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Dependence of the bootstrap current fraction of spherical torus plasma on the aspect ratio and the triangular

deformation is studied by using a simple equilibrium model, the Solov’ev-type equilibrium. Two bootstrap current

models are used: one is the single-ion collisionless regime model, the other is the recently developed arbitrary collisional

regime model. It is found that besides the well known favourable effect of the small aspect ratio on the enhancement of

the bootstrap current fraction, the triangularity is beneficial for raising the total bootstrap current though it does not

change its fraction much.
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1. Introduction

The spherical torus (ST) is a very promising ap-
proach to the realization of an economic fusion reactor

in magnetic fusion research. 13!

It has been experi-
mentally observed or theoretically demonstrated that
this configuration can stably confine plasma with a
toroidal beta value as high as 50% or even higher,
which is almost 10-times higher than that the tokamak
plasma can attain, and it has none of the disruption-
type instabilities that have been seriously threatening
the stable operation of tokamak. However, the en-
gineering issues are somewhat more formidable than
those of the standard tokamak approach. One of the
issues to be solved is how to produce and maintain a
large toroidal current for a long time in this system.
Since the bootstrap current was predicted by the neo-
classical theory [%3] and observed in several tokamaks,
the steady state reactor operation for either tokamak
or ST has largely relied on this kind of current. Much
work has been done relevant to different aspects of this

issue.[6—11]

One of these is how large a fraction of this
current can be in the total toroidal current. Based on
the neoclassical transport theory analysis, a general

scaling should be as follows:[%]

fbs = Ibs/Ip = Cbs\/gﬂpa (1)

where Iy is the total bootstrap current, I, the total

toroidal plasma current, € the inverse aspect ratio, 3,
the poloidal plasma beta value, while Cys a function of
multi-variables such as plasma density, temperature,
current profile, ion charge, collisionality and equilib-
rium characteristics, respectively. To obtain a more

concrete form, a relatively simple scaling islf]

2 2
T )

2.Bootstrap current model

In this paper, we mainly discuss two bootstrap
models: the first one is the single-ion collisionless
regime model® that has been widely used for high
temperature tokamak plasmas. The second one is the
arbitrary collisional regime model based on the ap-
propriate interpolation of exact but very complicated
results in different collisional regimes.[”] Because the
bootstrap current can only appear as an averaged par-
allel current, its general form should be {(jB)s, where
() denotes an average over a given magnetic surface.

For the first model, this quantity stands!* at

. L3; | dpe dp; dT;
B)ps = — Fpoys — — aynj—
(B =~ Fof 220 4 P o,

L32 dTe
T. dy |’
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where ¢ is the poloidal magnetic flux, F=RB; the X5 = fe
poloidal current flux function, and pegi), Megi), Teg) 1+ (1= 0.1ft)y/Vex +0.5(1 — 0.5f¢)ves/Z
the electron (ion) pressure, density, and temperature, (15)
respectively, and o = 1
" 1401502 f8
L3y =[2(0.754 4+ 2.217 + Z2 0.25(1 — f2)/via
s =l ) ) \ o0 F 0250 = fo)Vir g 315,2 5] (16)
+ 2(0.347 + 1.24Z + Z*)]/ D, 14 0.5V
L3y =2(0.885 + 2.082) /D, oy = — L171-f) (17)
1—0.22f;, — 0.19f2

D, =1.41Z + Z* + z(0.775 + 2.65Z + 2.02?)
+ 2%(0.347 + 1.24Z + Z?),
o; =1.17/(1.0 + 0.462), (4)

and

z = (1.461/c + 2.4¢)/(1 — )*/2. (5)

For the second modell” that is suitable for a gen-

eral equilibrium and arbitrary collisional regime,

. 1dp. 1 dpi
JB)bs = Fpe{L |: — :|
B = o dv T e du
1 dT, pi 147
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In the above expressions, v., and v;, are the effective
collision frequencies that divide into the collisionless

and collisional regimes, and they are defined as

189RneZ1n A,

Vs = 6.921 x 10718202,

(18)

0—18 aniZ4 In Ai

Vix = 49 x1 53/2T2 y

(19)
where In A, and In A; are respectively the well-known
Coulomb logarithms for the electrons and ions, ¢ is
the safety factor, R the major radius, Z the charge
number of an ion. Now we discuss the calculation of

the trapped particle fraction f; defined as

1
B [ 0
0

where h = B/Bp.x, B is the magnitude of the local
magnetic field, Bpax its maximum value on a given
The determination of the total

bootstrap current needs to calculate f; as a function of

(1- /\h 1/2)’ (20)

magnetic surface.

magnetic flux and other equilibrium quantities. The
direct calculation of this double-integration appearing
n (20) is usually cumbersome and time consuming.
Approximate methods now are available and we se-

lect one of them!!? as follows:

j_'t = 0.75fu + 0.25f4, (21)

where fi, and f;) represent the upper and the lower
bounds of the f; value, respectively, while these two

values can be easily calculated

Fou = _%[1—(1—%))1/2(1—1—@)} (22)

fa=1- <h2)<h_2 [1 —(1- h)1/2<1 + g)] > (23)

It should be noted that the first coefficient L3, is posi-

tive and generally a monotonically increasing function
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of f; and a decreasing function of v,,; the second co-
efficient L3q is negative and varies non-monotonically
both with f; and with ve.”) A clear-cut picture of
the bootstrap current scaling then is not so easy to be

obtained.

3. Equilibrium model

A typical ST configuration is usually obtained by
means of numerical codes. Then, for an equilibrium
given by a numerical code, we need to perform cal-
culation of the bootstrap current once. If we hope
to establish a scaling, it is necessary to do this many
times. Now we have to resort to a general method
by giving a simple equilibrium, the so-called Solov’ev
configuration!!3:14] that is frequently used in stability
It should be pointed out that this simple

configuration corresponds to a quasi-uniform toroidal

analysis.

current profile while the bootstrap current usually has
a hollow profile, so that the alignment of these two
profiles is not good. However, the total bootstrap frac-
tion is not a function sensitive to such an alignment.
The merit of the Solov’ev configuration is that we can
directly calculate relevant magnetic surface averages
rather simply for relevant parameters.

So far several modifications of the Solov’ev con-

(14-16] The simplest

figuration have been performed.
form['”] of the Solov’ev configuration determining the
magnetic geometry is described by four free param-
eters (E,D,e, Ry ) with the cylindrical coordinates

R, Z:

z

v=B{Gura-pug ) @

2

where
R2

== 1. (25)
R}

Y
The four parameters are Ry the major radius of the
magnetic axis, F the elongation-related parameter
and D the triangular-deformation-related parameter,

€ the inverse aspect ratio. At the boundary we have

2e

= . 26
1+€2 ( )

Yo
Now we introduce a magnetic surface variable y,, and
poloidal angle-like variable u through the following co-

ordinates transformation:

R = Ry+/1 + yy cos u,

_ ERy Yy SINU
2 /1+(1-D)yycosu

(27)

The magnetic surface average now becomes

/" Adu
J /14 (1 — D)yy cosu

(4) (28)

/ du
) \/l—i—(l — D)yy cosu

A typical configuration for A=1.2, E=3.0, D=-0.014

is shown in Fig.1.
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Fig.1. Typical spherical torus configuration with

A =1.2, E =3, D=-0.014 and Rp=1.0.

It should be noticed that the elliptic deformation
and the triangular deformation of the magnetic sur-

face cross-section are defined respectively as

K _ S(Q,D) B Eyfb 1 )
(¥) _7ra2("/’) B 7r(\/1_|_y¢_ \/1_y¢)0/~d
f du
XO/ \/(1+y¢cosu)(l+(1_D)y¢cosu)7(29)
and
5(¢):\/1+y¢+\/1—y¢—2\/1+y*. )

VItyy —T-yy

In Eq.(29), Y4 = yp+/z; in Eq.(29),

B 1\ 1
“=\\\i-p) ¥ 1D

In the region near the magnetic axis, i.e. for y, — 0,

. (1- D)yd,
we have kK = F while § - —————— — 0. The gen-
eral k(yy) and §(yy) for an A=1.2 ST configuration is

shown in Fig.2.
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Fig.2. x/E and § versus y, for the ST configuration
shown in Fig.1.

To calculate the bootstrap current, we still need
to know the information about the trapped particle
fraction, the plasma density, and the temperature pro-
file. The Solov’ev configuration corresponds to such a

pressure profile and a poloidal current profile as
Y
p(¥) = po <1 -—, (31)

Uy
Po-m+R(-2), @)

Yy
with
843 2
- % __(g241-D), 33
Po uoygEgRé ( ) ( )
16 D2
Fl= "0 34

Now we further assume that the density profile and

the temperature profile have the following forms:

Ne = Neo <1 - %) an7 (35)
b

l1—an
T, = 7.T; = Tuo (1 - i) . (36)
¥n
Here the ratio of electron temperature to the ion tem-
perature is assumed constant for simplicity. To deter-
mine the trapped particle fraction, we need to know

the total magnetic field

2 271/2
F (v@b)} | -

B(yy,u) = [ﬁ &2
From Eq.(24) we obtain the general expression for the

poloidal magnetic field B, = |V¢| /R as

_ 2y
Y2 Ry

Bp(?h/n u)

. .92 2
X < |2cosu + (1= D)yy sin” u

14+ (1 —D)yycosu
4 (14 (1 — D)ye cosu)sin®u }1/2

+ﬁ 1+ yy cosu

(38)

To complete the information, we need to set the fifth
parameter, i.e. the externally applied toroidal mag-
netic field Byy = Fy/Ro.
the approximate condition F > |V4| is satisfied,

Because for most cases

we mainly discuss this situation. The trapped par-
ticle fraction can be easily determined to be indepen-
dent of the external toroidal magnetic field. Using
Eaqs.(21)-(23) and (28), we obtain the dependence of
the trapped particle fraction on the magnetic surface,
as shown in Fig.3. This figure is also applicable to the
dependence of the scaling of the largest value of f; on
yp in different devices. Essentially, this resembles a
/€ scaling. We find that the f; value is independent
of the elongation but only weakly dependent on the

triangularity.

0.9+

0.7: /

N

0.1+
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Fig.3. Trapped particle fraction f; versus y, for
A=1.2, D=0. This relation is also true for the maxi-

mum fi versus yp, in different devices.

For the typical ST configuration, the above treat-
ment may induce some errors because the poloidal
magnetic field in the region near the edge can be com-
parable to the toroidal field. To determine the trapped
particle fraction in this general case, we need more in-
formation about the plasma parameters. However, we
find that the difference between the results obtained
from this approximate treatment and from the restrict
treatment is very small. Only for reference, we write

here the restrict h function over any magnetic surface

as follows:
B 1
[1+ ( Zyw)yﬂ
4q;
1w E2(1—y¢)yif2( ) 1/2
14 yy cosu 4¢2 Yoo ¥

(39)
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with

1 (1-D)yysin’u
f= {[COSU+21+(1—D)y¢cosu
i(l-l—(l—D)yd,cosu)sm w)? (40)
E?2 1+ yycosu )

4. Bootstrap current fraction:

Model 1

For the bootstrap current fraction fi,s, we first
discuss model I. For the Solov’ev configuration, the

toroidal current density is

dp 1 dF?
R, i A 41
ielR) = -RE - S-S )
and the total toroidal current is
4Ey 1-D D
I, = 1 I I 42
P H0R0[<+ E2)2+E2 } 42)

where I and I35 are integrals respectively defined by

D)= / d 1_“2 (43)
du 1—u?
I3(yp, D) = . (44
3(v, D) /1+ybu 1+ (1 - D)ypu (44)
21
The total bootstrap current can be expressed by
* B di,
J bs
Iy = [ dp—"—
o [0 (w) 5
0
ERoy? [* . (j
_ Royb/ dm<.]B>bs
2 0 F
d
- (45)

V1+ (1 = D)ypy/zcosu

Now for model I, substituting Egs.(3)—(5) into the

above equation, we obtain

1
2 p3
Y R E Py /
L ="—— dtLsq
b e / 3110

1
(l—an)Te/
~——— [ dta;L31 1,
+ T4 a; Lzl

1
1—oa,
- (l—i——’r) dtL32IO}; (46)

olyg, D / V1+(1- D)y,/, cosu (47

We note that the relevant integrals in the braces of
the right-hand side of Eq.(46) are only functions of the
equilibrium quantities; this means that the total boot-
strap current is proportional to Py /1. Using (33), we

obtain

Tvs =0.252y, Ro/ E24+1-D

X neO(’I‘io + TeO)g(aru Te; Yb, D) (48)

Here the current is measured in MA, temperature in
10keV, density in 102°m 3. The function g in Eq.(48)
expresses the terms appearing in the braces of the
right-hand side of Eq.(46). This gives the scaling of
the total bootstrap current with respect to the plasma

parameters as follows:

Ibs 0.8 RO vV ’neoTo. (49)

It also depends on the equilibrium quantities: I o
yoVE2 +1— Dg, as shown in Fig.4. It is seen from
Eq.(42) that the total toroidal current is also a func-
Then, the bootstrap

current fraction scaling with respect to the aspect ra-

tion of equilibrium quantities.

tio becomes

g
2l + DI3/(E? + 1 — D)]

fbs = (50)

and it is shown in Fig.5, while in the triangularity case,
it is shown in Fig.6 for A=1.4. It seems that the gain
of the bootstrap current fraction, resulting from the
decrease of the aspect ratio, is not remarkable (slower
than the y/e-dependence) and the dependence of the
fraction gain on the triangular deformation is also rel-

atively weak.

22 -
J =
/'/.
18 /././-
< i
s e
J 14 ,/./-
= -~
101 /_.-"
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0j2 O.'3 04 05 06 0.7 08 09
€
Fig.4. The total bootstrap current versus e for

Ro=4m, neo=1.4, Teg=2, Tio=1.8.
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Fig.6. fi,s versus é for A=1.4 for model I.

5. Bootstrap current fraction:

model 11

To calculate the bootstrap current fraction for
model II, it is necessary to set other plasma param-
eters to complete the definition of a physical equilib-
rium. Generally, we face different transport regimes
for a given equilibrium according to the criteria for
the collisional and the collisionless regimes, which
are characterized by veix < 1 (the banana regime),
Ve,ix = 1 (the plateau regime) and v, ;. > 1 ( the col-
lisional regime ) that are in turn determined by the
plasma density and the plasma temperature as well as
the safety factor g for a given magnetic surface with
the inverse aspect ratio €. The profile of the safety

factor g is obtained from its definition and here is ex-

pressed by
_(F Ey?

™

d
x/ - (51
J (1 + yycosu)y/1+ (1 — D)yy cosu

Now we consider a D-T burning plasma (Case I )
and an experimental plasma (Case IT ) in an ST-like
configuration with the following parameters: in Case I
Neo = 1.4%x102°m 3, T,y=20keV, Tjo=18keV, Rp=4m

and in Case II the density is the same as in Case I
but the temperature is lower: T,o=5keV, Tjo=4.5keV
Ro=1m. The other

parameters should be subjected to the recognized op-

and the device size is smaller:

eration limits for the magnetic fusion machine, such
as the beta limit and the density limit that we do not
discuss in detail here. For example, now consider an
ST configuration with A=1.4, E=3.0, D = —0.05, we

ywER] \/#oneo(Teo + Tio)

=5.24Wb

can obtain ¥, = 2 2(E? +1- D)

(Case I); 0.164Wb (Case II) from Eq.(33) and FZ =
—0.17(T.m)? (Case I); -0.04 (T.m)? (Case II) from
Eq.(34). We find that F? < F?. The safety factor at
the magnetic axis isl'% gp = ERyy?F /8¢y, this gives
Bi0/g0=0.973T. Setting go=1.46 yields an external ap-
plied toroidal magnetic field Byy=1.5T.

0.20
—8— [e*
0.1541 ¢ —e— Hix*
»
3
. 0.10
I

0.05 - /
L t-f o=

0.00 e -

0.0 0.2 0.4 0.6 0.8 1.0

€
Fig.7. pes and p;, versus e for Case L.

It can be seen from Figs.7 and 8 that Case I
corresponds to a pure banana regime over the whole
plasma cross-section while Case II a banana and
plateau mixed regime. The total bootstrap current
and its fraction can be expressed by expressions sim-
ilar to Eqgs.(45)—(48) but with a much more compli-
cated function g that is a function of not only equilib-
rium quantities but also plasma parameters through
Eaqs.(7)—(20). Compared to model I, the more realistic
model IT gives smaller total bootstrap current and its
fraction, and it is also found that this fraction is not
sensitive to the variation of the triangularity (Fig.9).
The scaling with respect to the inverse aspect ratio
is shown in Fig.10 that is slower than the 1/ depen-
dence, the same as in the model I. The absolute boot-
strap current in this case is shown in Fig. 11, which
shows a remarkable increase of its value with the in-
crease in €, as expected. Finally, for the experimental
Case 11, results are similar to those in Case I, but the
absolute bootstrap current and its fraction are both
smaller than those in the reactor (Case I). They are

shown in Figs.12 and 13, respectively.
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Fig.9. fps versus § for A=1.4, go=3.0, neo=1.4, Tep=20keV,
T;0=18keV. The absolute value of I},4 is about 10.5MA.
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Fig.10. f,q versus ¢ for gg=1.5, neg=1.4, Te0=20keV,
T;0=18keV. And D=0.

6. Summary

We have studied the scaling of the bootstrap cur-
rent fraction by using two typical models and found
that it is not sensitive to the change of the triangu-
larity, which is beneficial for the improvement of the
MHD stability. For a given plasma minor radius, the

absolute bootstrap current increases with the decrease

18-
161 P

144 el

*,

12 »

101

8.

0.3 0.4 0.5 0.6 0.7 0.8 0.9

Fig.11. The absolute bootstrap current I, versus &
as in Fig.10.
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Fig.12. The relation of fi,5 versus ¢ is the same as that
in Fig.10 for the experimental ST Case II: Ro=1m,
Teo=5keV, Tjo=4.5keV.
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Fig.13. I, versus ¢ for Case II as in Fig.12.

of the aspect ratio while the bootstrap fraction in-
creases slowly. The more realistic model II gives a
smaller value than the collisionless model I even for
the case where the plasma is actually in a full banana
regime. Because all these results are obtained based
on the Solov’ev equilibrium, we need check its univer-
sality against the equilibrium configuration in future

work.
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