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The thermal conductivity of GaAs/AlAs superlattices limited by the three-phonon Umklapp process and boundary

scattering has been studied theoretically based on the model of lattice dynamics with force constant matrix. It was

found that the Umklapp relaxation rate approximates BTw?/n with a fitting parameter B. The thermal conductivity

increases with the increase of temperature at low temperatures, and would show a peak behaviour at about 60K before

falling off at high temperatures. In addition, the thermal conductivity increases with the increase of period thickness

of the superlattices.
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1. Introduction

The thermal conductivity of a semiconductor su-
perlattice is of great importance for the performance
of thermoelectric coolers and power converters!?~7 as
well as optoelectronic devices.[813] Low thermal con-
ductivity materials are desired for thermoelectric ele-
ments in order to reduce the backflow of heat from the
hot to cold junction, while high conductivity materi-
als are necessary for optoelectronic devices in order
to dissipate heat. Recently, experimental results on
the thermal conductivity of superlattices have been re-
ported for several material systems. The thermal con-
ductivity both parallel'41%] and perpendicular[!6—20]
to the interface is found significantly reduced in com-
parison to their corresponding bulk values. Several
models have been developed to explain these findings.

Ren and Dow[?!l modelled the thermal conductiv-
ity of ideal superlattice structures by combining Call-
away’s model?? with a quantum mechanical treat-

ment of the scattering rate. The predicted reduction

in thermal conductivity from their model, however,
is too low to explain the orders of magnitude reduc-
tion in the measured thermal conductivity of semi-
conductor superlattices. Chen et al[?3] attributed the
large cross-plane thermal conductivity reduction in su-
perlattices to the phonon interface reflection and dif-
fuse scattering, based on the solution of the Boltz-

mann transport equation. An alternative approach

[24] based on

was taken by Hyldgaard(®! and Tamura
the lattice dynamic calculation of the phonon disper-
sion in superlattices. They explained that the thermal
conductivity is reduced because the phonon group ve-

locity is reduced due to zone folding,.

Although a variety of mechanisms for thermal
conductivity of superlattices have been developed, it
is necessary to describe the phonon characteristic for
understanding the physical essence of thermal trans-
port. In this paper, considering the three-phonon
Umklapp process, we analyse the physical mechanism

of the thermal transport perpendicular to the layers
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in GaAs/AlAs superlattices.
2.Principal Theory

Considering the fcc model,[24:25] the superlattice
in our study consists of lattice GaAs (A) and lattice
AlAs (B) packed alternately along [001] direction as
The thickness of lattice A (B) is
da =naa (dp = npa), where n4 (npg) is the number

shown in Fig.1.

of atomic layers and period thickness is D = d4 + dp.
We let %y, be the displacement of an atom from its
equilibrium position 7, = (€im, 2n) = (la,ma,na)
in one unit period lattice. Based on the force constant
model, the dynamic equation for the displacement of

the 4th atom in the unit period can be written as

M;a; :ZK(i’j)(u]‘ _ui)a (Z: 1:---:"): (1)
J

where M; is the mass of the ith atom and K9 rep-
resents the 3 x 3 force constant tensor between the
ith and the jth atoms. The sum over j in Eq.(1) is
taken over the nearest neighbour sites of the ¢th atom.
The vibrational wave functions of lattice vibration are

often taken to be
u; = Ujexpli(k; - r; — wt)], (2)

where Uj; is the amplitude of the ith atom in one unit
period of superlattice, and k = (k,, ky, k) is the wave
vector. Substituting wave function (2) into the dy-

namic equation (1), one can obtain

B Aq 0 0 A_4 U,
A_q B A 0 0 U,
0 A, B Aq 0 U3 =0,
0 0
Aq 0 0 A, B U,
3)
where
1 0 0
B=MuwIT-2K| 0o 1 0 |,
0 0 2
1 0 0
Ai=K] 0 0 | exp(ik.a),
0 0 2
1 0 0
A1 =K| 0 1 0 |exp(—ik.a).
0 0 2

The dispersion relation for phonons in the cross-plane
direction of the superlattices can be determined by

solving the equation of the dynamical matrix.
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Fig.1.
GaAs/AlAs superlattice consisting of two fcc lattices.

Structure of unit period in the (ngXx np)

As heat in superlattices is mostly carried by
phonons, it is reasonable to neglect electronic com-
ponent of thermal conductivity.?3] Based on the dis-
persion relation, the lattice thermal conductivity « at

a given temperature 7T is given by the formula[2426]

K(T) = n(T)CA(T)V;, (4)

_ (hw)?  exp(hw/kpT)
ONT) = o7 [exp(Aw/kpT) — 1]2 (5)
Vg,)\ = awk/aqa (6)

where 7y, C), and V, , are the phonon relaxation
time, specific heat, and phonon group velocity of a
given phonon state A, respectively. In superlattices,
the phonon relaxation time is mainly controlled by
boundary scattering and the three-phonon Umklapp
scattering process. The total phonon relaxation time

7 is usually given by the Mathiessen rules/2”

1 1 1
P @
with the relaxation time parameters for the three-
phonon Umklapp scattering process 1y and for bound-
ary scattering 3.
From the first-order perturbation theory, the re-
laxation time 7y in the three-phonon Umklapp process

for thermal modes ¢ is given by [28

1 ., h
— ZZ|C;3| mw5(w—|—w'—w")
q

TU

% (No(w") = No(w")), (8)
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where |C’3|2 = (472/3na)(M2/Vg2)w2w'2w”2, Ty is the
relaxation time, -y is the Gruneisen parameter, n, is
the number of atoms per unit volume, M is the atom
mass. No(w') and Ny(w”) are the equilibrium occu-
pancies of phonon modes ¢’ and ¢”, respectively. The
equilibrium occupancy is given by the Planck distribu-
tion Nog = 1/[exp(hw/kgT)—1]. The evaluation of the
relaxation rate of the mode g requires the integration
over all possible ¢’ modes. The frequencies w, ', w"”,
and the phonon vector g, ¢’, ¢" of phonon modes are
connected by the energy and momentum conservation

laws expressed as
wHw =W, (9)

q+qd =¢"+G, (10)

where G is the reciprocal-lattice vector. The restric-
tions followed from the selection rules require that
(I) all three interacting modes cannot belong to the
same polarization branch, and (II) the resultant mode
should be above the two initial (interacting) modes.?"]
It is known that for isotropic semiconductors only two
general types of channels are allowed: TA+TA<LA
or LA+TA< LA B In our calculation for GaAs /AlAs
superlattices, all phonon branches, including acoustic
phonons, and optical phonons, are considered. So,
much more possible three-phonon anharmonic decay
channels are allowed than those in isotropic semicon-
ductors.

The relaxation time for boundary scattering can

be evaluated from the semiempirical relation(22:31]

L = &, (11)

B D
where D is the characteristic thickness of sublattice
GaAs (AlAs) in a unit period of GaAs/AlAs superlat-
tices. More precise description of the boundary scat-
tering can be obtained using the approach of Ref.[23],
which takes into account the effects induced by par-
tially diffuse and partially specular interfaces. Equa-
tion (8) was derived for bulk and cannot be applied for
strictly 2D systems since in this case a reduced zone
picture and the Umklapp formalism do not work in
the growth direction. In our calculations we will con-
sider a rather thick periodic structure (many atomic

layers) so that the formula can still be applied.
3. Numerical results and discus-
sion

In virtue of the parameters taken from Ref.[24],

we calculate the phonon dispersion relation in the

cross-plane direction of GaAs/AlAs superlattices, as
shown in Fig.2. The first three modes of the phonon
dispersion relation around I" point in Fig.2 are acous-
tic modes, including the doubly degenerated trans-
verse acoustic (TA) mode and the nondegenerate lon-
gitudinal acoustic (LA) mode. The curves of the three
phonon acoustic modes rise linearly from I' point
to near the X point. As for the remaining optical
branches, the roughly linear relations of the phonon
frequency versus wave vector are obtained except for
the zone near the centre and the boundary. At the cen-
tre and the boundary of the folded Brillouin zone, the
phonon dispersion curves are flattened because of the
zone folding effects. In addition, the band-frequency
gaps occur at the centre and the boundary. The band-
gap width would have an important influence on the

occurrence of the Umklapp process.
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Fig.2. Dispersion relation of phonons in the cross-

plane direction of the (5 x 5) GaAs/AlAs superlattice.

Figure 3 shows the phonon group velocity of
(5 x 5) GaAs/AlAs superlattices, in which the dashed
curve and the dotted curve represent the phonon
group velocities of the LA mode and TA mode respec-
tively. Both the curves are almost horizontal from the
I’ point to near the X point, then rapidly decrease to
zero. The remaining solid curves represent the phonon
group velocity of the optical modes. Obviously, all of
these curves decrease to zero near the centre and the
boundary of Brillouin zone because the corresponding

phonon dispersion curves are flattened at the centre
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and the boundary. It can be seen that the group ve-
locity in the superlattices is reduced at the zone centre

and the boundary.
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Fig.8. The group velocity of the(5 x 5) GaAs/AlAs

superlattice.

In order to obtain the relaxation rate for the
three-phonon Umklapp process that goes through all
possible channels,[32! it is necessary to substitute the
dispersion relation and group velocity calculated for
the relevant range of ¢ in Eq.(8), and then sum all
together. As an example, we present the Umklapp re-
laxation rate for mode TA in Fig.4. The relaxation
rates for (5 X 5) GaAs/AlAs superlattices at 50, 150,
250, 350, 450 and 550K are shown in Fig.4(a). It is
found that the relaxation rates are zero at low fre-
quency at different temperatures. It suggests that
phonons with low frequency would transfer compara-
tively freely in superlattices without any contribution
to ¢ 1 except to surface scattering. As the phonon
frequency increases, the relaxation rates increase and
approximate w? as a function of phonon frequency at
different temperatures. However, the relaxation rates
would break the quadratic dependence and tend to in-
finity for phonon frequency higher than 12 x 10'2 rad
s~1. This is because the phonon group velocity de-
creases to zero near the boundary of the folded Bril-
louin zone. In addition, the relaxation rates are ap-
proximately zero over most frequencies at 50K. The
relaxation rates increase linearly with the increase of
temperature at phonon frequency w = 2.6 x 10'2 rad
s~!, as shown in the inset of Fig.4(a). These results
suggest that the Umklapp scattering freezes out at
low temperatures. As temperature increases, phonons
with high frequency are thermally populated to domi-
nate the Umklapp process, which leads to the increase
of relaxation rates. The relaxation rates at 300K for (n
x n) (n =1— 10) GaAs/AlAs superlattices are given

in Fig.4(b). As the number of monolayers n in a pe-

riod increases, 7 ! decreases. This means that as the
period thickness increases, the probability of phonon
scattering decreases. The inset of Fig.4(b) shows that
the relaxation rates are inversely proportional to the
number n. Consequently, the relaxation rate can be
fitted with the formula

75" = Bw*T/n, (12)

where B is a fitting parameter. The formula provides
a precise and direct estimate of the relative strengths
of the Umklapp phonon scattering mechanism and the

thermal resistance.
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Fig.4. (a) Relaxation rates of the Umklapp process
of (5 X 5) GaAs/AlAs superlattices at different tem-
peratures. The inset shows that the relaxation rates
of (5x5) GaAs/AlAs superlattices increase linearly as
the temperature increases at the phonon frequency
w = 2.6x 102 rad s~1. (b) Relaxation rates of Umk-
lapp process of (n X n) (n =1 — 10) GaAs/AlAs su-
perlattices at 300K at the phonon frequency w = 1.8x
10'2 rad s1. The inset shows that the relaxation rates
are inversely proportional to the number of monolay-
ers n at 300K at the phonon frequency w = 1.8 x 1012
rad s 1.

In Fig.5, the thermal conductivity for (n X n)
(n=1, 5, 10, 15, 20) GaAs/AlAs superlattices is calcu-
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lated by considering the three-phonon Umklapp pro-
cess with boundary scattering. As the temperature in-
creases at low temperatures, the thermal conductivity
of the GaAs/AlAs superlattices increases rapidly. Af-
ter going through a maximum at about 60K, the «(T")
versus temperature curves shows a downward bending.
The behaviour of thermal conductivity for GaAs/AlAs
superlattices can be understood by the three-phonon
Umklapp process. At low temperatures, the Umklapp
scattering freezes out. The phonon process is dom-
inated by the boundary scattering, and «(T') simply
follows the temperature dependence of specific heat.
As T increases, the phonon-phonon Umklapp scatter-
ing becomes stronger due to the generation of higher-
energy phonons. As the Umklapp scattering becomes
comparable to the boundary scattering, the thermal
conductivity reaches the maximum. As T further in-
creases, the Umklapp process dominates the phonon
process in superlattices and the relaxation rates for
the Umklapp process increase rapidly with tempera-
ture, resulting in the decrease in k. The decrease of
the thermal conductivity at high temperatures is con-
sistent with the experimental results.[!?] In addition,
it is demonstrated that superlattices with smaller pe-
riod thickness show lower thermal conductivity. As
shown in the inset of Fig.5, x at 300K is approxi-
mately proportional to the number n: i.e., the ther-
mal conductivity of the superlattices increases with
the increase of period thickness. The above results
are consistent with the experimental® and the the-
oretical results calculated with rough interfaces sam-
ples based on molecular dynamics simulation[®3! and a
modified lattice dynamic model.?¥] The period thick-
ness dependence of the thermal conductivity in super-
lattices may be understood from the Umklapp process
and boundary scattering. As the period thickness in
superlattices increases, the probability of the Umk-
lapp process at any given temperature will decrease,
as shown in Fig.4(b). The boundary relaxation rate
is higher in superlattices with small period thickness
than in superlattices with large period thickness (as
can be seen from Eq.(11)). Since the three-phonon
Umklapp process and boundary scattering both re-

duce the thermal conductivity, the thermal conduc-

tivity in superlattices increases with the increase of

the period thickness.
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Fig.5. The lattice thermal conductivity as a func-
tion of temperature for (n x n) (n = 1,5,10,15,20)
GaAs/AlAs superlattices. The inset shows that the
thermal conductivity at 300K increases linearly as the
monolayers number n increases.

4. Conclusion

We have presented a theoretical model to calcu-
late the cross-plane thermal conductivity in superlat-
tices by considering the three-phonon Umklapp pro-
cess. It was shown that the Umklapp relaxation rate
approximates BTw?/n with a fitting parameter B.
The thermal conductivity increases with the increase
of T' at low temperatures, and shows a peak behaviour
at about 60K before falling off at high temperatures.
The behaviour of temperature dependence of the ther-
mal conductivity can be attributed to the bound-
ary scattering and the Umklapp scattering process
in superlattices. At low temperatures, the thermal
transport in superlattices is dominated by the phonon
boundary scattering. As the temperature increases,
the Umklapp scattering process becomes strong and
thus the main contribution to the heat transfer. In
addition, the thermal conductivity increases with the
increase of period thickness of the superlattices. The
calculations suggest that both Umklapp scattering
and boundary scattering may result in an increase of

thermal conductivity.
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