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The stability of the shapes of the growing crystal face and dissolution face in a two-dimensional mathematical

model of crystal growth from solution under microgravity is studied. Effects of the interface kinetics and anisotropy of

crystallization and dissolution on the stability are also studied. It is proved that the stable shapes of crystal growth face

and dissolution face do exist, which are of suitably shaped curves with their upper parts inclined backward properly no

matter whether the interface kinetics and the anisotropy are taken into account or not. The stable shapes of the growing

crystal faces and dissolution faces are calculated for various cases. The interface kinetics will make the inclination degree

of stable crystal growth face reduce and that of stable dissolution face reduce slightly. The anisotropy of crystallization

and dissolution may make the inclination degree of stable-growing crystal face smaller or larger, and that of the stable

dissolution face varies very slightly.
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1. Introduction

Extensive studies on crystal growth in space have
been performed recently. In a series of our previous
papers,! 12| the characteristics of crystal growth from
solution under microgravity were analysed in detail
with a cuboidal container model by computing the
steady-state solutions of certain sets of partial differ-
ential equations. It is reasonable to do this only when
the crystal growth rate is very slow and quasi-steady
conditions are satisfied. The quasi-steady conditions
include the requirement that the geometrical shape
of the model should not change during the crystal
growth. Using this model, the spatial distribution of
the solute concentration, that of the temperature and
fluid velocity, the streamline graph and the crystal
growth rate can be calculated. The fluid convection

and the solute diffusion have been studied. Our cal-

http://www.iop.org/journals/cp

culations show that, in general, the convection plays
a dominant role in the solute transport.!=3] At the
same time, the effects of various physical and geomet-
rical parameters, the orientation of microgravity, the
boundary condition, the seed crystal dimensions and
the interface kinetics of crystallization and dissolution
on the characteristics of the crystal growth from solu-
tion have also been studied.>—%:%19-12] We have ob-
tained some scaling laws in certain regions of parame-
ter (the Rayleigh number Ra, the Prandtl number Pr,
the Schmidt number Sc) space.[8~#1% The influences
of the fluctuations of the gravity level and the temper-
ature at the growth face of the crystal on the crystal
growth from solution have been studied.[®'1] However,
the stability of the growing crystal face and the disso-

lution face was left out of the account in Refs.[1-12].

In the cuboidal container model, the dimension of

the container in the z-direction is long enough to sim-
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plify the mathematical problem as a two-dimensional
(2D) problem, and the edges of the container which
constitute the z-axis and y-axis are a and b in length,
0<z<aand 0 <y < b The

growth face of seed crystal is the plane of z = 0 and

respectively, i.e.

the dissolution face of the crystal of solute source is
the plane of x = a. It has been shown by calculation
that the crystal growth rates are functions of y under
all kinds of conditions.!*:3:13:14] This means that the
shape of the crystal growth face will change during
crystal growth. This is, however, inconsistent with
the supposition of quasi-steady state. Therefore, the
stable growing crystal face must not be the plane of
x = 0 if it can exist. We have proven that when the
crystal starts growing from the plane face of x = 0,
the upper part of the crystal growth face is going to
incline forward and the inclination gets greater and
greater.[1516] This result has been verified in an ex-

(171 We have also proven that

periment of ice growth.
the stable growing crystal face does exist and have
calculated its stable shapes for various values of pa-
rameters, Ra, Pr and Sc.[15:16]

For the same reason, the dissolution face of plane
z = a is unstable and its shape will also change dur-

‘We have

proven that a stable dissolution face does exist and

ing the dissolution of the source crystal.

have calculated its stable shapes for various values of
parameters, Pa, Pr, and Sc.[18!

In Refs.[15,16,18], only the effects of the convec-
tion diffusion in the solution have been taken into
account; the effects of the interface kinetics and the
anisotropy of crystallization and dissolution have been
left unaccounted for. We study the effects of the inter-
face kinetics and the anisotropy of crystallization and
dissolution on the stable shapes of the growing crystal

face and dissolution face in this paper.
2.Model

The model employed here is similar to that used
in Refs.[18], which is a container filled with the par-
ent solution. A curved face expressed by z = f(y)
and f(0) = 0 and another curved face expressed by
z = fi(y) and f;(0) = a are the crystal growth face
and the surface of the container wall made of the ma-
terial of solute source, respectively. The surface of the
top and bottom walls of the container are the planes
of y = b and y = 0, respectively. The bottom edge of
the container in the z-direction is a in length. The di-
mension of the container in the z-direction is assumed

to be long enough to simplify the mathematical prob-

lem as a 2D problem. The orientation of gravity is
along the -y direction.

The temperatures at the crystal growth face and
the dissolution face are kept as T, and T}, respectively.
The equilibrium solubilities at temperatures of T and
T; are ¢, and c¢;, respectively. The solution in contact
with a growing crystal face is supersaturated and the
supersaturation distribution is not uniform.['®) Super-
saturation is the driving force for crystal growth. The
solution in contact with a source crystal face is under-
saturated and the undersaturation distribution is also
not uniform.[!?) Undersaturation is the driving force
for dissolution. When the interface kinetics is taken
into account, the boundary condition of Eq.(24) of
Ref.[18] becomes!!?:2]

99(X,Y)

= K(¢—1),

X ‘X:m (6-1)

Y g .
S W

where K and K’ are the dimensionless interface kinet-
ics coefficients,[1%20] K = ka/D and K' = k'a/D (D
is the solute diffusion coefficient), k is the interface ki-
netics coefficient for crystallization and &’ is that for
dissolution. The temperatures at the surface of the
top and bottom walls are taken to be two linear func-

tions of x,
T(z,b) = Ts + (T: = To) [z — f(B)]/[£:(b) — F(B)] (2)

and

T(z,0) =T, + (T; — Ts)z/a, (3)

respectively.

Figure 1 illustrates the model used in this paper
and the Cartesian coordinate system for it. It is known
from our previous calculations!=¢! that all the calcu-
lation results for the case that the variation of solution
density caused by temperature change is greater than
that caused by solute concentration change are simi-
lar to those for the case that the variation of solution
density caused by the solute concentration change is
greater than that caused by the temperature change.
The only difference is that the solution flows counter-
clockwise in the former case and clockwise in the latter
case. If the physical parameters for aqueous solution
are taken, it can be shown by calculation!®! that the
variation of solution density caused by solute concen-
tration change can be omitted and only that caused
by the temperature change needs to be taken into ac-

count; the error caused by the omission is less than
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1%. So, this approx

imation has been taken in most X, Y,V are dimensionless variables given by

of our previous papers. It will be also adopted in this

paper.

X ==z/a, Y =y/a, (10)
V = (a/x)v, (11)

YA
where v is the fluid velocity, x is the thermal diffu-
b / / sion coefficient, ¥, =, ¢, 6 are dimensionless functions

given by

Al

/(\J/ ; A%““”me v =(1/x)%, 5 = (a*/x)E (12)
Aowth fag g 4 \/

N N 6= (ci— ) (ei = ca), (13)
f i 6 = (T; — T)/(T, — Ts,). (14)

'

z

/

The Rayleigh number Ra, the Prandtl number Pr and

the Schmidt number Sec are defined as follows:

Fig.1. Coordinate system for the model used in the text.

3. Equations of motion Ra = a*gog(L: = 1)/ (). (15)
Pr=v/y, (16)
The dimensionless equations of motion are the Se=v/D, (17)
same as Eqs.(3)—(6) of Ref.[18], and expressed as
5 1 /0 85 O OHE 86 where v is the kinematic viscosity, D is the solute dif-
VRE = Pr <3_Ya_X N G_X@_Y> N aa_X’ (4) fusion coefficient, gg is the terrestrial acceleration of
g — B_LD ﬁ B B_LD % 5) gravity, g is the gravity level and B is the thermal
R oY 86X 98X oY’ expansion coefficient which is given by
ViU =5, (6)
o, Sc (80 dp 08U g-—— (ﬁ) , (18)
VRQB:E(G_YG_X_G_Xa_Y)’ (7) po \9T ),
where the operator V% is defined as where
) 52 52 po = p(co, Tp). (19)
V&= 9X2 + 9y2’ (8)

A is a dimensionless parameter given by

dW(X,Y)

0X

The boundary conditions associated with
Eaqs.(4)—(7) are similar to those in Ref.[18]. They are

A=b/a, (9)  expressed as
_9Y(X,Y) _9U(X,Y) _ (X, Y)‘ e (20)
X=§(Y) O lx=fv) X Ix—f.v) N x-pvy
OU(X,0) _9W(X,N) _9UXY)| _dUXY)| _ "
ox X Y |y, = OY |y_, (21)
v(X, Y)|X=f(Y) = ¥U(X, Y)|X=fi(Y) = ¥(X,0) = ¥(X,A) =0, (22)
0(X7 Y)|X=f(Y) = 15 0(X7 Y)|X:fz(Y) = 05 (23)
X - f(A)
(X,0)=1—-X X \N=1—-—— >~
9¢(X,Y) _ 99(X,Y) _
Y ly_,  OY |y, 0 (25)
99 1 5 &:K(qﬁ—l) (26)
WX lxmso e (pep O 0 (14 ()P

X |x_f,v) T{(Y)]2 2grse szf
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where f/(Y) and f/(Y) are the derivatives of f(Y)
and f;(Y), respectively. Equations (26) and (27) are
deduced from Eq.(1).

It has been deduced in Ref.[16] that the dimen-

sionless crystal growth rate in the X-direction is given

by

Pr | 0¢ 9¢
(B ]
Sc | 0X X=f(Y) Yy X_f(y)( |
28

where 7 is given by
C; — Cg

n= , 29
Pec ( )

with p. being the density of the growing crystal. In
Ref.[18], it is deduced that the dimensionless dissolu-

tion rate in the X-direction is given by

, Pr

_Pr| 99
nSc

0X X=f:(Y)

1 6¢
- fz(Y) a_Y X:fi(Y)‘| ,
(30)

Vea, x =

1+ [/ (V1)1 - X1) + fi(Y1) X2 825
fi(Y1) — f(¥1) X3

—2[f'(Y1)(1 — X1) + f{(Y1)X4]

where 7’ is given by

/_Ci_cs
nm= /
Pc

; (31)

with p!. being the density of the source crystal.
4. Transformation of coordinates

The above equations of motion and boundary con-
ditions are transformed into those in terms of general
(non-orthogonal) curvilinear coordinates (X7, Y1), So,
the curved mesh is transformed into a square mesh
(see Fig.2 of Ref.[18]). It is convenient to carry out
the computation in terms of the coordinates (X7, Y7).
The transformation of coordinates is done by using

the following equations:

X-7)

nEY L=y sy

(32)
Thus, the set of partial differential equations (4)—

(7) is transformed into

2= 62:'

Wgyl + [fi(Y1) - f(Yl)]ﬁ

A0 (A - X)) + ST () X)) — fF(A)] - 2/ () (1 - X4) + fi(Y) X[ (Y1) — f'(Y)]} 85

_1 (0% 05 9¥oE\ ., 90 (33)
_PT‘ BYVI BXI BXI 6Y1 6X17
14 [f/(Y1)(1 = Xy) + f{(Y1)X1]? 9%0 826 926

fi(Y1) — f(Y1) X3

—2[f'(M)(1 = X1) + f;(Y1)X1]

+ [fi(Y1) — f(Y1)]

8X,0Y; Y2

AT = X)) + fi'(n) Xlfi() — f()] = 2 () (1 = Xa) + fi() X [fi() - f'(Y)]} 96

fi(Y1) — f(11) X,
_ov a6 o o9 o
- 9Y, 08X,  0X,9Yy’
1+ [/ ()1 = X1) + fi(V1) X]* 0 @ 4 9w

fi(Y1) — f(11) X3

=2[f'(Y1)(1 = X1) + fi(Y1)X1]

+ [fi(Y1) — f(Y1)]

8X,0Y; 8y 2

{ () = X) + £'() Xa[fs(Ya) = f(V)] = 2[//(Y1)(A = X3) + fi(¥) XL ][fi(V) — f'()]} 0%

£i(V1) = f(1) 9X,

=[fi(\1) - FM)IE,

L+ [ (V)1 = Xa) + fi() Xa]? %9
fi(h1) — f(Y1) X3

=2[f'(Y1)(1 = X1) + fi(Y1)X1]

(35)
2
Y2

9%¢
0X10Y;

+ [fi(Y1) — f(Y1)]

{0 = X) + fif() Xalfi(V) — f(Y)] = 2['() (A = X4) + fi(V) Xa[£fi(V) — f'(V1)]} 99

£i(V1) = f(1) 9X,

_Se (0¥ 98 20w 8
_P’I‘ 8Y1 8X1 8X1 85/1 ’

(36)

where f'(Y1), f/(Y1) are the derivatives of f(Y3), fi(Y1) and f"” (Y1), fI'(Y1) are the second-order derivatives of
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f(Y1), f:(Y71), respectively. The boundary conditions of Egs.(20)—(27) are transformed into
X1 |x,—o = 0X1  x,—,  0Xy 98Xy
P (X1,Y1) _0¥(Xy, 1) B
Y, Y1=0 - v, Yi=X -0 (%)
ov(0,Y1) (1) OV (X1,Y1) —0 (39)
oYy fi(Y1) — f(17) 0Xy X,=0 ’
ov(1,y:)  fili)  0¥(Xy,1) _ 0 (40)
v L) -f) Xy gy
U(0,Y7) = ¥(1,Y7) = ¥(X;,0) = ¥(X1,A) =0, (41)
G(Oa}/l) = 17 9(17Y1) = 01 (42)
0(X1,0) = 0(X1,)) =1— Xy, (43)
8¢(X1,Y1) I} I} 3(]5(X1,0) _
oy, vico - [f(Y1)(1 - Xy1) + fi(Yl)Xl]TXl =0, (44)
8¢(X1,Y1) i fl(Yl)(l_Xl)‘l'fz{(Yl)Xl 6¢(X1:)‘) -0 (45)
Y, Yi=2 fi(A) = f(N) X, ’
1+ (M) ag(Xy, Y1) F(Y)  84(0,%1)
’ 1) _ kg1, (46)
i) — f(ri) 08Xy Xizo 1+ [f'(Yl)]2 oYy
1+ [fI())? 8(X4, Y, vy 061, ,
fi(¥1) - f(lY) ¢(a)} : KL 2 ¢éY D=k #7)
\11 1 1 Xiet 1+ [le(Yl)] 1

5. Computation

Firstly, the crystal growth rate and dissolution
rate in the X-direction are calculated in the case of
inclined planes of crystal growth face and dissolution

face which are expressed by two straight lines,

X=fY)=Ytano (48)

and

X =fi(Y)=1+Ytanay, (49)
respectively. The angle «; is the angle made between
the line X = f(Y) with Y-axis; and as is the angle
made by the line X = f;(Y) with X =1. The angles
a; and as may be positive or negative. When the
upper part of line X = f(Y) (or X = f;(Y)) inclines
forward or backward, the angle a;(or as) is positive
or negative, respectively.

After the transformation of coordinates, the par-
tial differential equations (33)—(36) with the bound-
ary conditions of Egs.(37)—(47) are reduced to a large
set of difference equations, and the numerical solu-
tions to the equations are computed using an iteration
method with relaxation parameters.?!] In computa-
tion, the parameters are taken as follows: Ra=5x10°,
Pr=6, Sc=100, A=0.2. After the steady-state solu-

tions of 0, ¢, ¥, and = are obtained, the function

¢(X1, Y1) will be transformed back into ¢(X,Y) in
terms of Cartesian coordinates. Then, Vs x(Y) and
Vea,x(Y), the dimensionless crystal growth rates and
dissolution rates in the X-direction at various points
of the growing crystal face X = f(Y) and the dis-
solution face X = f;(Y), will be calculated by using
Eqs.(28) and (30), respectively.

Secondly, the stable shapes of the growing crys-
tal face and dissolution face can be calculated as fol-
lows. Two suitable planes (X = fo(Y) = Ytanay
and X = f;o(Y) = 1+ Ytanay) in which the di-
mensionless crystal growth rate and dissolution rate
in the X-direction at Y = ) are equal to those at
Y = 0 are taken as the initial shapes of growing crystal
face and dissolution face, respectively. Then, the face
shapes are amended as follows. The crystal growth
face is dented or projected a little at the points where
Veg,x(Y) is larger or smaller than Vg x(0), respec-
tively. In the computing program, a curve X = f;(Y)
is substituted for X = fo(Y"), and f;(Y') is given by

[Y) = foY) = [Veg.x(Y) = Vg x (0)]oAt,  (50)
where At is a small increment of dimensionless time.

At the same time, the dissolution face is similarly
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amended. In the computing program, a curve X =
fa(Y) is substituted for X = f;o(Y), and f;1(Y) is
given by

fi1(Y) = fio(Y) = [Vaa,x (A) — Vaa,x (V)]0 A, (51)

where At’ is also a small increment of dimension-
less time. In the second step, what we computed
are the numerical solutions to Eqgs.(33)—(36) under
the boundary conditions of Egs.(37)—(47) in terms of
the coordinates (X1,Y7). In computation, the grow-
ing crystal face and dissolution face are taken to be
X = fi(Y) and X = fi1(Y), instead of X = fo(Y)
and X = f;o(Y), respectively. After the steady-state
solutions of 8, ¢, ¥ and = are obtained, the function
¢ (X 1,Y1) will be transformed into a function in terms
of Cartesian coordinates (X,Y), and the V x(Y") at
various points of the growing crystal face X = f1(Y)
and the Viq, x(Y) at various points of the dissolution
face X = fi1(Y) will be calculated using Eqgs.(28)
and (30), respectively. Then, the curves X = f5(Y)
and X = fi2(Y) are substituted for X = f1(Y) and
X = fuu(Y), where fo(Y) and f;2(Y) are given by

fo(Y) = 1Y) = Ve, x(Y) = Ve, x (0)1 AL (52)

and
fi2Y) = fir(Y) = [Vaa,x(A) = Vaa,x (V)1 A, (53)

respectively.

The computation will be carried out as described
above—in the nth step, X = f,(Y) and X = f;,(Y)
are substituted for X = f,, 1(Y) and X = fij,—1)(Y),
where f,(Y) and f;,(Y) are given by

fn(Y) = fnfl(Y) - [‘/Cg,X (Y) - ‘/Cg,X(O)]nflAm
(n=1,2,3,...) (54)

and
Ffin(Y) = fitn—1)(Y) = [Vaa,x (A) = Vea,x (V)] n—1At',

(n=1,2,3,...) (55)

respectively. Here the subscript n-1 for the square
brackets means that the dimensionless crystal growth
rates and dissolution rates in the X-direction,
Veg,x(Y) and Viq x(Y) are calculated for X =
1Y) and X = fi,—1)(Y), respectively—until
the Veg x(Y) and V.4, x(Y) become constant. When
Veg,x(Y) =constant and V4 x(Y) =constant, the
shapes of growing crystal face and dissolution face will

not change at all and stable shapes are obtained.

6. Effects of interface kinetics

In computation for the case of inclined planes of
the growing crystal face and dissolution face expressed
by Eqgs.(48) and (49), the parameters are taken as fol-
lows: Ra = 5 x 10°%, Pr = 6, Sc = 100, K = 500,
K'=2500,11 or K = 400, K’ = 2000. The case de-
scribed in Ref.[18] (the interface kinetics was not taken
into account) is actually a special case of K — oo and
K' — 00.120]

5.0 ()
1 d) ~—
4.0-' (c)
x i
>ED 3.0 1
2.0
1.0
000 005 010 015 020
Y
Fig.2. Curves of Vg x-Y for a1 = az = 0, under

the condition: Ra = 5 x 10%, Pr = 6, Sc=100, A=0.2;
(a) without taking the interface kinetics into account; (b)

taking the interface kinetics into account, with K = 500,
K’'=2000; (c) same as (b) with K=400, K'=2000.

1 (a)
4.04(be)

Fig.3. Curves of Vg x—Y for a1 = az = 0, under

the same conditions as in Fig.2.
The calculation results are shown in Figs.2—4.
Figure 2 is a plot of the relative crystal growth rate

in the X-direction, Vg x versus Y for the case of

a1 = az = 0. The Vg, x(Y) is given by

Vegr,x (V) = Veg,x (Y)/Veg,x (0)- (56)

It can be seen from Fig.2 that the crystal growth rate
in the X-direction at the upper part of the grow-

ing crystal face is faster than that at the lower part
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of the face and the difference between Vg, x () and
Vegr,x(0) decreases with K, that is to say, the dif-
ference is reduced by taking the interface kinetics
into account. We have also calculated Vg, x(Y) for
a7 > 0. The calculation results are similar to those of
Refs.[16.18]. It follows that Vg, x(Y") increases with
Y for a; > 0 in general, and the larger the inclina-
tion angle a;, the greater the increase of Vg x. This
means that when the crystal starts growing from the
plane face of X = 0, the upper part of the growing
crystal face is going to incline forward and the incli-
nation gets greater and greater.[m'w]

Figure 3 shows the curves of the relative disso-
lution rate in the X-direction, Vi4,x versus Y for

a1 = as = 0. The Vi, x(Y) is given by
Vede,x(Y) = Vaa, x(Y) /Via,x (X). (57)

It is seen from Fig.3 that the dissolution rate in
the X-direction at the upper part of the dissolution
face is slower than that at the lower part of the face
and the difference between V,q4,, x (0) and Vigr, x (A) de-
creases slightly with K’.

Figure 4 shows the curves of V4 x versus Y for
the case of tana; = tanas = —0.3. It is known
from Fig.4 that Vg x(0) = Vg, x(A) and the max-
imum of Vg, x(Y) decreases with K: namely, it is
reduced by taking the interface kinetics into account.
The difference between the curves of Viar,x(Y) ver-
sus Y for tana; = tanap; = —0.3 with and with-
out taking the interface kinetics into account is slight;
Vegr,x (0) = Vigr, x (A) and the maximum of Vg, x(Y)
decreases slightly with K’. Therefore, the curves of
Vedr,x (Y) are not shown here.

2.6 (a) (b)
2.2 (c)
X 1.8
>Ea° ]
1.4
1.0 1
000 005 010 015 020
Y
Fig.4. Curves of V g x-Y for tana; = tanas =

—0.3 under the same conditions as in Fig.2.
The above-mentioned results are understandable

because k is the linear interface kinetics coefficient for

crystallization and k' is that for dissolution; K’ is five

times as large as K; the larger the k and k', the faster
the crystal growth rate and the dissolution rate, re-
spectively. When the interface kinetics is not taken
into account, the case corresponds to that of K — oo
and K' — ooc.

It can be easily expected[!6-18] from those results
that the stable shapes of the growing crystal faces
and dissolution faces are suitably shaped curves with
their upper parts inclined backward properly no mat-
ter whether the interface kinetics is taken into account
or not. In addition, the inclination degree of the stable
crystal growth face will decrease with K and that of
stable dissolution face will decrease slightly with K’:
namely, the inclination of the stable crystal growth
face will be reduced and that of stable dissolution face
will be reduced only slightly, by taking the interface

kinetics into account.

Those expectations are verified by the calculation
of the stable shapes of the growing crystal faces and
dissolution faces as shown in Fig.5 which shows how
the stable shapes of the growing crystal faces and dis-
solution faces depend on the interface kinetics and the
linear interface kinetics coefficients. This implies that
the faster the crystal growth rate and the dissolution
rate, the more backward inclined the upper parts of

the stable growing crystal faces and dissolution faces.

(2)(byc)

0.20 1

0.15+

> 0.10

0.05 1

dissolution face

0.00 {growth face

N
N

-0.1 0.0

T 1

1.0 1.1

M 23

Fig.5. Stable shapes of the growing crystal face and
dissolution face under the same conditions as in Fig.2.

The dependence of the stable shapes of the grow-
ing crystal faces and dissolution faces on the values
of Ra, Sc and Pr bears a similar tendency to that
in the case without taking the interface kinetics into
account.['6:18] Figure 6 shows how the stable shapes of
the growing crystal faces and dissolution faces depend

on the value of Ra.
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o 20_’(c)(b) (@) (©)b) (a) and
tan; = f;(¥1), (62)
0.151
because the seed crystal grows and the source crystal
S 0.104 dissolves in normal directions of the growing crystal
face and dissolution face, respectively, when they are
0.05+ curved surfaces. In computation, the parameters are
0.004 dissolution face taken as follows: Ra = 5 x 10%, Pr = 6, Sc = 100,
growth face . . A= 0.2, Ko = 500, K}, = 2500 and v = —2,0,2 or
-0.1 0.0 0.9 1.0 11 4 (v = 0 implies that the crystal grows and dissolves
X isotropically: that is, the anisotropy of crystal growth
Fig.6. Stable shapes of the growing crystal face and dissolution is not taken into account).
and dissolution face under the conditions: Pr = 6, The results of the computation are shown in Fig.7.

Sc = 100, A = 0.2, K = 500, K’ = 2500, and (a)
Ra =5 x103; (b) Ra =5 x 10% (c) Ra =5 x 10°.

7. Effects of anisotropy

Suppose that X = 0 and X = 1 are two crystal
planes with certain indices (such as (100) etc) of the
seed crystal and the source crystal, respectively. The
crystal growth rate and the dissolution rate along the
X-direction are of certain values, so that K = K and
K' = K|, when the crystal growth face and dissolution
face are the planes of X = 0 and X = 1, respectively.

When the seed crystal grows and the source crys-
tal dissolves in the normal direction of another crystal
plane (such as (110) etc) which is deflected from the
above crystal plane (such as (100) etc) (the planes
of X = 0and X = 1) by an angle 6y (such as 45°
etc), the crystal growth rate and the dissolution rate
are different from the above rates. Now, suppose that
K = K; and K' = Kj. Let

% - % — cos” by, (58)
It is further supposed that
K = Kgcos? 8 (59)
and
K' = K| cos" 6;, (60)

when the seed crystal grows and the source crystal dis-
solves in directions which deviate from the X-direction
by an angle 8(0 < 0 < 6p) and 6,;(0 < 6; < ), respec-
tively.

In computation of the stable shapes of the grow-
ing crystal faces and dissolution faces, Eqgs.(59) and
(60) are substituted into Eqs.(46) and (47), respec-

tively, where

tang = f'(Y1) (61)

It can be seen that the anisotropy of crystal growth
and dissolution may make the inclination of stable
growing crystal face smaller or larger, and that of sta-
ble dissolution face slightly smaller or larger; to be
more exact, the inclination of the stable growing crys-
tal face increases with the value of 7, while that of the

stable dissolution face increases only slightly.

0.20 d.c.b.a

0.154

> 0.107

0.05

| growth face dissolution face

0.00

T £ T 1

-0.1 0.0 0.9 1.0 1.1

Fig.7. Stable shapes of the growing crystal face and dis-
solution face under the conditions: Ra = 5 x 105, Pr=6,
Se=100, A = 0.2, with the anisotropy of crystal growth
and dissolution taken into account, Kg = 500, K(') = 2500,

and (a) y=-2,(b) y=0,(c)y=2,(d) y=14.
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Fig.8. Stable shapes of the growing crystal face and
dissolution face under the conditions: Pr=6, Sc¢=100,
A=0.2, Ko=>500, K}=2500, y=2, and (a) Ra = 5x103;
(b) Ra =5 x 10%; (c) Ra =5 x 105.
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The dependence of the stable shapes of crystal
growth faces and dissolution faces on the values of
Ra, Sc and Pr shows similar variation to that in the
case that the interface kinetics and the anisotropy
of crystallization and dissolution are not taken into
account.!'%:18] Figures 8-10 illustrate how the stable
shapes of the growing crystal faces and dissolution
faces change with the values of Ra, Sc and Pr, re-
spectively. It can be seen from these figures that the
inclination of the stable growing crystal face and dis-

solution face increase with the increase of Ra or Sc,

le)® b
0_20_(0){) ('T (c)(b) (T)
1 | \
0.151 \\ ‘ \
\_ \
> 0.10-
0.05 A
dissolution face
000+ growth face »
—01 0.0 0.9 1.0 1.1

Fig.9. Stable shapes of the growing crystal face and
dissolution face under the conditions: Ra = 5 x 104,
Pr =6, A =0.2, Ko = 500, K| = 2500, v = 2, and
(a) Sc =10; (b) Sc =100; (c) Sc = 1000.
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X

Fig.10. Stable shapes of the growing crystal face and
dissolution face under the conditions: Ra = 5 x 10%,
Se =100, A = 0.2, Ko = 500, K}, = 2500, v = 2, and
(a) Pr=60; (b) Pr=6; (c) Pr =0.6.

or with the decrease of Pr. The reason for these re-
sults has been stated in Ref.[16]. The increase of Ra
or Sc, or the decrease of Pr makes the convection rel-
ative to the diffusion in solution stronger. It follows
that the stronger the convection relative to the diffu-
sion in solution, the more backward the upper parts
of the stable crystal growth face and dissolution face

are inclined.

8. Conclusion

In conclusion, the stable shapes of crystal growth
faces and dissolution faces do exist in the model em-
ployed here, which are curves of suitably shaped with
their upper parts inclined backward properly no mat-
ter whether the interface kinetics and the anisotropy of
crystallization and dissolution are taken into account

or not.

The interface kinetics will make the inclination
degree of the stable crystal growth face reduce and
that of stable dissolution face reduce slightly. In ad-
dition, the inclination degree of the former decreases
with K and that of the latter decreases slightly with
K'. In other words, the faster the crystal growth rate
and dissolution rate, the more backward inclined the
upper parts of the stable crystal growth faces and dis-

solution faces.

The anisotropy of crystal growth and dissolution
may make the inclination of the stable growing crystal
face smaller or larger, and that of stable dissolution
face only slightly smaller or larger; to be more exact,
with the increase of =y, the inclination of the former in-
creases obviously, and that of the latter increases only
slightly.

The stable shapes of the growing crystal faces and
dissolution faces will change for different values of pa-
rameters Ra, Sc and Pr. The stronger the convec-
tion relative to the diffusion in the solution, the more
backward inclined the upper parts of the stable crystal

growth faces and dissolution faces.

References

[1] HuioCR, Ge P W, Xu Z Y and Zhu Z H 1991 J. Crystal
Growth 114 486

[2] Huio CR, Ge P W, Xu Z Y and Zhu Z H 1992 Commun.
Theor. Phys. 17 135

[38] XuZ Y, Huo CR, Ge P W and Zhu Z H 1992 J. Crystal
Growth 125 365

[4] Zhu Z H 1992 Journal of the Central Institute for Nation-
alities (Natural Sciences Edition) 1 35

[5] XuZ Y, Huo C R, Ge P W and Zhu Z H 1993 J. Crystal
Growth 129 506

[6] XuZ Y, Huo CR, Ge P W and Zhu Z H 1994 J. Crystal
Growth 137 538

[71 XuZY,Huo CR, Ge P W and Zhu Z H 1994 Microgravity
Sci. Technol. VII/2 124



No. 12

Effects of interface kinetics and anisotropy on the stability ...

1991

(8]
(9]
10]
(11]

(12]
(13]

(14]

XuZ Y, Huo CR, Ge P W and Zhu Z H 1995 Commun.
Theor. Phys. 24 159

Huo C R, Xu Z Y, Huang W D, Ge P W and Zhu Z H
1996 J. Crystal Growth 158 359

Zhu Z H, Ge P W, Xu Z Y and Huo C R 1998 Commun.
Theor. Phys. 30 391

ZhuZ H, Ge P W, Xu Z Y and Huo C R 1998 Acta Phys.
Sin. (Overseas Edition) 7 801

Zhu Z H, Ge P W and Xu Z Y 2000 Chin. Phys. 9 321
Baird J K, Meehan E J, Xidis A L and Howard S B 1986
J. Crystal Growth 76 694

Lin H, Rosenberger F, Alexander J I D and Nadarajah A
1995 J. Crystal Growth 151 153

15]
[16]
(17]
(18]
(19]

(20]
(21]

Huo C R, Zhu Z H, Ge P W and Dong C 2001 Acta Phys.
Sin. 50 377 (in Chinese)

Zhu Z H, Ge P W, Huo C R, Chen D and Li C R 2001 J.
Crystal Growth 224 155

Nagashima K and Furukawa Y 2000 J. Crystal Growth
209 167

Zhu Z H, Luo L, Li C R and Ge P W 2002 Commun.
Theor. Phys. 37 117

Mullin J W 1993 Crystallization 3rd edn (London, But-
terworths)

‘Wang W and Hu W R 1996 J. Crystal Growth 160 398
Koomin S E 1986 Computational Physics Benjamin, Cum-

mings



