Vol 13 No 11, November 2004
1009-1963/2004/13(11)/1881-06

Chinese Physics

(© 2004 Chin. Phys. Soc.
and IOP Publishing Ltd

Entanglement and disentanglement from cascade
beam-splitter for squeezed vacuum state inputs’

Zhou Qing-Ping(J& )P, Fang Mao-Fa(7 §i & )»)1, Liu Xiao-Juan(Xl|/Ngg)»>),
Chen Xiao-Mei([F25H#5)2"), Wu Qin(% %)), and Xu Hong-Zhi(f&3E%)®

a) Department of Physics, Hunan Normal University, Changsha 410081, China
b) Anhui Institute Optics and Fine Mechanics, Chinese Academy of Sciences, Hefei 230031, China

©) Department of Information and Automatization, Jishou University, Zhangjiajie 427000, China

(Received 14 May 2004; revised manuscript received 14 July 2004)

Properties of the entanglement at the outputs of a cascade beam-splitter are investigated for two single-mode

squeezed vacuum state inputs. It is shown that the entanglement depends on the squeezing amplitudes of the input

states and the reflection coefficients of the cascade beam-splitter, and the composite phase shift A between the cascade

beam-splitter and the input fields has a great effect on the entanglement. In particular, the properties of the entanglement

of a cascade beam-splitter differ from those of only one beam-splitter. A further method for manipulating entanglement

by adjusting the parameters of the cascade beam-splitter and the input fields is proposed.
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1. Introduction

Quantum entanglement, as one of the most strik-
ing features of the quantum theory, has become a new
focus of activity in quantum physics because of im-
mense theoretical and experimental progress in the
foundation of quantum mechanics and the new field of
quantum information science. In particular, creating
and manipulating of entangled states are essential for
quantum information applications, such as quantum
computation,[lf‘l] quantum teleportation,[577] quan-
tum dense coding,[®19 etc. On the other hand, dis-
entanglement of an entangled quantum state, which
is the process that transforms an entangled state into
an unentangled state, has played an important role
in quantifying the quantum entanglement.[!!] Hence,
quantum entangled states have been viewed as a use-
ful information ‘resource’ for quantum information
processing.[12-17]

An entangled state can be generated from unen-
tangled states by a beam-splitter (BS). That means a
BS has the ability to entangle a quantum state. Prop-
erties of the entanglement of a BS for various input

states including the discrete variable and the contin-

uous variable have been studied extensively .[18—25]

From these works, one can see that nonclassicality
of the input fields is a necessary condition for en-
tangling the output state with the help of a BS.[26]
In the laboratory, coherent states and squeezed states
are two familiar practically existing states. It is well
known that no entanglement is produced for coherent
states due to their classicality. Therefore it is impor-
tant to know the properties of the entanglement when
squeezed states are used as the inputs. Recently, more
attention has been paid to continuous variable quan-
tum information processing.[25_32] For instance, the
output entanglement quantity is studied in Ref.[26]
for a given squeezed vacuum state (SVS) and an ex-
plicit formula expressing the output state in the form
of the two-mode SVS has been obtained. In particu-
lar, Paris?” studied entanglement of the output state
from a Mach—Zehnder interferometer for SVS inputs.
However, the results in Refs.[26,27] are only limited to
specific cases. Here BS is limited to a 50:50 symmet-
rical BS (where the symmetry implies that an input
experiences a phase shift of /2 upon reflection rela-

tive to transmission), and the SVS is confined to the
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real squeezing parameters, and so on. Hence, it is nat-
ural to investigate the properties of the entanglement
under the more general conditions. In this paper, we
shall explore the properties of the entanglement and
disentanglement of a cascade beam-splitter (CBS) for
two single-mode SVS inputs with arbitrary input pa-
rameters by introducing a more general formula of the
entanglement entropy. Especially, we have the inter-
est to know how to maximize (minimize) entanglement
through adjusting these parameters in the whole sys-
tem. Here CBS consists of the first BS (BS1) and the
second BS (BS2) in cascade configuration, and the pa-
rameters of BS1 and BS2 are arbitrary. In particular,
CBS possesses properties of the entanglement which
differ from those of only one BS, and would be re-
duced to a Mach—Zehnder interferometer when both
BS1 and BS2 are restricted to 50:50 BSs.

2.Properties of entanglement and

disentanglement of CBS

Let us analyse the action of a CBS on two single-
mode SVSs briefly before we discuss the entanglement
Each of the two lossless BSs
combined in the CBS can be described by a unitary

and disentanglement.

transformation operator[ls]

B =exp [0(&+l;ei¢ - &i)+e7i¢)} , (1)
where the transmission and the reflection coefficients
of the BS are determined by a single angular parame-
ter 6 (i.e. t = cosf and r = sin0), and the phase shift
¢ between the reflected and transmitted fields is given
by the BS. The BS operator given by Eq.(1) provides

Vol. 13
the well-known transformation relations
) ez t ™[4 @
b —re”i¢ t b
where we have used the operator identity
exp( A)Eexp(—fl)
~ PN 171+~ .+~ 4
—B+[A, B+ 5 [4,[4,B]
1 7~T7+ 4~ &
+§ [ :[A:[A:B]:H + s (3)

together with the fact that Bt = B! owing to the
unitarity of the BS operator.
It is well known that the SVSs are generated by

the action of the single-mode squeezing operators

N 1 1
Sa(&a) = exp <_§£a&+2 + 55:&2) 3

Sie) = e (3674 360F) @

on the two-mode vacuum state |00), respectively. Here
the squeezing parameters £,1) = (a(5)exp(iva(s)) are
any complex numbers with the modulus (4) and the
argument 7,(), and a and b denote the propagation
directions of the two input single modes, respectively.
Then the density operator of the joint input state can

be written as

pin = Sa(€a)Sb(€b)[00)(00|S (€1)57 (). (5)

Using Eq.(4) and the theorem Eq.(3), we have the fol-

lowing properties:

N a . cosh (, —el%a sinh ¢, a
ste( 5 )se=| o @,
at —e Maginh (, cosh (, at
. b A cosh (p —e' sinh ¢y, b
Sy (fb)( . )Sb(ﬁb) = . . (6)
bt —e™ " ginh (, cosh (3, bt

With the help of Egs.(2) and (6), it is simple to rep-
resent the joint input state p;, by its Wigner charac-

teristic function (WCF) given by
x4y (e, ) =Tr[piuD(a, B)]
1 .
=exp| — §(|a cosh , + a*e sinh ¢, |?
+|Bcosh(, + B*e ™ sinh & |*) |, (7)

where we have denoted the Glauber displacement op-

erator as ﬁ(a, B) = exp(aa™ — a*a + Bbt — ,B*i)) and
used the relation S} (€)D(a)Sa(¢) = D(acosh(s +

a*e= sinh ().

Now let two independent single-mode SVSs be in-
cident on a CBS simultaneously. For convenience, we
suppose that the reflection coefficient and the internal
phase shift of BS2 are equal to that of BS1, respec-
tively, (i.e. ro =71 =7 and ¢ps2 = ¢ps1 = ¢). After
transformation of BS1, the WCF is given by
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Xou (e, B) =Tr(pGu: (e B)]
:exp{ - %H(ta — re'?3) cosh Ca
+ (te=a* — re {(¢772) %) sinh ¢, |?
+ |(re7%a + ) cosh ¢,

+ (rel@t ) o 4 e 5% sinh(b|2]}, (8)
where p((m),c = BipmB;. Equation (8) is obtained
by using the relation B;f D,(a)Dy(8)B; = Da(ta —
re'¢8) Dy (re*®a + t3). One knows that the action of
a unitary transformation on a state can lead to a sim-
ple modification of the WCF so that we can easily
find the WCF for transformed state if we know that
of the original state.[33! In our scheme the output state
from BS1 is directly used as the input state of BS2.
Then, the ‘original state’ with the density operator
p,(m)t transforms into the resulting state with density
operator p((m)t =B, ﬁgt)tB;— by BS2. Hence, the modi-

fied WCF for [)((m)t can be written as

(e, ) —exp{——n< +2)(arcosh Gy

+ a*e!™ sinh (,)
— 2rt(Be'? cosh , + B*e (9=7) sinh Ca)?
+ [2rt(ae™® cosh ¢, + a*eli®tm) sinh &)

+ (2 = 12)(Bcosh G, + B sinh Cb)'2]}'

(9)

Because continuous variable entanglement generated
by BSs experimentally leads to Gaussian state which
can be transformed through an appropriate local lin-
ear unitary Bogoliubov operator (LLUBO) into the
standard form given by Eqgs.(6), (8), and (10) in
Ref.[34], we can calculate the WCF given by

in the output mode a of the CBS with the help of
Eq.(9). Here o = ar + tay and M is the 2 x 2 corre-

lation matrix given by
mi2 )
ma2

After a little algebra, we obtain the correlation matrix

M= < i (11)

ma1

Eq.(11) with its elements given by

mi :(t2 — r2)2[cosh (2¢a) + cosy, sinh (2¢,)]

+ 4r%t%[cosh (2¢) + cos (26 + ) sinh (2],
2)2[cosh (2¢a) — cosy, sinh (2¢,)]

+ 47%t?[cosh (2(p,) — cos (2¢ + vp) sinh (2¢p)],

2)2 sin 7y, sinh (2¢,)

+ 4r%t% sin (2¢ + ) sinh (2().

ma9 Z(t2 -7

2
M2 =M9o1 = (t i

(12)

From Eqs.(12) it can be seen that the relative phase ¢
of each BS has an effect on the rotation of the squeez-
ing angle for the input fields. In order to evaluate the
entanglement, we note that any unitary transforma-
tion U acting on the single mode state /3512) does not
change the value of the entanglement entropy![®® (i.e.
E(p, = UpP0+) = E

we can transform the output mode 1(1) of the CBS

(,6&2))) Using this property,

through LLUBO into the entropy-equivalent state p/,

whose WCF can be written as the standard form/34

Xa(@) ZeXP[—%(aR,aI)< O )(O‘R;O‘I)T:|: (13)

0 A

and

=4/ det(M) = 4/M11Mo2 — m%z.

Clearly, the state defined by the WCF of Eq.(13) is a

thermal state of form

(14)

+

X2 (o) =x52k (e, 8 = 0) Po=(1—eMe ™4, (15)

1 T
TP~ E(aR’ ar)M(ag, o) (10) with its Wigner characteristic function given by
14e™" 0
1 —
xw(a) = exp [~ (ap,en) [ 177 | (ar,0n)T (16)
0
1—em

Comparing Eq.(13) with Eq.(16), we find the param-
eter 7 satisfying

e = ——. (17)

In order to discuss entanglement and disentangle-
ment of the CBS, the entanglement entropy provides

the essentially unique measure of entanglement for bi-
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partite pure quantum state, ! which is given by
E(pP) = —Tr(pP mp?)

2 A—1 A—1
=1 - 1 1
n<)\—|—1) 2 n()\+1)’( 8

where we have used the fact that the trace value does
not change under any unitary transformation. From
Eq.(18) we find that the entanglement entropy is com-
pletely determined by A in Eq.(14). We note that the
value of A is related to the composite phase shift A
between the CBS and the input fields, it is given by

(19)

where the values of A, which is independent of R, (,,

A=2¢+’Yb—’)’a7

and (},, are practically detectable and controllable in

(8-) (a=0.5, va=0, =0, ¢=0

\\\ \'"f'/

0‘ \\\\\‘"
\\\:7

"‘2:,

Using Eqs.(12), (14), and (18), we

can explore the properties of the entanglement of the

BS experiment.

CBS. The numerical results for Eq.(18) are shown in
Figs.1-3 which represent the properties of the entan-
glement for various choices of the BS parameters, as
well as the squeezing parameters of the two single-
mode SVSs.
tropy of the output state from the CBS against the

Figure 1 exhibits the entanglement en-

reflection coefficient R and the squeezing amplitude
(1, for the given value of other parameters. Figure 2
displays that the influence of BS parameters on the
entanglement entropy for the given squeezing param-
eters. Figure 3 gives the entanglement entropy as a
function of the squeezing parameters of the input fields

for the given values of BS parameters.

(b) ¢a=0.5, ¥2=0, y»=0, ¢~=1r/2

Fig.1. The entanglement entropy of the output state from the CBS against reflection coefficient
R (R = r2) and the squeezing amplitude (}, for {a = 0.5, 7a = 71, = 0 and the different values of (a)

=0, (b) ¢ =m/2.

(a) (a=Cpb=0.5, ya=m, 7 =0

E(pgz))

(b)Ca (b=0.5, va=7,=0

= 0:4 " N
vt% 0.2 " ///l' \
0.0 ¢“”m¢% Jw“

o0 0e
O. 8

6&

Fig.2. The entanglement entropy of the output state from the CBS versus the BS parameters R
and ¢ for the given squeezing parameters (5 = (;, = 0.5 and v, = 0, and for the different squeezing

phases (a) va = 7, (b) va = 0.
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(a) R=0.86, ¢=m/2; (a=0.5, va=0

E (p&2 ) )

(b) R=0.86, ¢=7/2; (a=0.5, va=7

B(r)

SRR

Z2530559

35S

L5222
J0r s —

s

4" 000 b

Fig.3. The entanglement entropy of the output state from the CBS as a function of the squeezing

parameters of the input field in mode b for the given parameters of the input field in mode a and
the CBS. The values of the various parameters are {5 = 0.5, ¢ = /2, and R = 0.86. Different plots
correspond to different values of the squeezing phase of (a) 7o = 0 and (b) 74 = .

From Figs.1(a), 2(a), and 3(a) we find that only
if A =0 (regardless of the values of @, va, and ),
the output modes of the CBS completely lose en-
tanglement owing to destructive interference between
reflected and transmitted fields when the two SVS
inputs have the same squeezing amplitudes (where
Ca = ¢p» = 0.5) without respect to the BS reflection
coefficient. The same result can be obtained for the
50:50 BSs without regard for squeezing amplitudes
due to the most basic interferometry from the CBS. In
contrast to the cases of only one BS displayed in Fig.3
in Ref.[26], it can be seen that for the two 50:50 BSs
combined in the CBS, BS1 actually acts as an entan-
gler for the input SVSs, while BS2 is a disentangler
of BS1. In other words, when the CBS is composed
of two 50:50 BSs, it cannot produce entanglement at
its output for the input quantum states in this case.
More generally, when reflection coefficient R deviates
from the value of R = 0.5, both the properties of the
entanglement of BS1 and those of the disentanglement
of BS2 would be destroyed. These show that the prop-
erties of the entanglement for a CBS differ from those
for only one BS and a BS can be used not only as an

entangler but also as a disentangler.

Figures 1(b) and 3(b) show that only when A =7
(regardless of the values of @, 7., and ~3,), the de-
gree of entanglement is an increasing function of the
squeezing amplitude (, for the given squeezing ampli-
tude ¢, and reflection coefficient R. From Figs.1(b)
and 2(b) we can see that the entanglement entropy is
split into two symmetric peaks centred at (R, A) =
(0.14,7) and (0.86, ), respectively, with respect to
the symmetric axis R = 0.5. This implies that the
maximally entangled state at the output of the CBS

can been obtained only when A = 7 and R = 0.14 or
R = 0.86 for larger squeezing amplitudes. This is to
say that we can always use a CBS as an entangler by
varying the values of the parameters both of the CBS
and the input fields properly.

Comparing Figs.1(a) and 1(b), we find that for
the given reflection coefficient R and the squeezing
amplitudes (, (1), the entanglement is minimized when
A = 0 (as shown in Fig.1(a)), while it is maximized
when A = 7 (as indicated in Fig.1(b)). Hence, the
entanglement of the output fields of the CBS depends
not only on the squeezing amplitudes and the reflec-
It is
obvious that the A has a great effect on the entangle-

tion coefficient, but also on the values of A.

ment.

3. Conclusion

In summary, we have studied the properties of the
entanglement and the disentanglement of the output
state from the CBS for the two SVS inputs with arbi-
trary parameters of both the CBS (R and ¢) and the
two input SVSs (£, and &,). We have found that the
degree of entanglement of the output state from the
CBS depends on the reflection coefficient R and the
squeezing amplitudes {, and (;,, and the composite
phase shift A is also an important factor that affects
entanglement. For the two 50:50 BSs, BS1 usually acts
as an entangler where maximally entangled state can
be obtained when A = 7 and the squeezing amplitudes
are larger, while BS2 is employed to disentangle the
maximally entangled state from BS1. This is different
from the case of only one BS. Here the CBS cannot
generate quantum entanglement at its output ports.

Only if A = 7, maximal entanglement at the output
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of the CBS can be obtained for the larger squeezing

amplitudes when R = 0.14 or 0.86. Hence, our results

provide a method for manipulating entanglement by

adjusting the parameters of the CBS and the input

fields. It is important for quantum information pro-

cessing.
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