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In the resonant composites, the formerly developed Green’s function formalism (GFF) can be used to compute

the local field distribution near resonance. In this paper, we extend the GFF in the infinite network to the semi-infinite

networks by the method of image. Using the formalism, we investigate the local field distribution near resonance for

the impurity clusters with admittance eg embedded in one semi-infinite network with €;. With varying the admittance

€2 of another semi-infinite network, we find that the local fields in the boundary experience great changes, especially at

eg = —e1. The existence of the boundary enhances the localization of the fields within and around the metallic clusters.

Therefore, the intensity of local field is influenced by the arrangement of impurity metallic bonds and its distance from

the boundary.
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1. Introduction

Recently, composite materials have been widely
studied.

strong mnon-linear optical responses when they are

Nanoscale metallic clusters can generate

structured on the dielectric host, through the local-
field and geometric resonances.!'?! Various eigen-
mode localizations are highly sensitive to the spe-
cific local field distribution when resonance takes
place.3~9] Surface-plasmon modes in the disordered
nanosystems, 88! localized dipolar excitation on the
roughly nanostructured surfaces,® and selective pho-
tomodification in the fractal aggregates of colloidal
particles,[1% etc, all directly originate in the local field
distribution. Moreover, many experiments have been
performed on the composites with impurity metallic
clusters embedded in a dielectric host!*! and a large
infrared absorption has been observed.[12:13] Mean-
while, the relevant linear and nonlinear optical re-
sponses in composite have also been reported to be

strongly enhanced due to the giant fluctuations of lo-

cal fields.[7-14—18]

For a composite material, there exist dielectric
resonances due to the positive and negative admit-
tance existing simultaneously. When resonance hap-
pens, local electric-fields distribute within or around
the impurity clusters. There are very efficient numer-
ical methods to compute the effective conductivity
of the composite materials.'® To avoid the numeri-
cal difficulties, the effective-medium theory (EMT)[20]
was extended to the nonlinear response of percolat-
ing composites and fractal clusters.?1=23 However,
for optical nonlinearity, EMT is not an ideal method,
which does not allow of the calculations of the fluctu-
ations of local field. EMT is also difficult to deal with
composites possessing complex geometric structures.
For these reasons, an effective method of Green func-
tion formalism (GFF) was developed to compute the
local-field distribution in resonant composites.24:2%! In
order to investigate the resonant properties to a more
generalized extent, in the present paper, we extend

the GFF in an infinite network to the semi-infinite
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network. Then using the formalism, we investigate  while, for z < 0, the potential F; is

the local field distribution near resonance for the im- 7 2 G 5
. . .. . . z, = T —Zo,Y — 3

purity clusters in the semi-infinite composites. 2(2:y) €1+ € ( 0:¥ = %) )

In the following, the impurity metallic cluster
with the admittance ¢ in each bond is embedded
in one semi-infinite network with €;, which is con-
nected with another semi-infinite network with e;. In
the next section, we extend the GFF in an infinite
square network to a semi-infinite one by the method
of image, then check the correspondence to the Kirch-
hoff equations in the connecting boundary. Using the
GFF, in Section 3, for the impurity cluster, we inves-
tigate the local field distribution near resonance in the
semi-infinite composites. The numerical calculations
are performed to simulate the properties of the local
field distribution when the admittance €5 of the second
semi-infinite network is varied from —oo to +00 except
the value of ¢ = —¢;. We find that near resonance
the local fields at the boundary show sharp changes
when €g — —e¢;. Since the existence of the bound-
ary enhances the localization of the fields within and
around the metallic clusters, the intensity of local field
around the cluster is influenced by the arrangement of
the impurity cluster, as well as by its distance from the
boundary of two semi-infinite parts. Finally, the main

results are summarized in Section 4.
2.Green’s function formalism for
the semi-infinite composite

In order to develop the GFF in the semi-infinite
composite network, we first give the form of the poten-
tial of a point charge ¢ in the absence of the impurity
clusters in the semi-infinite networks. Consider an in-
finite square network composed of two semi-infinite
parts as shown in Fig.1. When z > 0, the admittance
in each bond is €;, while, for x < 0, it is e5. At the

€1 +e
boundary, the admittance is set to ! —;— 2.

Now the point charge with ¢ is placed at the
position (zg, yo). Due to the existence of the semi-
infinite network (z < 0), the potential F; for z > 0

iS looked upon as a superposition Of the point Charge
— €1 t ( ) I

a —T AN
. q 05 Y0

the following, hold type (such as Z and %) will be used

€
q at (zg, yo) and its image — 2
€

to represent vectors. Let ¢ = 1, the potential F; of a
position (z,y) can be denoted as
Gz — 20,y — %o €2 — €1
Fi(e,y) = ( ; )
€1 e1(ez +€1)
X G(z + zo,y —yo), forz >0 (1)

where F; and F5 are written in terms of the Green
function Gz_z,,5—g, of the Laplace operator in the in-
finite square lattice, i.e. —AGzy =0z 45 with Gzz =
0. The rationality of Fi(z,y) and Fy(z,y) is exam-
ined by checking the correspondence to the Kirchhoff

equation inside the network and at the boundary.

€2
boundary

€1

Yy

Fig.1. One cluster (shown in thick line) embedded
in one of the two connected semi-infinite composites.
The upper semi-infinite network has the admittance

€2 in each bond while the lower has €7.
Then, the GFF in

reviewed. The impurity metallic clusters with the

binary composites is

admittance €y in each bond are embedded in an in-
finite network with the admittance e. The clusters
with n impurity metallic bonds constitute the clusters
subspace. The subspace is closed and n nontrivial di-
electric resonances is determined by the eigenvalues of

the Green matrix M , written as

z5= Y (Gag—Gypg), (3)
ZeC(y)
where Z € C(%) means that the jointing points Z and
4 belong to the clusters subspace and are the nearest
neighbours. M maps the geometric structure of the
impurity clusters. The nontrivial eigenvalues of M or
dielectric resonances lie in the range 0 < s < 1, where
s=1/(1 —€1/eg). For the mth eigenmode, subject to
the point source (0,0), the residues of local field can

be written as

1
Residue(Fzg) =—
€0

Y. LmiGio

yeC

X Z ME’ng,g, (4)
zZeC
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where R,, and L,, are the mth right and left eigenvec-
tors of Green matrix M Gy o is the Green function of
the site 4 within the clusters subspace subject to the
Ygeo(z) (Gaz—Gag)-
By introducing the difference admittance ratiol?®! n =
(€2 — €0)/(e1 — €0), the GFF is extended to three-
component composites. Moreover, by calculating the
values of the Green function in 3D, the GFF can be
extended to 3D.

Now the impurity metallic cluster with the admit-

point source (0,0), and Mz » =

tance € is added into the semi-infinite networks with
The

values of dielectric resonances should not be changed

the admittance ¢; and €3, as shown in Fig.1.

since the influence of the infinite semi-infinite network
is infinitely small. The electrostatic Green function in
the two semi-infinite networks can be worked out by
the method of image. The point source is placed at
Zo. For x > 0, the electrostatic potential H; at & can

be written as

nR
oL oL 1
Hy(Z,&) =F1(Z,%,) + ) e
n=1 n
e
X [ ~.'E,2_'Rn,z_‘_ (62 — 61)
zeC etea
X },Z—an,y} (5)
#ec
with
Gz — —
Fi(@,§) = (z — 0,y — %)
€1
€2 — €1
———G(x+ xo,y —yo), (6
61(€2+€1) ( 0,Y yO) ( )

while, for z < 0, the potential Hy is written as

with
2

FQ(Q_}"’ g) = 61 + 62

G(z — 20,y — Yo), (8)

where C’ is the image of C, that is to say, when C is
localized at (z,y), the location of C’ is (—z,y). At the
boundary, the admittance must be set to (e + €2)/2.

The electric potentials diverge and localize around the
clusters when s is close to one of the eigenvalues. Only
those nontrivial eigenvalues (s # 0, or 1) correspond
to the real physical resonances.

We will check the correspondence of Hi(Z,Z)
and Hy(Z,Z,) to the Kirchhoff equations, especially
at the boundary of the two semi-infinite networks.
As shown in Fig. 2, G(O,y) is an arbitrary point at
the boundary. The four nearest neighbours of the
point 6(O,y) are marked as T(O,y - 1), §(O,y + 1),
§(—1,y) and Z(l,y), as shown in Fig. 2. The conti-
nuity of potential at the point 6(O,y) is proved, i.e.
H,(0,&,) = Hy(0,Z,) = Ho(0, Z,). Therefore, the po-
tentials at 1 and 2 have the form

Ho(T, %) =Fo(T Zﬁ

XY LogGya, y My Ruz (9)

yec zeC

yel zZeC
3(-1y)
L 4 €2
boundary 0(0,y)
’ 10-1) | 2005+1)
€1
4(1y)
q
-
Yy

Fig.2. Points 6,T,§ are on the boundary, while points
g, 4 are above and below the point 6(0, y), respectively.

Then we consider the potentials in the direction

z. The form of the Green function can be written as

o il 1 . a
H1(3,(L'0) :Fl =+ Z m < Z Ln’gGg’f())

n=1 geC
~ ~ €2 — €1
: [Z Maztin.z = <e +e )
zec 2TH

X E Mfyngn’Z—v R

g ec’

(11)

—_
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with
G(1— —
7, =G0~ 20,y — %)
€1
€2 — €1
——— Gl 4+ zg,y — , 12
€1(€2+€1) ( 0,Y yO) ( )
and
- OB 1 - -
H2(4,fo) =F + Z (5 —sn)e < Ln’gGg,j'())
n=1 n)2 yec
262 ~ ~
X [<—> Z E,ERn,5:|a (13)
etea/ il
with
2
Fo=—G(1+z9,y — yo)- 14
b €1Jr€2( 0,Y — %) (14)

For simplicity, the unit point source is placed at
6(0, 0). For an arbitrary point 6(0, y) (other than the

point 6(0, 0)), the electric potential should satisfy the
Kirchhoff equation

> e g(Hzo — Hyo) = 0. (15)

y(2)
(a) e2=-11.0
~  0.0010
~
I
= 0.0005
T
w  0.0000
8
g ~0.0005
w
© -0.0010

1/2)

Residues of H (s

T 2

10

1/2)

Residues of H (s

1/2)

Residues of H (s

Substituting Egs.(9), (10), (11), and (13) into the
Kirchhoff Eq.(15), we have the following form:

€1+ € o = =
—5 [Ho(1, %) + Ho(2, %) — 2Ho (T, )]

+ e1[171'1(:3;5 _’0) - HO(G: _’0)]

+ ea[Ha (4, &) — Ho(0,Z0)] = 0 (16)

Thus we have obtained the Green function formalism
for the semi-infinite composites. In the next section,
we use the GFF to investigate the local field distribu-

tion near resonances in the semi-infinite composites.

3. Local-field distribution near

resoinarnce

In the infinite binary composites, local field distri-
bution has been widely studied.[!+3:5:24:26.27 Near res-
onance, the existence of another semi-infinite network
will influence the local field. In this section, one-bond
metallic cluster is used to represent the impurity clus-
ter. A single bond with the admittance ¢ embedded in
one semi-infinite network with €; (= 1.0) is parallel to

the boundary. The local fields near resonance within

(b) eg=-1.1

Fig.3. 3D plots of the residues of potential of one bond embedded in the two connected semi-infinite
networks. The bond is shown as a thick bar while the source is located at (0,0). Here €1 = 1.0. (a)
ea = —11.0, (b) e2 = —1.1, (c) e2 = —0.9, and (d) e2 = 10.0.



No. 11

Green’s function formalism in semi-infinite composites:... 1955

or around the clusters are shown in Fig.3 with vary-
ing the admittance €; of the other semi-infinite net-
work in a wide range. We obtain the similar result to
what was found in the infinite binary composite,24
i.e. the field is very localized near resonance. When
|ez — €1] >> €1, another semi-infinite network with
€ has no obvious effect on the local field, as shown
in Fig.3(a) with e = —11.0 and in Fig.3(d) with
€3 = 10.0. For e = —e¢y, there is a divergence in the
local field at the boundary. We think that this diver-
gence has not an obvious physical meaning. However,
when e; — —e; from both sides, we find that the lo-
cal fields at the boundary have symmetric changes,
as shown in Fig.3(b) with e = —1.1 and in Fig.3(c)
with eg = —0.9. From Figs.3(a), (b), (c) and (d), we
find that the intensity of local field has no obvious
change with the increment of the admittance €. The
results are depicted in Fig.4 by a 2D plot. In Fig.4,
we also find that when ¢s = —11.0 and e; = 10.0,
the curves of local fields almost overlap the curve for
€x = ¢; = 1.0.24] Due to the influence of the other
semi-infinite network, for e = —1.1, the field is more
localized, while for e = —0.9, the field becomes more
extended. Furthermore, the numerical results also in-
dicate that the residues of electric potentials have the
similar tendency described above for two- or multi-

bond metallic clusters.

0.0010 A
R
~

T 0.0005
2
2o}

«  0.0000
o
w
3

T  -0.0005
vl
Q
~

—0.0010

0

Yy
Fig.4. 2D plots of the residues of potential of one

bond embedded in the two connected semi-infinite net-
works. The same parameters are set as in Fig.3. The
admittance ez is set respectively as —11.0, —1.1, —0.9,
1.0 and 10.0, shown by different symbols.

Then, we investigate the local field distribution of
eigenmode for different arrangement of the one-bond
cluster. This can be used to represent a multi-bond

cluster. Similar to Fig.1, here the boundary is set at

z = 10 with the admittance a +€2. For z > 10,

€1 = 1.0 and for z < 10, e = —3.0. In the paral-
lel case, the bond is located from (16,10) to (16,11),
while in the vertical case, the bond is located from
(15,10) to (16,10). As depicted in Fig.5, the curve

with square symbols show the local fields near reso-

nance for the parallel case, while the curve with circle
symbols the vertical case. We observe that for both
cases the fields are localized within and around the
metallic clusters. However, the boundary causes the
enhancement of the local field. The vertical bond is
closer in distance than the parallel bond. Therefore,

in the vertical case, the intensity of fields is greater.

0.002- .
[ ]
. ]
ﬁ 0.001- J / .
& o/
e
T o—o—o—°:=:::://
w  0.000 u-u-u-k L] =
w et
g o
G /./
0w -
& —0.0014 Y /
—m—parallel ¢ 1
-0.0021_g _vertical
0 5 10 15 20

Fig.5. 2D plot of the residues of potential of one par-
allel or vertical bond. €1 = 1.0 and €2 = —3.0. The
source is located at (0,0) and the boundary at =z = 10.
For the parallel case, the bond is located from (16, 10)
to (16,11), while for the vertical case, the bond is from
(15,10) to (16, 10).

In order to see the boundary effect more clearly,
we investigate the local field near resonance when the
bond is close to or far from the boundary. The bound-
ary is still set as x = 10. As defined in Fig.5, ¢; = 1.0
and e = —3.0. When the bond is located from (16, 10)
to (16,11), i.e. far from the boundary, its distance is
d = 6, while for the bond located from (14,10) to
(14,11), i.e. close to the boundary, d = 4. The lo-
cal fields near resonance are shown as the curve with
square symbols for d = 6 and the curve with circle
symbols for d = 4 in Fig.6. From the figure, we see
clearly that the fields are more localized when the
bond is closer to the boundary. Therefore, we con-
clude that the existence of the boundary enhances the
localization of the field.
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' . ' ' infinite network to the semi-infinite networks by the
0.001 i method of image. Using the formalism, we investi-
= gated the local field distribution near resonance for
~
Ll

_g=¥
0.000- s=4=0-9-%

Residues of H (s

~0.001 1 1

far from boundary)| J

close to boundary
T T

0 5 10 15 20
Yy

Fig.6. 2D plot of the residues of potential of one bond
close to and far from the boundary. 1 = 1.0 and
e2 = —3.0. The source is located at (0,0) and for the
boundary at « = 10. Far from the boundary, the bond
is located from (16, 10) to (16,11) or d = 6. Close to
the boundary, the bond is from (14, 10) to (14,11) or
d=4.

5. Summary

In summary, we have extended the GFF in the

the impurity clusters with admittance ¢y embedded in
one semi-infinite network with ¢;. With varying the
admittance ey of the other semi-infinite network, the
local fields in the boundary experience great changes,
especially at eg = —¢;. However, when resonance hap-
pens, the field is still localized within and around the
clusters. Further numerical calculations also indicate
that the existence of the boundary enhances the lo-
calization of the fields. Therefore, the intensity of lo-
cal field is influenced by the arrangement of impurity
metallic bonds and its distance from the boundary.
The local field distribution is useful for understand-
ing further the optical properties of metal-dielectric

composites.
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