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Based on the theory of symmetries and conserved quantities, the exact invariants and adiabatic invariants of a

dynamical system of relative motion are studied. The perturbation to symmetries for the dynamical system of relative

motion under small excitation is discussed. The concept of high-order adiabatic invariant is presented, and the form of

exact invariants and adiabatic invariants as well as the conditions for their existence are given. Then the corresponding

inverse problem is studied.
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1. Introduction

More and more attention has been paid to the
research of symmetries and conserved quantities of
mechanical systems and many results have sprung
up during recent years.!~13] These results enriched
the knowledge of the essence of mechanical sys-
tems. In 1917, Burgers first proposed adiabatic in-
variants which pointed to a special type of Hamilto-
nian system.[!® The adiabatic invariants mean that
they are almost unchanged when the parameter varies
very slowly and they play a very important role in
the research into the quasi-integrability of mechanical
systems. In fact, as the parameter varying very slowly
is equivalent to the action of a small perturbation, we

conduct our research by the latter model in this paper.

With the development of modern science and

technology, the study on dynamics of compli-
cated mechanical systems becomes more and more
important.['®=17 The motion of these complicated
systems includes the motion of the carrier and the mo-
tion of the carried carrier relative to the carrier. The
motion of complicated systems can be studied in the
inertial coordinate system, or in the mobile coordinate
system closely linked to the carrier. The study on the
dynamics of relative motion of a mechanical system by

the method of analytical mechanics not only reaches

unity in expression but also shows superiority for the

complicated systems.

The study of adiabatic invariants has become
a popular subject in mechanics,’821 atomic and
molecular physics,?2! etc. In this paper, we discuss
the adiabatic invariants of dynamical system of rel-
ative motion from the viewpoint of symmetries and
conserved quantities. First, we construct the equa-
tions of the dynamical system of relative motion, and
propose the concept of higher order adiabatic invari-
ants. Second, we prove the conditions for the existence
of the exact invariants and adiabatic invariants, and
give their forms. Third, we study the inverse prob-
lem of the perturbation to symmetries of the system.
Finally, we present an example to illustrate these re-

sults.
2.Dynamical equations of relative
motion

Suppose that the system is composed of a car-
rier and a carried carrier. The velocity v of the base
point O and the angular velocity w of the carrier are
known functions of time. The carried carrier is com-
posed of N particles, and the configuration of the sys-
tem is determined by the n generalized coordinates

gs(s = 1,...,n). Suppose the motion of the carried
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carrier does not affect the original motion law of the
carrier. The dynamical equations of relative motion
of the holonomic mechanical system can be written in
the form[!7]

49T,
dt dq, g,

oT, 0
- Qs - aqs

(s=1,...,n), (1)

where T, is the kinetic energy of relative motion of

(VO+ V) + Q¢+,

the system, @Q, the generalized forces, and V° is the

uniform force field potential energy:
VO = M(vo+w x vg) - 7, (2)

where M is the total mass of the system, 7! the ra-
dius vector of the mass centre in the reference system

of motion, and V¥ the centrifugal force potential en-

ergy:
1
V‘”:—iw-Go-w, (3)

where 6° is the inertia tensor in the point O of the

system, Q% the generalized inertial force of gyration:

/
8ri

Qd) = —(w X mir'i) . 8(]8 .

s

(4)

I, is the generalized gyroscopic force

or'; Or';
Fs: sqa 5:2W-<mi Z>< 1). 5
Yokdks  Vsk 2.~ 9a. (5)

The generalized force @, is divided into the po-
tential part Q' and the nonpotential part Q”, i.e.

ov
i} " i
s — 3 s — . 6
Q=Q+Ql @=—5 (6)
Let
L,=T, -V -V°—V¥, (7)

then Eq.(1) can be written in the form

d 0L, 0L,

el _ — 0" W I,
TR R P T

(s=1,...

,m)- (8)

Suppose that the system is not singular, i.e.

82LT
det(hyp) = det 0, 9
et(hop) = de (aq.saq.k) + (9)

then all the generalized accelerations can be solved
from Eq.(8),

Gs = as(t,q,q) (s=1,...,n). (10)

3. Symmetries and exact invari-

ants

Introduce the infinitesimal transformations of

groups of time and generalized coordinates
t"=1t+ Al g (t") = gs(t) + Ags,
(s=1,...,n), (11)
and their expansions
" =t+er’(t,q,q),q:(t") = a.(t) + €1 (t, 9, 4),
(s=1,...,n), (12)

where ¢ is an infinitesimal parameter, 7° and ¢ are in-
finitesimal generators. Introduce an infinitesimal gen-

erator vector

15) o
X(O) — (Vi 0 13
T 6t + é‘s 6q87 ( )
and its first extension
: o
XW = XO 4 (& - 4,7°) (14)

9gs
The invariance of Eq.(10) under the infinitesimal

transformations (12) leads to the following determin-

ing equations:

£~ g7 2%, = XD(a,), (s=1,...,n). (15)

Definition 1117 If the generators 70 and ¢ sat-
isfy the determining equation (15), then the corre-
sponding transformations are called the Lie symmet-
rical transformations, and the corresponding symme-
tries are called the Lie symmetries.

Proposition 1 For the infinitesimal genera-
tors 70 and £0 satisfying Eq.(15), if there exists a
gauge function G° = G(t, q, q) satisfying the follow-

ing structure equation:

LA+ XWO(L) +(Q"+ Q% + I,)
x (€2 — ¢,7°) + G° =0, (16)

then the dynamical system of relative motion has the

following exact invariant of Lie symmetries:

In=Lm+ er (€% — ¢.m°) + G° = const.  (17)
Proof
% =L+ L+ Z—Z(ég’ — 70 — ¢,7°)
+ (& - qn‘])% ?95 - L,#° = XO(L,)

- (Q;I + Q‘: + Fs)(é‘g - QSTO)
:(fg - quO)
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4.Perturbation to the symme-

tries and adiabatic invariants

Firstly we give the concept of high-order adiabatic
invariants.

Definition 2 If I,(t,q,q,¢) is a physical quan-
tity including e of which the highest power is z in a
mechanical system, and its derivative with respect to
time t is in direct proportion to ¢**!, then I, is called
a zth-order adiabatic invariant of the mechanical sys-
tem.

Suppose the dynamical system of relative motion
corresponding to (8) is perturbed by small quantities

eWjs, then the equations of motion of the system be-

come
d 8L, OL,
3 0a. g = QU+ QY + Iy + eW,,
(s=1,...,n). (18)

Due to the action of eW, the primary symmetries and
invariants of the system may vary. Suppose the varia-
tion is a small perturbation based on the symmetrical
transformation of the system without perturbation,
and 7(t,q, q) and &s(t,q, q) express the generators
of time and space respectively after being perturbed,

then
r=704+ert 427 ..
La=E4eli+28+- -, (19)

and they satisfy

LA+ XO(L) + (QF + Q% + T)(€s — ¢s7)

+eW,(€y+ Go7) + G =0, (20)
where
X =X O 4 (€, - 4,1) o
> 7 0,
0 0 N
a +£s (55 _qs'r)a_qs-

G in Eq.(20) is a gauge function. Let
G=G+eG +2G% + - - -, (21)
3} 3} : 0
xWk — k9 ok 9 k_ g ik _
Tor T, TG e,
Substituting Egs.(19) and Eq.(21) into Eq.(20), we

obtain

(22)

L%+ XOFL,) +(QY + Q% + I)(£F — 4,7F)
W€y + 4T + GM =0,

(k=0,1,2,...,2), (23)

when k = 0, the condition W, = 0 holds.
Proposition 2 For the dynamical systems of rel-
ative motion perturbed by small quantities eWy, if the
generators T*(t,q, q) and £¥(t,q, g) under infinites-
imal transformations satisfy Eq.(23), and G*(t,q, q)

is the gauge function, then

L
- sk[Ler + Z—qr(ﬁf — qsr’“) + Gk],

(k=0,1,...,2) (24)
is a zth-order adiabatic invariant of the mechanical
system.

Proof
dIz _ Lr Lk - Kk - -k
dt - aq (fs qST qST)
d 0L,
ik xWk(r,
HE - ™ 55 (L)
—(QY + Q"” + I)(&F - qsr’“)
_ W (gk 1_ k 1) ]
d 0L 8L
k a oLy OLy oy ©_r,
(G 5@ -r)
x (d}c _quk) _ (é—k 1_ k 1):|
Using Eq.(18), we have
dr, .
Lo k(W€ — ) Waleh — ) ]

Expanding the above formula and making summation,

we have

dr,
dt
This shows that dI,/dt is in direct proportion to &

= EZHWS(ﬁ‘: — ¢s7). (25)
z+1

so I, is a zth-order adiabatic invariant of the mechan-

ical system.
5.Inverse problem

Suppose that the system has a first-order adia-

batic invariant as follows:
Il = AO(t q,9q )+ 5)\1(t q,9 ) (26)

Differentiating this with respect to ¢, we have

dIl 8/\0 6)\0, n o ..
dt ot s

9q, 94, R
8)\1 8/\1 . a/\1 .
qs a- 4s - 2
[ ( * 34, )} &7

Multiplying Eq.(18) by &,

mation for s, we have

(fs - (}37')

— ¢s7, and taking the sum-

© I, - EWS) =0.(28)
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According to Egs.(25), and adding Eq.(27) and
Eq.(28), we have

oA oA oA
0 + < Oq‘s + —Ods>

ot 9gs 945
o\ O . O\ . .
+5|: ot +<aqsqs+ aqsqs):| +(£s qu)
d L, 0L, " .
5, Aa- A - © - FS - S
<dt 96,  0q, @ @ W, )

:€2W5(51 - qul): (29)

where the expressions of 7 and £, are Eqgs.(19).
Firstly, we seek the generators 7° and &0 of the
infinitesimal transformations without perturbation.
Separating the terms not containing ¢ in Eq.(29), then
separating the terms containing ¢ and taking their

coefficients as zero, we have

Ao oL, , o
— —q =0 (k=1,... . (30
aqs aqsaqk (gk qrT ) ( ’ ’n) ( )
2L
Letting " = Hg, hox = (Hsx)™'. Here Hyy is

8486416
called the Hess matrix. From the above equation we

obtain o
0 om0 = hop—2. 31
& — GuT i (31)
Further let
oL,
Xo =L+ 9 (€Y — 4pm®) + G°, (32)
k

from Egs.(31) and (32), we can obtain the items with-

out perturbation:

oL oA
0 — L71 )\ _ 'r‘hs 0 _ GO
b o g ek g, — 4
& = hae —6).\0 + gL, " </\0 - —aL.T hsk 8/\.0 - GO)- (33)
94, oqy, 94

Further we can obtain the results of perturbation

items of generator functions under small disturbance:

8L, A\
Lo L7 (A — =L hy -2 — G
= B g bk, — G
BN 8L, A\
D= b=t 4 Gl (M — =L hg ==t — GY). (34
€k kaqs+qkr(1 95" B, ) (34)

6. An illustrative example

A uniform-mass bar AB uniformly rotates around
an axis with angular velocity w, the length of the bar
is 21, one end B of the bar may move along the verti-
cal axis, and the other end A is connected to a point
O of the axis by a rope of length 2, as shown in the
right graph. Try to study the exact invariants and

adiabatic invariants of the system.

From the known conditions we can obtain

1 1
T, = Equ'? + 5m(9l2q2 sin? g + 1242 cos? q),
V = —3mglcosq, V¥ =
Q'=V’=r=Q*=0,

— gmlsz sin? g,

(35)
where m and g are the mass of the bar and accelera-
tion of gravity.

Firstly, we seek the exact invariant. Equations
(8) give the dynamical equations of relative motion of

the system as follows:

d[1
T gml2¢j + mi%§(9sin? ¢ + cos? q)
— 8ml%¢%sinqcosq

(36)

4
+ 3mglsing — gml%u2 singcosq =0,

thus we obtain

. sin ¢ 4 , .9 3g
=7 gw cosq — 8¢“ cosq — T = a.
3 + 8sin?q
(37)
The determining equation (15) gives
&0 — 7% — 2¢% = X (a). (38)
Equation (38) has solutions
=-1, ¢ =o0. (39)

The structure equation (16) gives
L% + ¢°(8mi?¢® sin q cos ¢ — 3mgl sing
4 .
+ gmlzw2 singcosq) + (£° — ¢7°)
1 .
X gml2q +m(912¢sin® g + 12§ cos® q) | + G® = 0.(40)

It has a solution

G° =o. (41)
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So we can obtain the following exact invariant by It has solutions as
Proposition 1:

1
1 1 =1, =0, G'=_¢ 45
I :gml2(j2 + 5m12q2(9 sin? g + cos? q) T & ’ 2q (45)

— 3mglsing — ;mﬁw? sin? ¢ = const. (42) So we can obtain the following first-order adiabatic

. o ) invariant by proposition 2:
Next we study the adiabatic invariants of the sys-

tem. Suppose the system is perturbed by the small 1 g 1 o0 \
quantity I =gml®” + 5ml°¢"(9sin” ¢ + cos” q)

eW = eq. (43)

2
— 3mglsing — gml%u2 sin? ¢
The structure equation (23) gives
+ € 1ml2(j2 + 1ml2¢j2 (9sin? ¢ + cos? q)
L7t + ¢! (8ml2(j2 sin g cos ¢ — 3mgl sing 6 2
4 . : .. 2 1
+ gml2w2 singcos q) + (€' — ¢7) — 3mglsing — gml%u2 sin’® g + §q2 . (46)

1
X | =mi?q + m(91%¢sin? ¢ + 1% cos® q) ) ) )
3 Moreover, we can obtain further higher order adia-

+q(® — g+ Gt =0. (44)  batic invariants.
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