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It is found that the two-mode output quantum electromagnetic field in two-mode squeezed states exhibits higher-

order squeezing to all even orders, and the degree of higher-order squeezing is greater than that of the second-order.

The higher-order squeezed parameter and squeezed limit due to the modulation frequency are investigated. The smaller

the modulation frequency is, the stronger the degree of higher-order squeezing becomes. Furthermore, the higher-order

uncertainty relations in two-mode squeezed states are presented for the first time. The product of higher-order noise

moments is related to even order number N and the squeeze factor r.
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1. Introduction

[1=7 of the quan-

The subject of noise squeezing
tum radiation field has received a great deal of at-
tention, because of the important applications in low-
noise communications, high-precision interferometric
measurement, quantum teleportation and cryptogra-
phy with continuous variables.[8=11]

The quantum electromagnetic fields can be de-
The

fields in squeezed states have fewer fluctuations in one

composed into two quadrature components.

quadrature phase than that in a coherent state at the
expense of increased fluctuations in the other quadra-
ture phase. The ordinary second-order squeezing of
quantum fields and second-order uncertainty relations
in single-mode squeezed states have been studied and

reviewed in many articles 1=%12-15] and books[16:17],

In 1985, Caves and Schumaker studied the second-
order squeezing and second-order uncertainty re-
lations of quantum electromagnetic fields in two-

mode squeezed states. They introduced a new for-

mulism of two-photon quantum optics,[!®19 suited to
analysing two-photon processes, such as parametric
down-conversion and four-wave mixing, in which pho-

tons are generated in output modes two at a time.

With the development of techniques for mak-
ing higher-order correlation measurement in quantum
optics, the concept of higher-order squeezing of the
single-mode quantum electromagnetic field was first
introduced and applied to several processes by Hong
and Mandel in 1985.5~7 In this paper we general-
ize all the above work to the higher-order squeez-
ing of quantum electromagnetic fields in two-mode
squeezed states. The properties of this higher-order
squeezing are investigated and the higher-order uncer-
tainty relations among higher-order noise moments of
quadrature components in two-mode squeezed states
are given for the first time. By applying the combined
two-mode squeezed annihilation operators, which we
introduce and define, the higher-order noise moment

in two-mode squeezed states can be calculated easily.
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2. Definition of higher-order B (a2, 8) = /w7+ oy e ot (=)
squeezing in two-mode -
+ A/ —a_e lw-(t-2) 7
squeezed states 2 ’ @)

Before introducing the definition of the higher-
order squeezing in two-mode squeezed states, it may
be useful to summarize the properties of the two-mode
squeezed states.

The definition of two-mode squeezed states was

given by Caves and Schumaker:!8]

s, a3 ¢) = S(O)las o), (1)

where S (¢) is the two-mode squeezed operator,
& Lo o ot ot
50 =exp| H(Caras —calah)], @

|ey, @) is the two-mode coherent state, a1 are two-
mode annihilation operators, a4 are eigenvalues of a+
in |ay,a ), ¢ = rel is the squeeze parameter, and r
is the squeeze factor.

Define the two-mode squeezed annihilation oper-

ators /Ali by
As = 5(¢)ax81(¢) = pas + val, (3)

where

u = coshr, v = e%sinhr. (4)

Then the two-mode squeezed states are the eigenstates

of Ai,

A:I:|a+;af§c>:a:|:|a+aaf;c>a (5)

and a4 are the eigenvalues of Ai.

The real two-mode output field E can be decom-
posed into two quadrature components E; and Ez,
which are canonical conjugates. The output field E
exhibits higher-order squeezing to Nth order in E;
for even number N, if there exists such a phase angle
¢ for which the higher-order moment ((AE;)N) in a
two-mode squeezed state is smaller than its value in a

completely two-mode coherent state, namely

<(AE1)N>S.S.tW0—mode < <(AE1)N>Coh.S.two—mode-

This is the definition of higher-order squeezing in two-

mode squeezed states.
3. The quadrature components of
the two-mode output field E

The electric field operator for the combined two-

mode output field has the form

E(z,t) = EM(z,t) + EO(a,1), (6)

EC) (2, 1) =A /%dl ciw+(t—2)
+ [ Sal e, (8)

where E((z,t) and E()(z,t) are the positive and

negative frequency parts of the field, wy and w_ are

[ h
angular frequencies of the two-mode field, A = Voo
€0

=4/ L and V is the mode volume.
VE()

The units are chosen so that A = c = 1.

Now we construct two Hermitian quadrature com-

ponents E1 and E» of the electric field, namely

By (z,1) =EMll20-2)-9] | f(0)e-il2@-2)-d] (g)
E2 (CE, t) :EA(‘F)ei[Q(tfz)—(qH»%)]

+ EA‘(_)e—i[Q(t—z)_((ﬁ_'_%)]. (10)
Then E(m’ t) can be decomposed into two quadrature

components F; and E,

E(z,t) = By cos[2(t — z) — @] + Easin[2(t — z) — ¢],
(11)

where (2 is the carrier frequency (or mid-frequency of

frequencies wy and w_),

Wy +w_

2= ,
2

(12)

and ¢ is an arbitrary phase angle that may be chosen

at will.

The quadrature components E: and E, are
canonical conjugates and obey the commutation re-

lations

[Ey, Ey] = 2iC, (13)

where Cj stands for the commutator [E(+), E‘(_)].
Substituting Egs.(7) and (8) into (9), we obtain

(14)

Ey(z,t) = gpay +g-a_+gial +g%a’,

gr = Ay BEE ittt
2 )

e=wy —N=0—-w_

where
(15)

and

(16)
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is the modulation frequency.

From Eq.(3), we obtain
ay = p,*/ii — I/AIF (17)

Substituting (17) into (14), we obtain E, in terms of
/ii, therefore

Ey(z,t) = (hy Ay +h A )+ (h% AL +hZA), (18)
where
hy = gep”™ —gzv™. (19)

Now we introduce a new operator B , defined by
B=h, A  +h_A_, (20)

then we can express F; in terms of B and Bt operators
in the form
E, = B+ B (21)

We call B the combined two-mode squeezed annihila-

tion operator, and it can be proved that the two-mode

squeezed states are also the eigenstates of B,
Blay,a i) = (Bllag, a0, (22)

The operator B can be used to calculate the
higher-order noise moments in two-mode squeezed

states.

4. Higher-order noise moment
((AE;)N) and higher-order
squeezing
The calculation of the higher-order noise moment

((AE‘l)N ) is very complex and difficult, since the

quantum field is a two-mode field. However, apply-

ing the new combined two-mode squeezed annihilation
operator B, we can calculate the higher-order noise
moment in two-mode squeezed states easily.

Using the Campbell-Baker—-Hausdorff formula,
we express the higher-order noise moment of AF; in

the following relation:®~7]

i \N i \N N® 71 i \N—2 N® 71 ? " \N—4
((AE)Y) = (2 (AE)Y =) + T 500 (:: (AEy) )+ 5 ECO (:: (AEY) )
(N — 1)!!C’éw2 (N is even),
Al (1/2)N—3/2 )
+- 1 C(i 3 (: (AE1)3 ) (N is odd), (23)
312(1/2N=3/2( _ N — — |1 [ _N — — ]!
2 2 2
. . 1 .~ - A A
where N = N(N —=1)--- (N —=r+41), Co = [E!D), E)] = ﬂ[El,EQ] = [B, Bf], and “: ::” denotes normal
ordering with respect to B and Bf.
Now we take the two-mode squeezed states, then from Eq.(22) we obtain
(i (AE‘l)" ) = {ag, a0 = (AE‘l)” tag,a—;C)
=S| " @B (aB)r Y
~y=0 0
=S| " | (@B (@B (B - (B)) =) = 0. (24)
y=0 v
This shows that the normal ordered moments  Substituting Eq.(26) into (25), and from Eq.(4) and

(:x (AEy)™ :) all vanish for n < N in two-mode
squeezed state. Then from Egs.(23), (24) and (19)

we get a simple result:
(AE)NY = (N —1)NCY?  (Niseven), (25)
where
Co 1B, B+ = |y [2 + b _[?
=(lg+* + lg-1*)(|ul® + Iv1*)

62 * —2i * 21
—Q\/l—m(u ve= 2 4 pv*e??). (26)

(15) we get

(AE)NY =(N — DAY 2N/2[cosh(2r)

—1/1- ;—Zsinh(%) cos(f — 2¢)]N/2.

(27)

This is the higher-order noise moment in two-mode
It is shown that the higher-order

noise moment is dependent on the angle (6 —2¢), even

squeezed states.

order number N and the squeeze factor r.
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If ¢ is chosen to satisfy cos(d — 2¢) = 1, Eq.(27)  value
leads to the result <(AE1)N>min =(N-— 1)!!)\N€% (29)

(AE)NY =(N — D)UY 2N/2[cosh(2r)

—4/1— ﬁsinh(zr)]f"/?. (28)

N
When coshr < —, the right-hand side is smaller

€
than (N — 1)!12"/2, which is the corresponding Nth
order moment for two-mode coherent states. It follows
that the two-mode output field exhibits higher-order

squeezing to all even orders.

0 .
When cosh(2r) = —, ((AFE;)"N) has the minimum
€

<(AE1)N>S.S. two—mode —

This shows that there exists limit of higher-order
squeezing in two-mode squeezed states due to mod-
ulation frequency e.

5. Higher-order squeezed param-
in two-mode

eter squeezed

states

Higher-order squeeze parameter gy for measuring

the degree of Nth-order squeezing can be expressed by

<(AE1)N>Coh.S. two—mode

N = = ; (30)
<(AE1)N>Coh.S. two—mode
2 N/2
= [cosh(2r) —4/1—- 7 sinh(2r)} —1. (31)

The numerical results of the higher-order squeeze parameter gy versus squeeze factor r are illustrated in

Fig.1 (a), (b), (c).
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Fig.1. Higher-order squeeze parameter gy versus squeeze factor r for (a) %:O.l, (b) % = 0.01, (c) %:0.
From Eq.(31) and Fig.1(a), (b), (c), it is found (2) When cosh(2r) = —, gx has minimum values,
that €
. € .
(1) For certain value of L the higher-order
squeezed parameter gy is a function of squeeze fac- e 1NV/2 . 39
tor r and even order number N. gNmin = 0 — 1. (32)
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Since % < 1, gNmin Is negative, and may approach
the maximum negative value —1 when ¢ = 0.

(3) |gn| increases with N, this leads to the con-
clusion that the degree of higher-order squeezing is
greater than that of the second order. This confirms
that the higher-order squeezing of quantum fields is
particularly attractive for applications from the point
of view of noise reduction.

(4) The smaller the modulation frequency ¢ is, the

larger the degree of higher-order squeezing becomes.
6. The higher-order uncertainty

relations

We now derive and discuss the higher-order un-
certainty relations among higher-order noise moments
of quadrature components E: and E, in two-mode

squeezed states.
6.1. Higher-order noise moment ((AFE,)Y)

E, can be regarded as a special case of E‘l, in
which if ¢ is replaced by ¢ + /2, then from Eq.(27)
it follows that

(AE)NY =(N — DUAN N/2 [cosh(2r)

= N/2
+4/1— ﬁsinh(2r)cos(0 - 2¢)] .

(33)
If ¢ is chosen to satisfy cos(f — 2¢) = 1, then
(AE)NY =(N — 1)V /2

€2 N/2
X [cosh(2r) +14/1 - ﬁsinh@r)} .

(34)
When coshr < —, the right-hand side is greater
€
than (N — IANQN/2,
6.2. Higher-order uncertainty relations
From Eqs.(28) and (34), we obtain
(AE)N) - (AE2)N)
€2 N
=[(N — DIP2AN QN (1 4 msinhz(%)} . (35)
This shows that the product of the two higher-order
noise moments is related to squeeze factor r and
even order number N. For given values of r and

N, the product is a constant. So Eq.(35) shows that
((AEL)NY and ((AE2)N) in two-mode squeezed states

cannot be made arbitrarily small simultaneously. We
call Eq.(35) the higher-order uncertainty relations in
two-mode squeezed states, which are the generaliza-
tion of the ordinary second-order uncertainty relations
in two-mode quantum field.

Since
2

1+ %sinh2(2r) > 1,

(AE)Y) - ((AE)Y) > [(N = )1PN*N N, (36)

If N =2, we obtain
2 2
((AEY)?)-((AF,)?) = X022 [1+ %sinh2(2r)} . (37)

This is just the second-order uncertainty relations in

two-mode quantum fields.*®]

7. Conclusions

The higher-order squeezing of the quantum elec-
tromagnetic field and the higher-order uncertainty re-
lations in two-mode squeezed states have been studied.
The major achievements or findings of this paper are
as follows:

1. After introducing the definition of higher-order
squeezing of the two-mode output radiation field, we
define a new combined two-mode squeezed annihila-
tion operator B , which is the linear combination of op-
erators /i+ and A_. By applying this operator, we can
calculate the higher-order noise moment ((AE;)Y) in
two-mode squeezed states easily.

2. We have established the quantum theory of
the higher-order squeezing of the quantum electro-
magnetic field in two-mode squeezed states. We found
that if ¢ is chosen to satisfy cos(6 — 2¢) = 1, the two-
mode output field exhibits higher-order squeezing to

N
all even orders when coshr < —.
€
3. The limit of the higher-order squeezing due
to modulation frequency e has been discussed. For a

given ¢, the minimum value of ((AE;)N) occurs when
cosh(2r) = =. The minimum value is ((AE;)N )min =
€
(N — 1)IANe
4. We have studied the squeeze parameter gy for

measuring the degree of N’th order squeezing. The

minimum value of the squeeze parameter is gnmin =
N/2

— — 1, and gnmin is negative. But the absolute

0

value of the squeeze parameter |gy| increases with N.
This leads to the conclusion that the degree of higher-
order squeezing of two-mode field is greater than that

of the second order.



No. 12

Higher-order squeezing of quantum electromagnetic...

2063

5. We have presented the higher-order uncer-
tainty relations between higher-order noise moments
of quadrature components in two-mode squeezed
The product of the two

higher-order noise moments is related to squeeze fac-

states for the first time.

tor r and even order number N. The higher-order
uncertainty relations are the generalization of ordi-
nary second order uncertainty relations in two-photon
quantum optics. The discovery of this higher-order
uncertainty relations enables people to have a deeper

understanding of the indeterminacy principle in quan-

tum mechanics.

All the above results should be possible to apply
to non-degenerate two-photon nonlinear optical pro-
cesses, in which the two-mode output field exhibits
higher-order squeezing. They will provide further ev-

idence for the validity of quantum theory.
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