependent (red) shifts between absorp-
tion and emission, emission from high excited lev-
els, surface-mediated transitions, exchange splitting,
strain-induced splitting, and Coulomb-blockade tran-
sitions. These new results have promoted the need
for developing suitable theoretical tools capable of

analysing the electronic structure of quantum dots.

The first theoretical study of the -electronic

properties of these structures used the single-band
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effective-mass theory to calculate the energy levels
and wavefunctions in InAs/GaAs cone-shaped quan-
tum dots.['¥ The strain was taken to be a constant
in the InAs material and zero in the surrounding
GaAs barrier. More recently, the single-band theory
was used for InAs/GaAs dots with a more realistic
pyramidal geometry. 5] The variation of the strain
in and around the InAs island was determined us-
ing the elastic continuum theory, in which the atomic
nature of the constituent materials was neglected.
Both approaches neglected valence-band mixing, and
Fig-

ures in most theoretical papers on ideal pyramidal

the strain dependence of the effective masses.

dots show the presence of a permanent dipole in the
dot, due to the large built-in stain fields which local-
ize the highest-energy hole state near the bottom of
the pyramid, so that it sits underneath the lowest-
energy electron state in the dot. Because of the built-
in dipole, quantum dot structures should exhibit an
asymmetric Stark shift in the presence of an applied
field. As an electric field F' is applied, the transi-
tion energy FErTr between the ground-state electron
and hole levels will vary quadratically as Erg(F) =
Etr(0) — pF + BF?, where Etgr(0) is the zero-field
transition energy, p depends on the built-in dipole,
and (3 is a measure of the polarizability of the elec-
tron and hole wavefunctions. Asymmetry in exper-
imental measurements of the Stark shift has indeed
revealed a built-in dipole both in InAs/ GaAs,['8 and
in Al,In;_,As/Al,Ga;_,As quantum dots; but, sur-
prisingly, the direction of the dipole is opposite to
that predicted from the theoretical calculations, with
the hole centre of mass above the electron centre of
mass in both cases. Some recent theoretical works
have explained this “inverted” alignment by assuming
composition grading in the pyramidal InAs quantum
dots.[16:17]

In this paper we carry out a theoretical investiga-
tion of the influence of different shape and size on the
sign and magnitude of the built-in dipoles in quan-
tum dots with cubical, pyramidal and “truncated”
pyramidal shapes. Here we consider three kinds of
common shapes of quantum dots with fixed composi-
tion, and show whether they can lead to the correct
sign of the built-in dipole moment compared to that
observed experimentally. The calculations are under-
taken with separate one-band Hamiltonian equation
for the electrons and holes. We also present a simple
method for calculating strain fields in quantum dots,

but neglect the anisotropy. As a result of our work,

we show conclusively that the measured Stark effect
in self-assembled quantum dot structures can be ex-

plained by including linear grading.
2.Method

Calculations were performed using a three-
dimensional (3D) superlattice of dots, with super-
lattice unit cell of a size 2B, x 2By x 2B,. The
Schrodinger equation for the system was solved using a
plane-wave envelope-function technique. The normal-
ized envelope wavefunctions ¥, (r) are determined by

a Fourier series expansion

n
U, (r)= ——K___exp(ik-r 1
n(T) zk: J3B.B,B. p(ik - ), (1
where k = n(m/B,,n/B,,p/B.) and r = (z,v, 2).
We set the separation between neighbouring dots
equal to the dot dimension in order to minimize
cross talk, while ensuring efficient convergence of the
Fourier series. We first describe here the general
method and then discuss the particular form of the
strained one-band Hamiltonian equations used. The

Schrodinger equation here is
HU,=E,",. (2)

Using the plane-wave basis, we substitute Eq.(1) in
Eq.(2) and then left multiply exp(—ik’ - ) and inte-
grate for a unit cell, the energy levels and eigenfunc-
tions can be found by solving the large Hamiltonian

matrix equation:

> HiwAf = E A}, (3)
K

Hyp = / wz‘iﬁexp(—ik’ <) H(r)[exp(ik - 7)].

(1)
In order to set up the Hamiltonian matrix of Eq.(3),
we must first evaluate the matrix elements H &,k link-
ing the plane-wave basis states of wave vectors k and
k'. The misfit of lattice constant between the quan-
tum dot and matrix will generate a non-uniform strain
distribution throughout the dot and the matrix. Both
the electron and hole Hamiltonian equations contain
terms related to this local strain distribution. The cal-
culation of the spatial strain distribution in a quantum
dot structure requires the solution of a 3D problem in
elasticity theory. This is often achieved by using the
finite-difference or atomistic technologies,!®1% which

require considerable computational effort. A method
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based on the Green function technique for calculat-
ing strains in quantum dot structures was recently
presented.[?Y) An analytical formula in the form of
Fourier series has been obtained for the strain tensor
for arrays of quantum dots of arbitrary shape by tak-
ing into account the anisotropy of elastic properties.
Of equal or even greater importance, the technique is
also particularly well-suited as the input to electronic
structure calculations based on the envelope function
method and using a plane-wave expansion technique,
because the strain-dependent matrix element linking
any pair of plane waves can be determined analyti-
cally. We use the above method to directly determine
the strain-dependent terms in the Hamiltonian ma-
trix. We assume, for simplicity, that the elastic con-
stants of the dot and matrix are equal and isotropic,
the values of which given in Table 1.

We derive Hamiltonian equations of the electron
and hole envelope function from the one-band k - P
theory.[21:22] The electron Hamiltonian is given as

A K2
H(r) = - Imom (1) ?

+ Ve + aceny(r) + dpo(r) + eFz, (5)

where m*(r) is the electron effective mass, V. the un-
strained conduction-band edge, a.eny(r) the hydro-
static deformation of the conduction band edge, and
dy.(7) the piezoelectric potential. The strain-induced
band deformation causes the effective-mass parame-
ters to deviate from their bulk values. The variation of
the electron effective mass with the (hydrostatically)
strained band gap, Fg, is given, from the three-band
k - P theory, as

1 2Ey(r) Ep(r)

where E(r) is the Kane interband energy parameter,
and §(r) takes into account the contribution of remote

bands to the conduction-band effective mass.

Substituting Eq.(5) into Eq.(4), we find that the

expression for H &,k has the form

_ 1

(k24 K.+ k2)

2
X
2mom*

+ Ve + aceny(r) + dpo(v) + eFz|, (7)

where k" = k — k’. We define the characteristic func-
tion of the dot x(r) in the supercell (1 for InAs, 0 for
GaAs), and take the lattice mismatch of the dot eq
to be 6.7% for InAs in GaAs. It can be shown for an
isotropic elastic medium that the Fourier transform of

the real-space strain tensor component &;;(r) is given

by (k" # 0)[2

3+ 2u k{'KY
)\+2ﬂ/ |kll|2 3

E (k") = eox(k") |8 —

(8)

where A = Cq2 and p = Cyy4 are the Lamé constants
for an isotropic elastic medium. y(k") is the Fourier

transform of the dot characteristic function.

For the case of isotropic elastic constants, to find
the analytic form of H &,k is a trivial matter for all but
the piezoelectric term in I:IC('I'). In order to evaluate
this term, we use the analytic expression of Ref.[23]

for the Fourier transform of the piezoelectric poten-

= 1 5 6 ]
mr ) = 3B T3 + a0y T O dal (6 2 0),
~ —18160 Cll + 2012 ebar gk”klz’ edot ebar kgkllklzl
d, k') = 14 K y 14 €14 k" — k" k" y 9
o) = o () | Ao S+ (G - 55 ) T ke S| o

where g, a9t and ab®" are respectively the permit-
tivity of free space and the relative permittivities of

dot

the dot and barrier material, ef§ bar

and e73" are the

piezoelectric constants.

From the experiment, Stranski—-Krastanow quan-
tum dots have a large base-to-height ratio. The ki-
netic energy in the z—y plane is thus reduced relative
to that in the growth direction, leading to a stronger
heavy-hole confinement and a weaker light-hole con-

finement. The one-band valence Hamiltonian we use

for the hole ground state is then given as
" K2
H(r) = - %{hl(f‘) +72(r)]Vj]
+[n(r) = 2792 (r)] V2}
+ Vi + aveny(r) — baz€ag(r)

+dp.(r) + eFz, (10)

where V, is the unstrained valence band-edge energy,
aveny(r) the hydrostatic deformation of the valence-

band edge, and —baz€a,(r) the axial-strain-induced
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shift in the heavy-hole band edge. In a similar way, we
can obtain the Hamiltonian matrix of H, &,k for the va-
lence band. The calculations presented in the follow-
ing are carried out by assuming the room-temperature
energy gaps and effective masses. In order to cor-
rectly describe the one-band Luttinger parameters
~;(r), we first relate them to their eight-band counter-
parts, vi(r). In the full eight-band Hamiltonian, the
interactions between the conduction-band minimum
and valence-band maximum are considered explicitly,
with v/(r) being then due to interactions with remote
bands, and assumed to be independent of the built-
in strain and the lowest-energy gap. The eight-band

() values are related to the one-band values by!24:2%]

) = i) = 32
) = alr) = G2 ()

where E, is the unstrained band gap. The energy gap
changes in a strained material, so that the one-band
Luttinger parameters -y; will also change in a strained

inclusion, as

) = () + 2
() = 4(r) + G (12)

The parameters used are tabulated in Table 1.
We have calculated the parameter values for InAs
in a GaAs matrix, and for unstrained GaAs. So
from Eq.(12), we obtain the strain-renormalized one-
band effective mass of v; = 10.601, v, = 3.253, and
m*=0.042 which were used for the present work. Fi-
nally, we assume the values of the elastic constants for
GaAs in the dot and the surrounding matrix. This
assumption has been justified previously, based on

Keye’s scaling rule for elastic constants.[20]

InAs quantum dot

InAs wetting layer
. [oo1]

z [110]

Fig.1. Schematic diagram of an InAs pyramidal quan-
tum dot and InAs wetting layer together with axes

referred to in the paper.
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Table 1. Parameters used in this paper.
Parameter InAs GaAs
Y 19.67 6.85
o 8.37 2.1
Eg/eV 0.418 1.519
Ag/eV 0.38 0.33
E,/eV 22.2 25.7
mp(0K) 0.023 0.067
ac -5.08 -7.17
ay 1.00 1.16
e14/er/(1073cm—2) -2.97 -12.49
V<(300K)/eV 0.621 1.428
V4 (300K) /eV 0.265 0.000
Ve + aceny (300K) /eV 0.994 1.428
Vi + aveny/eV 0.192 0.000
C11/10'%Pa 11.9
C12/101%Pa 5.38
C44/1010Pa 5.95
baz /eV -1.8
er (InAs) 15.15

3. Results and discussion

Figures 2(a) and 2(b) give the variation of the
ground-state electron and hole confinement energies,
calculated for different shapes of quantum dots as a
function of dots size with a base to height ratio equal
to 2:1. The results of pyramidal quantum dots are in
good agreement with previous calculation results.*]
We also calculate ground-state confinement energies
for pyramidal, “truncated” pyramidal and cuboidal
quantum dots, and find that the electron and hole
confinement energies get more closely to each other
when the quantum dots become more flat. Figure 3
shows the calculated difference between the electron
and hole ground-state energies for the dot structure
considered in Fig.1 when the electric field is applied
along the z-axis. We have defined the applied field
to be positive when it results in the conduction- and
valence-band edges moving to the higher energy side
above the dot and to the lower energy side below the
dot, as illustrated in the inset of Fig.3.

It can be seen that the transition energy varies
quadratically with the applied field, so that Erg (F) =
Err(0) — pF + BF2.
pends directly on the initial separation of the electron

The linear coefficient p de-

and hole mean positions, i.e. on the built-in ground-
state dipole moment of the dot. The peak transi-
tion energy is seen at positive field in Fig.3, which
is comsistent with a negative dipole moment. Using

quadratic fit in Fig.3, we obtain the dipole d = —p/e,
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with d = —0.82nm. By contrast, experimental Stark
shift measurements both on InAs/GaAs (Ref.[18]) and
In,Ga;_,As/Al,Ga;_, As quantum dot structures
show the peak transition energy at negative fields.
The experimentally observed built-in dipole is there-
fore of opposite sign to that predicted from Fig.3,
with the hole—electron separation d = 0.40 £+ 0.1nm
in Ref.[18]. There must be some reasons to account
for this great difference. Changing from a cuboidal
to a pyramidal geometry, the increasing anisotropy of
the dot shape modifies the axial strain fields. Conse-
quently, the heavy holes are moved from the top sur-
face of the dot toward the dot base, so that the ground-
state hole moves more rapidly than the ground-state
electron, and the space of hole—electron separation in-
creases. Observation from the TEM experiment in-
dicates the shape of a dot tapering from the base to
the top. The heavy-hole potential at the top can be
deeper than that at the base if the dot includes in-
dium gradient, i.e. forms an In,Ga;_, As alloy, with
the indium concentration, z, increasing from the base

to the top.
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Fig.2. Ground-state electron and hole confinement

energies (300K) as functions of dot size for InAs
quantum dots of base/height =2:1; pyramidal quan-
tum dots (dashed line), “truncated” pyramidal quan-
tum dots—truncated factor f=0.75 (solid line), and
cuboidal quantum dots (dotted line).
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Fig.3. Ground-state transition energy (300K) as a func-
tion of applied field for pyramidal dot with base 12nm and
height 6nm. The solid line shows the theoretical results
and the dashed line shows the quadratic fit to it. Inset:
variation of the band edge with position for F' > 0.

We therefore conclude that the structure of
these buried Stranski—Krastinow grown dots must be
greatly different from an ideal constant composition
pyramid, and now turn to consider what kind of dot
structures can be consistent with the experimentally
observed sign of dipole. Figure 4 shows the calcu-
lated dipole in a “truncated” pyramidal dots of base
width B=18 nm and height H=5.5 nm as a func-
tion of “truncated” factor, f. The value assumed for
H is the same as the value estimated from a TEM
analysis of uncapped dots.[!8] Here f represents the
fraction of the total pyramid height removed so that
the height of the full pyramid is 22nm. According
to the experimental results, if the hole is seated at
the upper part of the dot, and above the electron,
we require a deeper heavy-hole potential at the top
of the dot than at the base. Increasing “truncated”
factor f makes the space of electron—hole smaller and
inclusion of indium gradient will deepen the heavy-
hole potential further. So we have assumed a lin-
ear composition gradient for simplification of calcu-
lation, but recent work suggests that the true compo-
sition profile may be more complicated.l'” The solid
line shows a linear graded cube, for which d=0 when
z=1 at the base, with the d increasing to a maximum
value ~0.7nm near z ~ 0.3 at the base. A similar
trend is observed for the “truncated” pyramid with
f=0.75 (dashed line). For smaller composition gradi-
ent, the increasing indium component will push the
hole downwards slightly faster than the electron and
with increasing indium component the electron will

move more rapidly than the hole, finally reach the
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08 i i ' ' shape showed that the transition energy will decrease
0.6 as the size of InAs/GaAs dots increases, and the en-
E ergy spectrum shows clear redshifts in electric field;
< 04 these results have the similar trend to our results.
& 02
a 4. Conclusion
0.0
02l | In this article, we have used an efficient plane-
. wave envelope-function technique to determine the

0.0 0.2 0.4 0.6 0.8 1.0

Indium mole variation

Fig.4. Dipole (300K) as a function of composition

gradient for dots of base 18nm and height 5.5nm,

graded from In;Gaj_zAs at the base to InAs at the

top of the surface. The solid line are results for

cuboidal dots (f=1), and the dashed lines are results

for “truncated” pyramidal dots (f=0.75).
position below the hole. It is very clear that if we only
consider the level of truncation, the mean position of
the electron will always remain above the hole, even
changing to a cubical dot (f=1). We can see from
Fig.4 that the correct sign of dipole can be obtained
by including the composition gradient. The electron
initially is located above the hole, but the positions
We have omitted

the influence of the wetting layer because the grad-

reverse with increasing gradient.

ing must be stronger in the presence of the wetting
layer. As we know, Li et al also studied the opti-
cal transitions and quantum-confined Stark effects of
self-assembled InAs/GaAs quantum dots in the frame-
work of effective-mass envelope-function theory.[26:27]

Their results based on quantum dots of cylindrical

ground-state electronic structure of quantum dots
with three kinds of shapes. We have presented a
method based on a Green function approach to cal-
culate strain distributions in and around quantum
dots. We have indicated that this calculation method
is also particularly suited as an input step in calcu-
lations of the electronic structures of quantum dots,
and also used one-band electron and hole Hamiltonian
equations to investigate the different factors influenc-
ing the magnitude and sign of the built-in dipole in
strained quantum dots, and also demonstrated that
the built-in strain will always lead the centre of mass
of the hole to lie below the centre of mass of the elec-
tron in a fixed composition dot with common shapes—
cuboid, pyramid and truncated pyramid. The calcu-
lated dipole moment is of opposite sign to that de-
termined from recent quantum-confined Stark effect
experimental measurements. Our calculated results
demonstrate conclusively that the measured Stark ef-
fect in self-assembled InAs/GaAs quantum dots with
different shapes can only be explained theoretically by

including composition gradient.
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