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A general mapping deformation method is applied to a generalized variable coefficient KdV equation. Many new

types of exact solutions, including solitary wave solutions, periodic wave solutions, Jacobian and Weierstrass doubly

periodic wave solutions and other exact excitations are obtained by the use of a simple algebraic transformation relation

between the generalized variable coefficient KdV equation and a generalized cubic nonlinear Klein—Gordon equation.
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1. Introduction

Recently, using a deformation mapping method,
which was first presented by Lou and Nil!!, Lil? has
obtained many soliton solutions and periodic solutions
of nonlinear models through finding some relations be-
tween the travelling wave solutions of the given mod-
els and those of the cubic nonlinear Klein—-Gordon
(NKG) system which has been studied widely. Fan et
al311 have improved the mapping method and ap-
plied it in some physical models, and obtained a lot of
new travelling wave solutions. This deformation map-
ping method can be extended to solving variable coef-
ficients nonlinear equation systems. The basic idea
For a given (1+41)-

dimensional nonlinear model, the equation reads

) =0, (1

where P is in general a polynomial function of its argu-

of the algorithm is as follows.

P(u7 Ug, Uty Ugt, Uz, Utt, - -

ments, and their subscripts denote the partial deriva-

tives. By using the travelling wave transformation,

Eq.(1) possesses the following ansatz:

u=u(), £ =p(t)z+q(t), (2)

where p(t) and ¢(t) are arbitrary functions of vari-

able t to be determined. Substituting Eq.(2) into
Eq.(1) yields an ordinary differential equation (ODE)
O(u(€), u(€)e, w(§)ee, . ..)=0. Then u(&) is expanded

into a polynomial in g(£)
u(€) = F(9()) = Y_a;(1)g’ (€), (3)

where a;(t) are functions of variable ¢ to be deter-
mined and m is fixed by balancing the linear term of
the highest order with the nonlinear term in Eq.(1).
If we suppose g(§) = tanh(§), g(§) = sech(§), and
g9(&) = sn(§) or g(&) = cn(§) respectively, then the
corresponding approach is usually called the tanh-
function method, the sech-function method and the
Jacobian-function method.['2~16! The main idea of the
mapping approach is that g(£) is not assumed to be
a specific function, such as tanh, sech, sn and cn, etc,

but a solution to the cubic nonlinear KG equation
g =c+Ag" + gg“,
gee = Mg + ng’, (4)

where ¢, A and p are all arbitrary constants. Using

the mapping relation (3) and the solutions to Eq.(4),
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one can obtain many exact travelling wave solutions
to Eq.(1). In our present paper, along this line, we
further assume that the mapping function g(£) is an
excitation of the generalized cubic nonlinear KG equa-
tion

g? = (co + c19 + c2g” + c3g” + cag?),

gee = (c1 + 2c2g + 3eag® + 4eag®) /2, (5)

where ¢;,i € (1,2,3,4) are all arbitrary constants.
Since the generalized cubic nonlinear KG equation
possesses more solutions, we may derive more trav-
elling wave solutions to Eq.(1).

The KdV equation is encountered in many ap-
parently unrelated phenomena in various physical sys-
tems such as plasmas, fluids, and lattice vibrations of
a crystal at low temperatures. All these applications
start from a more or less general physical model and
end up in the KdV equation by considering a specific
limit of the physical problem concerned. In this sense,
the KdV equation is universal. In this paper, we apply
the general mapping approach to the generalized vari-
able coefficient KdV equation, which has been studied
by Zhang and Cheng!” and Li and Zhang.['®!

2.The application of the gen-
eral mapping approach to the
generalized variable coefficient
KdV equation

Now we use the general deformation mapping
method to find some novel travelling wave solutions to
the generalized variable coefficient KdV equation!®!

us + 26(t)u + [a(t) + B(t)z]us

— 3ey(t)uug + Y(t)ugzr = 0, (6)
where a(t), G(t) and ~(t) are time-dependent coeffi-
cients. The importance of Eq.(6) is well known and
there is an increasingly high level of interest in the con-
struction of exact solutions to its special forms. Equa-
tion (6) can be reduced to a cylindrical KdV equation,
5 =0 (7)

6 TTXT
Uy +6u 4+ u +2t

which describes solitary waves in a channel with slowly
varying depth.

With the aid of the general mapping relation and
the solutions to the generalized cubic NKG equation,
many new exact travelling wave solutions to the gen-
eralized variable coefficient KdV equation can be ob-
tained.

Now, substituting Eq.(2) into Eq.(6) and balanc-
ing the highest order derivative term wug,, with the
highest power nonlinear term uu, gives leading order
m=2. Therefore, we can choose the solution to Eq.(6)

in the form
u() =ao(t) + a1(t)g(€) + a2(t)g*(¢),
§=p(t)z +q(t). (8)

Substituting Eq.(8) into Eq.(6), and setting the
coefficients of gig’ja:k(i =1,2,3;57 = 0,1;k = 0,1)
to be zero, a system of nonlinear ordinary differen-

tial equations with variable coefficients are obtained

as follows:
ag + 2Bag =0,
a\ +2Ba; =0,
ay + 2Baz =0,

al(p, + ﬂp) = O:
2a;(p’ + Bp) = 0, (9)
6vasp(4cap® — caz) =0,

3'717(_33@1‘12 + 204611172 + 503a2p2) =0,

20ppas — 6cyagagp + 3czyarp®
+ 8cyyazp® — 3cyaip + 2a2q’ =0,
aa1p — 3eyapaip + c2ya1p® + 3ciyazp® + aig’ = 0.

From Eq.(9), we finally find five kinds of solutions,

namely

(A) 5 = ¢,cq = 0, ap(t) = as(t) = 0, a1 () = exp [ - 2/: ﬂ(s)ds] p(t) = exp [ - /: B(s)ds],
aw=- [ t(a(s)exp[ - [ 8] + entelexs| -3 [ aloras]pas (10)

where cg, ¢1,co are arbitrary constants.

(B) c3 = ¢,c4 = 0,a0(t) = as(t) = exp[— 2/:[;(3)

ds] ,ax(t) = 0,p(t) = exp [ - /a t ﬁ(s)ds] :

aw=- [ t(a(s)exp[ - [ 80| + (2 - 3msrenp | =3 [ o) pas, (1)
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where c¢g, ¢1, ¢y are arbitrary constants.

(C) e1 = c3 = 0,cq = ¢/4, ag(t) = ay(t) = 0, as(t) = exp [ —2 / t ﬂ(s)ds] p(t) = exp[ - / t ﬂ(s)ds],

q(t) = — / t(a(s)exp[ - / | ﬂ(v)dv} +402'y(s)exp[ —3 /a | ﬂ(v)dv])ds, (12)

where cg, cg are arbitrary constants.

(D) ¢1 = c3 = 0,¢4 = ¢/4,a1(t) = 0, ao(t) = as(t) = eXp[ / 3 s)ds] (t) = exp[ / 3 s)ds}

qt) = — / t(a(s)exp[ - / | ﬂ(v)dv} + (4cq — 3c)’y(s)exp[ ~3 / ﬁ(v)dv} )ds, (13)

where ¢y, co are arbitrary constants.

(E) 3c1 +ca=c/4, 5 =¢/2,c4 = c/4,a0(t) = 0,a1(t) = ax(t) = exp[— 2/ ﬂ(s)ds],

) =ew| - [ s,

0=~ [ (@tros| - [ s01a0] +epristens] -3 [ span]yas, (14)

where ¢ are arbitrary constants.

From the above derivations, we can see that if
g(&) is determined, then the corresponding travelling

solution u can be easily fixed.

3. Some new exact travelling wave
excitations to the generalized
variable coefficient KdV equa-

tion

In Ref.[5], many exact solutions to the general-
ized cubic NKG equation have been given. By using
the mapping relation, we can obtain many new exact
travelling wave solutions to the generalized variable
coefficient KdV equation, which contain solitary so-
lutions, periodic wave solutions, Jacobian and Weier-
strass functions and other travelling wave solutions.
In what follows we only discuss some new or interest-
ing expressions of g and its corresponding excitations,
rather than all of it.

3.1. Weierstrass elliptic doubly periodic-type

wave excitation

According to Eq (10), as ¢c2=0, c3 = ¢ > 0,
ai(t) = exp[ - 2/ B(s ds]7 we can obtain a Weier-

strass elliptic doubly periodic-type wave solution

c
= p(L6,Go, G, (15)
where G = —4c¢;/c and G3 = —4c¢p/c are called in-

variants of the Weierstrass elliptic function. Then

the corresponding Weierstrass elliptic doubly periodic-

type wave excitation of Eq.(6) reads as

Ve

Uy = p(7£,G2, G3)exp [ - Z/Gtﬂ(s)ds} ,  (16)

where £ denotes p(t)z+q(t), with p(t) and ¢(t) showed
by Eq.(10).

3.2. Jacobian elliptic doubly periodic wave ex-
citation

Based on Eq.(12), as ¢; = 0 (corresponding ¢; =
0), three Jacobian elliptic doubly periodic wave solu-

tions can be derived:

com? Co ¢
- _sn|4/—————€&m
ca(m? + 1) m2+4+1"")’
2c2im? 9
—__sam -1), (1
(co c(m2+1)2,62<0,64>0,5 , (17)
com?

C2
ca(@m? — 1)Cn<\/ 9m2 — 1€’m)’

< 2c2m?(m? — 1)
Co =

c(2m?2—1)27

C2 C2
= /- dn( 4/
g4 C4(2—m2) n< 2_m2£7m>5

2¢2(1 — m?)
e T 5 0,e0<0), 19
(0= Zos s> 0 1o

g2 =€

g3 =4[ —

c2>0,¢4 < O), (18)

where m is modulus of Jacobian function. Then the

corresponding Jacobian elliptic function solutions to
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Eq.(6) read

Ug =

deom?
T em?+1 Sn2<\/ m2 n 157 )
X exp[ / B(s ds] (20)

4com Co
== eyt mf’m)
X exp —2/ B(s)ds|, (21)
4cq
Uy = — ——=dn?
) <v rotm)
X exp —2/ ,B(s)ds , (22)

where £ denotes p(t)z+q(t), with p(t) and ¢(t) showed
by Eq.(12).

3.3. Solitary-like wave excitation

Similarly, as ¢g = ¢; = 0, the solitary-like wave

solutions to Eq.(5) are

CQSeCh2 (%\/c_ﬁ)
25,/0204tanh<%\/c_2§) —c3

gs = , (e2>0); (23)

ascg =c1 =0,c0 >0,
g = _cﬁsech2(—'262 &); (24)
c

ascyg=c1 =c3=0,c0 >0,

91 = |/~ “Zsoch(/az6); (25)

as cog = c2/c,c; = c3 =0,c3 <0,

D (VAT Y

Then the corresponding hyperbolic elliptic function
solutions to Eq.(6) read as

cosech? <%\/c_2§>
26\/62_04tanh<%\/_£) —c3

Uy =

<1+ 2
26\/62—C4tanh<§\/c_2§>

where e = £1,w = p(t)z+4q(t), p(t) and ¢(t) are shown

by Eq.(13);
Ug = —%sech2 <?f) exp [ - 2/(; ,B(s)ds:| , (28)
+q

where £ = p(t)z + ¢(t), p(t) and ¢(t) are shown by
Eq.(10);

462

uy = ——sech2 (y/c2€) exp[ -2 / B( s)ds} (29)

where & = p(t)z + ¢(t),
Eq.(12);

ug = —%tanh2< —%E) exp [ -2 /t ﬂ(s)ds} ,
BNEY
p(t) and ¢(t) are shown by

p(t) and ¢(t) are shown by

where & = p(t)z + ¢(t),
Eq.(12).

3.4. Periodic wave excitation

Now we focus on the periodic wave solutions. As
cg = ¢1 = 0,c5 < 0, the periodic wave solution to

Eq.(5) is

Z st (Y52¢); (31)

gg = ——sec
c

as co = c2/c,c; = c3 = 0,c3 >0,

4c c
gi0 = than2< 525) (32)

The corresponding Jacobian elliptic function solutions

to Eq.(6) read
ug = —%sec2<\/?§) exp[ —2 /a t ﬂ(s)ds], (33)

where £ = p(t)z + ¢(t), p(t) and ¢(t) are showed by
Eq.(10);

- %tan2<\/%§> exp[— 2 /a t ﬂ(s)ds}, (34)

where £ = p(t)z + ¢(t), p(t) and ¢(t) are shown by
Eq.(12).

3.5. Other new excitation

Besides the above excitations, there exist abun-
dant other new solutions to g like rational solutions,
exponential solutions and polynomial solutions, etc,
for there are arbitrary constants in Eq.(5). As a de-
tailed discussion has been given in Ref.[4], we will not
investigate all the cases and only cite a special exam-
ple. For example, as ¢g = 1/36,¢3 = c4 = 0,¢2 > 0,

the exponential solution to Eq.(5) is

g11 = 1/6 + exp(er/c2§), (5 =1). (35)
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Then the corresponding solution to Eq.(1) reads
i =(1/6 + exp(ey/&36))(1 + 1/6 + exp(e )
t
X exp [ — 2/ ﬂ(s)ds} , (36)

where £ = p(t)z + ¢(t), p(t) and ¢(t) are showed by
Eq.(13).

4. Summary

Using the general mapping deformation method,

we obtain many new types of travelling wave solutions
to the generalized variable coefficient KdV equation.
To our knowledge, many excitations were not reported
in the previous studies like Refs.[17] and [18]. The ap-
proach we have used here is standard and simple and
can be used in various types of nonlinear equations no
matter they are integrable or not. Therefore the pro-
posed method is worthy of further study and may help
us find more new excitations (especially the solitary

wave excitations).
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