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In this paper, we present a scheme to prepare a set of the multi-atom entangled states by the cavity quantum

electrodynamics (QED) technology. The multi-atom entangled states have some particular entanglement properties.

For example, the remaining reduced density matrices p;; still retain entanglement or disentanglement when any N-2

atoms of the N atoms are traced out, which can be chosen freely according to our need, and the relative entanglement

strength of any pair of atoms (measured by the concurrence) can be arbitrarily adjusted. In addition, they may be

completely symmetric under the exchange of any two atoms, and perform certain quantum information tasks, such as

telecloning, teleportation, secret sharing and so on.
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1. Introduction

Quantum entanglement has played a key role
in recent years as a potential resource for quan-
tum communication and quantum information pro-
cessing. An ongoing effort has been made to char-
acterize quantitatively and qualitatively entangle-
ment. For bipartite systems this problem has been
completely solved, while it still remains open for
multipartite entanglement. The properties, prepa-
ration and applications of multipartite entangled
states are now a hot topic in the field of quantum
information.!=1% It has been shown that multipar-
tite entangled states have an advantage over the two-
particle Bell states in quantum cloning,[''~'¥ quan-

tum teleportation,!15—17] [18—20]

superdense coding,
and quantum secret sharing.[22=22] In the case of tri-
partite entanglement Dur et all¥ have shown that
there are two inequivalent kinds of genuine tripartite
entanglement states: the GHZ (Greenberger—Horne—
Zeilinger) class and the W class under stochastic local
operation and classical communication (SLOCC). The
GHZ state is maximally entangled in several senses!®!

and has the feature that when any one of the three

qubits is traced out, the remaining two qubits are
completely disentangled. This means, in particular,
that if one of the three parties sharing the system de-
cides not to cooperate with the other two, then they
cannot use the entanglement resource of the state at
all. The GHZ state is very fragile under particle loss.
Conversely, the W state maximizes the residual bi-
partite entanglement,®! it is maximally robust under
disposal of any one of the three qubits, which is argued
as an important property for some practical problems
in the sense of particle loss. Recently, some schemes
have been proposed for the generation of the GHZ
states and W states.[2326] In this paper, we propose
a cavity QED scheme for the multi-atom entanglement
preparation; also we study its entanglement properties

and point out its possible applications.
2.Generation of the multi-atom

entangled states

In our previous work,[2” we have prepared a pecu-
liar tripartite entangled state via cavity quantum elec-
trodynamics. We consider the interaction of a ladder-

type three level atom with a cavity. The atomic states
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are denoted by |g), |e), and |f). The transition fre-
quency between levels |e) and |g)is far from resonance
with the cavity field mode. On the other hand, the
transition frequency between the states |e)and |f) is
detuned from the cavity frequency enough so that only
virtual transitions occur between these levels. Then

the effective Hamiltonian in the interaction picture
i5[28—30]

2
Hep = Za*a(|)(f] = le)e]), (1)
where at and a are the creation and annihilation op-
erators for the cavity mode, and g is the atom—cavity
coupling strength. A is the detuning between the
atomic transition frequency wy and the cavity fre-
quency w. We assume that the cavity field is ini-
tially prepared in a coherent state |a) by a microwave
source. The ith atom enters the cavity, which is
initially prepared by laser excitation and microwave
manipulation®] in the superposition of the states lg:)
and |e;), i.e. ceile;) + cgilgs), where |ces|? + |egi)® = 1.
The tripartite entangled state can be obtained as

follows:[27]

[1h3) —a =Cg1€q2¢Ce3]g192€3) + Ce1Ceace3|ereces)
+ cg1CeaCg3lgieags) + ce1¢q2¢g3|€19293)

:Ce3|e3>|¢2>a +Cg3|g3>|¢2>7(x: (2)

|¢3>a ZCg10g26g3|919293) + Celce20g3|€1€2g3>

+ cg1CeacCes|grezes) + Ce1Cgaces|e1gaes)

:Cg3|g3>|1/)2>a + Ce3|e3>|¢2>*a: (2’)
[2)a = cg1€42|g192) + Ce1Ce2|e1€2), (3)
[th2) —a = Cg1Ce2|g1€2) + Ce1C42]€192). (3"

Using the same recipe as that in Ref.[27], we can ob-

tain the four-atom entangled state as follows:

|¥4)y = Cga|9a) [¥3), + Cealea) [¥3) . (4)
[¥4) o = Cealea) [¥3), + coalga) [¥3) - (4)

Generalizing the above case to the N successive atoms
passing through the cavity one by one, we can obtain

an N-atom entangled state similarly:

[UN) o = Con 19N) [¥N-1)4 + Cey len) [¥N-1) ., (5)

|UN) o = Cen |€N) [¥N-1)4 + oy |9N) [N -1) o, (5)

where |¢n), and [¢n) _, are the unnormalized states.
The requirements for our scheme can be realized us-

ing the current technology; for detailed discussion see
Refs.[24,25].

3. Properties and application
of the multi-atom entangled

states

We can calculate the concurrencel? of pairs of
parties, as a measure of entanglement strength of
Note
that C(p;;)=0 corresponds to disentanglement, and

the bipartite reduced density operators p;;.

C(pij)=1 corresponds to maximal entanglement.

After some calculations for |¢3)__, or [¢s3)a, we

obtain
Cio = 2k2|061cglcezcgz| ’ ||Cg3|2 - |Cea|2|’ (6)
Ciz3 = 2k2|ce1cglcegcg3| ’ ||ng|2 - |662|2|’ (7)
Co3 = 2k2|cezcgzcegcg3| ’ ||C£I1|2 - |661 |2| (8)

Similarly, for |¥n)a, we have

N
IT llea —lee Pl (9)

=1
(I#i,5)

_ 2
Cij =2k |Ceicgicejcgj| ’

where k is a normalization factor and is determined
by the corresponding state |¢n)o. We denote C;; =
C(pij). Equations (6)—(9) show that the relative en-
tanglement strength of any pair of atoms can be arbi-
trarily adjusted. The remaining reduced density ma-
trices p;; can retain entanglement or disentanglement,
which only depends on the choice of parameters c.;
and cg; of the corresponding atom, and the parame-
ters co; and cg; can be chosen independently for each
atom. Hence, we can choose freely the entanglement
and disentanglement of the remaining reduced density
matrices p;; according to our need. This property is
very useful for the quantum information processing.
First, the state |¢)n), can apply to telecloning.
= Jeel = lecl
|Cgl| = |Cg2| = |Cg3| = |Cg|7 and [c.| # |Cg|’ one has
Ciag = Ci3 = Co3 = 2k2|c§c§ “|leg|* = |eel?|, where
k2(3|c§cg| + |ce|®) = 1. This shows that all atoms are
equally entangled with each other. Let ¢, = siné and

For |¢3>—a when |C€1| = |C€2|

cg = cosb,|h3) o is the required three-particle en-
tangled state for the 1—2 faithful telecloning of two
linear-independent states of a one-qubit system.!'*] Gu
et all' also showed how to prepare the required three-

particle entangled state under LOCC (local operation
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and classical communication) using the GHZ state as
a resource via POVM (positive operator valued mea-
surement). However, our scheme is simpler and exper-
imentally feasible. If |c,|? = 1/4 and |c.|* = 3/4, one
obtains C13 = Cy3 = C23 = 1/3. This is the maximal

value achievable for |¢3)_, in this case.

Likewise, for |¢3)_n, when |c.,|? = |c > =
1/2,Co3 = 0, le. pog is not entangled; if |c,,| =
leaal = legh el = lews] = leol and Jecl # lel,
one has Ci2 = Ci3 = k?|cecy| - ||eg]? — |ce|?| where

k?=2. This shows that one atom is equally entan-
gled with two others and the others are disentangled.
This is the required three-particle entangled state for
the 1—2 imperfect telecloning of an unknown one-
qubit quantum state.'!] When legl® = 1/24++/2/4 and
lec|>=1/2F \/5/4, one has Cyjo = Cy3 = 1/2. This is
the maximal value achievable for |¢3) _, in this case.

Murao et all'1 pointed out that the telecloning
state should be symmetric under permutations of the
output qubits; in particular, they should be all equally
entangled with the port . Furthermore, in order to op-
timize the transfer of information the entanglement of
the receiving and transmitting sides should be as large
as possible. While the state |¢)n)q OF [¥N)—o Prepared
by our scheme just possesses the desired properties.

Hence, it is useful for 1 —+ N — 1 telecloning.

In addition, |[¢n) can also apply to teleporta-
tion. Lee et all'® have considered entanglement tele-
portation of an entangled state unknown at all, such
as a|00) +b|01) + ¢|10) 4+ d|11), where a, b, ¢, and d are
complex numbers. It may be the simplest protocol
that employs EPR (Einstein—-Podolsky—Rosen) pairs
as a quantum channel. However, when a reservoir is
present, it is important to study inseparable quantum
channels because some inseparable channels can be
more robust against decoherence than EPR pairs, and
an inseparable quantum channel always leads to a to-
tal teleportation of entanglement.['® The state [th4)q
can be regarded as an example of an inseparable quan-
tum channel when parameters c.; and cg; have certain
special values.'®! Thus, it has an advantage in the tele-
portation of entanglement over EPR pairs and GHZ
state.

Recently, Bagherinezhad and Karimipour[?! have
introduced a protocol for quantum secret sharing
based on the reusable entangled states, namely
IGHZ) = %(|ooo> +]111)) and |E) = %(|ooo> +
[110) + |101) + |011)). These two states are trans-

formed into each other by the local operations of

Hadamard gates: that is, |GHZ) = H® H® H|E) and
|[EY = H® H ® H|GHZ). They have used these two
states that are shared by all three parties as carriers of

information (the |GHZ) state in the odd rounds and
1

E;

then |¢3), is the required three-particle entangled

the | E) state in the even rounds). Let ce; = ¢g; =

state |E) as carriers of information for quantum se-

cret sharing.

The state |¢n)o possesses some special entangle-
ment properties. It can have not only many-qubit en-
tanglement as the GHZ state, but also pairing entan-
glement as the W state simultaneously when the pa-
rameters c.; and cg; are chosen appropriately: namely,
the state |¢)n), may be highly entangled, yet par-
ticularly robust, hence it may be a spin-squeezed
state.[32:33] Therefore, it has some possible appli-
cations in atomic interferometers and high-precision
atomic clocks. Maybe it also has potential appli-
cations with respect to quantum error-prevention, 34
quantum remote state preparation,[35] and quantum

games.

4. Conclusion

In summary, we have presented a scheme to pre-
pare a set of the multi-atom entangled states by the
cavity QED technology. The advantage of our scheme
is whether the cavity field collapse into |a) or |—a), the
N-atom entangled states |¥n), and |¢n)_, created
by selective measurements on the cavity field have
identical entanglement properties due to symmetry.
We have showed that the set of multi-atom entangled
states has some particular entanglement properties,
for example, the remaining reduced density matrices
pij retain entanglement or disentanglement when any
N —2 atoms of the NV atoms are traced out, which can
be chosen freely according to our need, and the rela-
tive entanglement strength of any pair of atoms can be
arbitrarily adjusted. Also we have given the maximal
amount of entanglement achievable for the two spe-
cific situations. The multi-atom entangled states can
have not only many-qubit entanglement, but also pair-
ing entanglement simultaneously when the parameters
ce; and cg; are chosen appropriately, Besides, they may
be completely symmetric under the exchange of any
two atoms. Because of these entanglement properties,
the multi-atom entangled states can perform certain
quantum information tasks, such as telecloning, tele-
portation, and secret sharing ; they also have some

potential applications in the aspects of atomic inter-



2024

Huang Yan-Xia et al

Vol. 13

ferometers and high-precision atomic clocks, quantum

error-prevention, quantum games and so on. In addi-

tion, we hope that our study is helpful for the under-

standing of the nature of multipartite entanglement.
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