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Positive Lyapunov exponents cause the errors in modelling of the chaotic time series to grow exponentially. In

this paper, we propose the modified version of the support vector machines (SVM) to deal with this problem. Based

on recurrent least squares support vector machines (RLS-SVM), we introduce a weighted term to the cost function to

compensate the prediction errors resulting from the positive global Lyapunov exponents. To demonstrate the effective-

ness of our algorithm, we use the power spectrum and dynamic invariants involving the Lyapunov exponents and the

correlation dimension as criterions, and then apply our method to the Santa Fe competition time series. The simulation

results shows that the proposed method can capture the dynamics of the chaotic time series effectively.
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1. Introduction

Building the model of a dynamical system by the
time series analysis has been an important problem
in science. For a long time the linear mode is the
conventional tool exclusively used to describe the dy-
namical system. Since the linear equations can only
lead to exponentially growing or periodically oscillat-
ing solutions, all irregular behaviour of the system has
to be attributed to some random external input to the
system. But, chaos theory shows that the random in-
put is not the only possible source of irregularity in a
system’s output.[!] Chaotic systems constitute an im-
portant class of nonlinear dynamical systems in eco-
nomics, meteorology, chemical processes, biology, hy-
drodynamics and many other situations. In common
cases, the only information we can acquire about such
systems is in the form of a time-ordered sequence of
system state observations. Such time series do not
necessarily contain observations for all states since
some states may be hidden. The objective of time se-
ries analysis is then to build a model for the unknown
dynamical system that generates the time series.

Various techniques for modelling and predicting

nonlinear time series have been investigated in past

years. There are many traditional methods asso-
ciated with time series analysis such as linear re-
gression and ARIMA models.?l In addition, some
new methods have been proposed to deal with the
nonlinear time series analysis such as local linear
mode, chaotic attractor,/¥ reconstructed embed-
ding phase,l’! wavelets,/®! and modified neighbour
regression.”] However, in recent years, many re-
searcher addressed the nonlinear time series analysis

with the artificial neural networks.[8—10]

In this paper, a novel machine learning method,
modified recurrent least squares support vector ma-
chines (MRLS-SVM), is developed for realizing the
chaotic time series reconstruction. Support vector
machines (SVM) have become a subject of intensive
study and have been applied successfully to classifica-
tion tasks as optical character recognition (OCR) and
recently also to regression.[ll] Least squares (LS) ver-
sions of SVM greatly simplify the problem since the
solution is characterized by a linear system.['?! Some
iterative operation is necessary for common predic-
tion mission; to deal with this problem, recurrent least
squares support vector machines (RLS-SVM) was de-
duced based on the SVM algorithm.*3 In our work,
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we proposed the MRLS-SVM to deal with this prob-
lem. A component including the largest Lyapunov ex-
ponent is used in MRLS-SVM for weighting the sum
squared error (SSE). With this weighting component,
we expect that the errors resulting from the later it-
eration will have less influence since the largest Lya-
punov exponent might introduce the exponential dis-
tortion in a chaotic time series.[¥] On the other hand,
the dynamic modelling is different from the prediction
of chaotic time series since the former only addresses
the long term behaviour, while the latter is interested
in the instantaneous prediction error. For instance,
two chaotic time series can be very different point to
point but be produced from the same dynamical sys-
tem. In this sense, the machine learning method also
has better performance for dynamic modelling than

does the conventional method.!!]
2.Embedding phase space of dy-

namical system

The deterministic dynamical system describes the
time evolution of a system in some phase space I' C
R™; for simplicity we will assume that the phase space
is a finite-dimensional vector space. A state is speci-
fied by a vector € R™. Then we can describe the
dynamics by an explicit system of m first-order ordi-

nary differential equations

d
Co()=fta). tck M)
SZ: sn—(m—l)Td
S — Sz:+1 _ Snt+1—(m—1)7q
S£+N71 Sn«l»Nflf(mfl)‘rd

where N = Np — (m — 1). Takens showed that if the
sequence {s,} does indeed consists of scalar measure-
ments of the state of a dynamical system, then under
certain genericity assumptions, the time delay embed-
ding provides a one-to-one image of the original set
{x}, provided m is large enough. For almost all 74
and for some m, Takens’ embedding theorem ensures
that there is a smooth map f: R™ — R such that

f(sn). (5)

The problem of remodelling then becomes equiv-

S(nt+1)rg = f(snf(mfl)fda v Sn—rg) sn) =

alent to the problem of estimating the unknown func-
tion f in the embedding phase space. Many regression

techniques can be used to solve problems of this type.

or in discrete time t = nAt by maps of the form
Ty = F(z,). (2)

A time series can then be thought of as a sequence
of observations {s,} = h(®,) |n=1,2,... N, performed
with some measurement function h (), where Nt is
the number of data points. Since the sequence {s,,}
(usually scalar) in itself does not properly represent
the multidimensional phase space of the dynamical
system, we have to employ some technique to un-
fold the multidimensional structure using the available
data. Takens’ embedding theorem!*! guarantees the
reconstruction of a state space representation from a
scalar signal alone. A delayed coordinate function ¢

is defined by

=9 (zn)

[ ( n—(m 1 ‘rd) 5y h (mﬂ—Td) ) h (mﬂ)]

[sn (m—1)Trq> -+ snf‘rdasn] ) (3)
where s,, are vectors in a new space, namely the em-
bedding phase space, formed from time-delayed val-
ues of the scalar measurements. The number m of
elements is called the embedding dimension, the time
Tq is generally referred to as the time delay or lag.
So the trajectory matrix S can be constructed in m-

embedding dimensions as

sn—(m—?)‘rd v Sn
Sn4+1—(m—2)rq Sn+1
, (4)
SntN—1—(m—2)7q Sn+N-—1

In this paper, we concentrate on the MRLS-SVM al-
gorithm, a novel regression-technique modified version

of SVM.

For the sake of judging the success of dynamic
modelling, some rules such as correlation dimension
and Lyapunov exponents have been proposed since
they can describe the global properties of the attrac-
tor. In addition, The power spectrum is a conventional
method to analyse the time series and it can indicate
if the dynamical system is periodic, quasiperiodic or
chaotic. Chaotic and stochastic systems are easily dis-
tinguishable from periodic or quasiperiodic systems
for they have rich broadband power spectra, as well

as widely varying phase spectra. It was not possible
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to distinguish the chaotic system from the stochastic
system before the advent of the chaotic theory.

It is proven that the Lyapunov exponents are
useful dynamic invariants to characterize the chaotic
dynamic system. The Lyapunov exponents measure
the rate at which nearby orbits converge or diverge.
Roughly speaking, the Lyapunov exponent is the time
constant that is the expression for the distance be-
tween two nearby orbits. If it is negative, then the
orbits converge in time, and the dynamical system is
insensitive to initial conditions. However, if it is pos-
itive, then the distance between nearby orbits grows
exponentially in time, and the system exhibits sensi-
tive dependence on initial conditions. Thus very dif-
ferent time series can be produced from the same dy-
namic system even if the initial conditions are different
in a slight scale. There are as many Lyapunov expo-
nents as there are dimensions in the state space of the
system, but the largest is usually the most important
since it indicates the chaotic degree of the dynamic
system. Formally, the Lyapunov spectrum is defined
by Wolf et al:['%] given an n-dimensional phase space,
the long-term evolution of an infinitesimal sphere is
monitored. As the sphere evolves, it will turn into
an n-ellipsoid. The 7th one-dimensional Lyapunov ex-
ponent is then defined in terms of the length of the
resulting ellipsoid’s principal axis

A= lim % log :T((?)' (6)
The Lyapunov spectrum is then formed by the set (A1,
A2, ...y An), where ); are arranged in decreasing order.

The difference between strange attractors and
purely stochastic (random) processes is that the evo-
lution of points in the phase space of a strange attrac-
tor has definite structure. The correlation integral
provides a measure of the spatial organization of this

structure, and is given by

. 1 . .
C(r) = Jim_ NV -1 ; O(r —|s(@) — s,

(7)

where O is the Heaviside function. Grassberger and
Procaccia found that, for a strange attractor, C(r)
¥ for a limited range of 7.['8] The power v is called the
correlation dimension of the attractor. Thus, we can
plot the log C(r) —log r graph to identify an attractor.
In addition to the above invariants, the Poincaré
map is another parameter to characterize the chaotic
system.[!”] Since a chaotic system never revisits the

same state, it will trace out contours on the Poincaré

map. However, unlike a purely random process, these
contours will have definite structure and will graphi-

cally indicate the presence of the responsible attractor.
3. Modified recurrent least

squares support vector ma-

chines and learning algorithm
The foundations of SVM were developed by Vap-

nik and have gained popularity for their promising
empirical performance.l'! Suykens et al proposed the
RLS-SVM based on SSE to deal with some problems
in prediction such as iterative operation.[*3] However,
with outliers on the data or the underlying assump-
tion of a Gaussian distribution for the error, apply-
ing the SSE estimator for such data might result in
completely erroneous estimates. In addition, since the
chaotic character affects the prediction performance,
using the SSE as criterion directly can reduce the pre-
diction precision. In this work, we deal with this prob-
lem by considering the influence result from the Lya-
punov exponents. In the following section, we formu-
late our algorithm based on the MRLS-SVM:

1. Choose optimal m, 74 (scale with discrete sam-
ple units) and set @ C {1,..., N},

D :{((Skf(mfl)‘rd; vy Sk—T1q5 sk); 5k+1) € R™
x Rlk € Q}.

2. Construct the trajectory matrix and build
training data: given initial condition §; = s; for

i =1,2,...,m, the prediction problem is given by
§(k+1)‘rd = f(gk—(m—l)Tdﬂ ey §k—‘rd; gk)
Sk—(m—1)-,

— wTo : +b5,  (8)
§k7‘rd

PN

Sk

where ¢(-) : R™ — R™ is a nonlinear mapping in fu-
ture space, w € R™ is the output weight vector and
b € R is the bias term.

3. Choose the ¢(-) and estimate the function f(-)
using training data D.

4. Predict s by function f(-).

In Ref.[12], Suykens et al proposed that Eq.(8)
can be converted into optimal problems which can be
described as
N+m

Yok 9

k=m+1

1
min J(w,e) = —w w4+ y=
w,e 2 2
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subject to optimality of the above function are
L N+m
T _ _
Skt41 — €kty1 = W p(sk —er) + b, (10) 0 =w — Z Ap—mp(sp —ex) =0,
k=m+1
oL N+m
% = Z ar-—m =0,
k:m—l—l,...,N—l—m, k=m+1
oL =
— =P, - —-_m —m+i
where denr Yl ker — Ok ;ak +
. X [whp(sr —ex)] = 0,
€k = Sk — Sk, Sk = [Skf(mfl)‘rd; ---;Sk—m7sk]7 —1
— I . k:m+la"'7N7
€ = [ek—(m—l)‘rda v Ck—1gs ek]:
oL T
Por . TSkH1 T Chi1 T W o(sp —er) —b=0,
QAk—m

The basic idea of

mapping function ¢(-) is to map the data s into a

and ~ is an adjustable constant.

high-dimensional feature space, and to do linear re-

gression in this space.

In the above equation, we can see that the SSE
is used as the cost function. According to the chaos
theory, positive global Lyapunov exponents cause the
errors in these predictions to grow exponentially, and
it is conventionally assumed that the prediction error

E(t) will grow as
E(t) = E(0)e*?, (11)

where ), is the largest Lyapunov exponents. In this
paper, we introduce a weighted component to com-

pensate the cost function which is described as
P, = (e)\mAt)—(k—m—l)’ (12)

where At is sampling interval. Rewrite the Eq.(9) as

1 1 N+m
Iil)gl J(w, e) = EwT'w -+ ’)/5 k_z+l Pkei (13)

To resolve the optimal function Eq(11), we define

the Lagrangian function

N+m
L(w,b,e;a) =J(w,e) + Z Ak m
k=m+1
X [hgs1 — €ry1 — ngo(sk —ex) — b,

(14)

where a; are Lagrange multipliers. The conditions for

k=m+1,.,N+m. (15)

After eliminating variables w and e one obtains the

solution
0 1T b 0
v = , (16)
1, 2+V, o s
where
s = [Sm+1; Sm+425 -y Sm+N]7
Ly, = [1;..51],
a = [am+1; Om425 -5 a‘m+N]7

Q1 = o(zi) (1),

and V,, is a diagonal matrix given by

1
V. :diag{ yeens } 17
K 7Pm+1 7Pm+N ( )
The resulting recurrent simulation model is described
as follows:
Sk—(m—1).,
S(k+1)rg = Z a_mK £ ' + b;
l=m+1 -§k:—‘rd
g

(18)

where z; = s; — €.
The mapping function ¢(-) can be paraphrased
by a kernel function K(:,-) because of the application

of Mercer’s theorem, which means that
K(zi,2;5) = (i) o(z), (19)

with radial basis function (RBF) kernels one employs

K(zi,z;) = exp <—M) (20)
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4. Simulation and results

In the following procedure, we use the laser data
The data set con-

sists of laser intensity collected from a laboratory

of the Santa Fe competition.

experiment. 5]

The reconstructed embedding phase space has
been discussed in Section 2, the choice of the embed-
ding dimension m and time delay 74 is the first prob-
lem faced. Cao proposed a method to determine the
minimal sufficient embedding dimension using the im-
proved false nearest neighbour method.['®! The time-
delayed mutual information was suggested by Fraser
and Swinney'”! as effective tool to determine a rea-
sonable 74. A certain value of 7 corresponding to the
minimum value of mutual information is a good can-
didate for a reasonable time delay. For the model
structure, we estimated the embedding dimension of
the Santa Fe data as being 4, by the Cao’s algorithm.
In our simulation, we have not controlled 74, the delay
parameter of the Takens’ embedding, so the sampling

gives by default 74 = 1.

The kernel width o and the regularization param-
eter v must be decided when we use the RBF ker-
nel with MRLS-SVM. In this paper, we adopt a sim-
ple method to determine these parameters based on
We define two data sets,

namely the training set and the validation set from

the cross-validation idea.

the observed time series, respectively. For each (o,7)

orginal time series

0o 500

' i

1000 1500

(a)

combination, we perform cross-validation on the train-
ing and validation data sets. Then we choose optimal
(o,v) based on the best cross-validation performance
for each (o,v) combination.

The time series was divided into two subsets re-
ferred to as the training and test subset: the training
subset consists of 1000 time entries and the test sub-
set consists of 1500 entries. In order to solve the con-
strained nonlinear optimization problem (11) and (8),
sequential quadratic programming (SQP) has been ap-
plied.

Figure 1 shows the prediction results of MRLS-
SVM and RLS-SVM respectively. The prediction time
series is able to follow with a very small error the Santa
Fe time series up to 500 steps for MRLS-SVM and only
up to 100 steps for RLS-SVM. However, the prediction
error does not seem to help answer the original ques-
tion of finding a criterion to establish if the MRLS-
SVM was able to learn the dynamic model. There-
fore we resorted to the estimation of the dynamical
invariants of motion from the predicted model. The
Poincaré maps for the Santa Fe time series are shown
in Fig.2, where the original attractor (Fig.2(a)) is com-
pared with the reconstructed ones using MRLS-SVM
(Fig.2(b)) and RLS-SVM (Fig.2(c)), respectively. The
similarity of the Fig.2(a) and Fig.2(b) suggests that
the two time series represent two trajectories on the
same attractor. However, a distinct difference exists
between Fig.2(a) and Fig.2(c).

orginal time series

model generated time series

0 500
(b)

Fig.1. Prediction results for Santa Fe competition: (a) MRLS-SVM algorithm, (b) RLS-

SVM algorithm.
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Fig.2. Poincaré maps: (a) original system, (b) MRLS-SVM reconstruction, (c) RLS-

SVM reconstruction.

We have computed the spectrum of the original
and reconstructed Santa Fe time series in Fig.3. The
spectrum of the reconstructed time series of MRLS-
SVM seems to follow very closely the spectrum of the
original time series (Fig3.(a)), with only minor dif-
ferences in the fine detail of the spectrum. However,
a distinct difference exists between the original spec-
trum and the reconstructed time series of RLS-SVM
(Fig3.(b)). Although these plots lead us to believe
that the dynamics have been reasonably captured by
the MRLS-SVM algorithm, for the chaotic time se-
ries case, the value of correlation dimension and the
largest Lyapunov exponent is necessary. The correla-
tion dimension was computed using the Grassberger
and Proccacia algorithm.'3! In Fig.4 the correlation
integral map (CIM) and its slope are depicted for both

the original and reconstructed time series. The value

60 =
T (a) O power spectrum of original data
* power spectrum of the remodeling data’

50f--- o« 7]

0.0 0.2

0.4

Power spectral density/(dB/rad/sample)

Normalized frequency/(w rad/sample)

of the correlation dimension is defined as the slope of
the CIM curves for at least three consecutive embed-
dings. In this case the correlation dimension for the
predicted time series is 2.147 for the region 3 < r < 5.
The correlation dimension for the original time series
is 2.038 for 3 < r < 5. In Fig.5 the largest Lyapunov
exponent was also computed using Wolf’s procedure
for different embedding dimensions.['?] The Lyapunov
exponent of the reconstructed time series seems to fol-
low very closely the spectrum Lyapunov exponent of
the original time series. In addition, for comparing
the performance of RLS-SVM and MRLS-SVM, we
computed the test error of the correlation dimension
and the largest Lyapunov exponents of the time series
in Fig.6. This plot shows that the proposed weight-
ing component can improve the ability to learn the

dynamics of the chaotic system effectively.

60 b f O power spectrum of original data ’
( ) it % power spectrum of the remodeling data
50k - - - - -t——— S ..‘_V..,_?._‘__J‘

Power spectral density/(dB/rad/sample)

Normalized frequency /(v rad /sample)

Fig.8. Power spectrum for the original data and MRLS-SVM remodelling data of
Santa Fe competition: (a) MRLS-SVM algorithm (b) RLS-SVM algorithm.
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Fig.5. Estimation of largest Lyapunov exponent for
original and generated time series. (a) m=2, (b) m=4,
(c) m=6.

Analysing the dynamical invariants and the state
space trajectories, we can conclude that the dynam-
ics of the reconstructed and original time series are
very similar, and that according to our definition, the
dynamics of the system that produced the original
time series have been reasonably well captured in the
MRLS-SVM. Notice that with the MRLS-SVM one

obtains an explicit representation of the dynamics.

5. Conclusion and future work

From the simulation results, we can deduce the
conclusion that MRLS-SVM have the ability to cap-

Fig.6. Test errors of dynamical invariants of Santa Fe.

ture the dynamics of nonlinear dynamical systems as
was demonstrated with the system of Santa Fe com-
petition. This conclusion is based on the fact that
the largest Lyapunov exponents and the correlation
dimension of the original and generated time series
are very similar. We also use additional dynamical
invariants, power spectrum and the Poincaré maps
to evaluate the remodelling performance. In addi-
tion, the comparison of the MRLS-SVM and the RLS-
SVM shows that the proposed weighting term can im-
prove the ability to learn the dynamical invariants of

a chaotic dynamical system.
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Our future work will be focused on applying the
techniques to real world signals superposed with wide-
band noise. Because the noise distorts the trajecto-
ries in state space, and make the learning of dynamics

more difficult and biased, we must remove the noise

before carrying out the learning method. However,
since the traditional linear filtering technique is unfit
for the wideband noise case, we should develop new fil-

tering techniques for successful dynamical modelling.
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