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By means of a new general ansidtz and with the aid of symbolic computation, a new algebraic method named

Jacobi elliptic function rational expansion is devised to uniformly construct a series of new double periodic solutions to

(2+1)-dimensional asymmetric Nizhnik—Novikov—Veselov (ANNV) equation in terms of rational Jacobi elliptic function.
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1. Introduction

There have been a great number of activities
aiming to find methods of exactly solving nonlinear
evolution equations. The solutions to the equations
may well describe various phenomena in physics and
other fields and thus may give a good insight into
the physical aspects of the problems. Many power-
ful methods have been presented, such as the inverse
scattering transform method,[!] Darboux transforma-
tion, Cole-Hopf transformation, Hirota method,?

Bicklund transformation,[>?! Painlevé method, 245l

[6=13]  tanh
method,*15] and generalized hyperbolic-function
method.[':17] Recently, Liu et all'® presented the Ja-

cobi elliptic function expansion method where three

homogeneous balance method (HBM),

Jacobi elliptic functions were used to express exact
solutions to some nonlinear evolution equations. Fan
and Hon Benny!'® extended Jacobi elliptic function
method to some nonlinear evolution equations and, in
particular, special-type of nonlinear equations for con-
structing their doubly periodic wave solutions. Such

equations cannot be directly dealt with by the method

and require some kinds of prepossessing techniques.
Yan[?Y! further developed an extended Jacobi elliptic
function expansion method by using 12 Jacobi elliptic
functions. Based on the above idea and by means of
a new general ansatz, a new Jacobi elliptic function
rational expansion method is presented and it is more
powerful than the above existing Jacobi elliptic func-

tion method[18—20]

to uniformly construct more new
exact doubly-periodic solutions to nonlinear evolution
equations in terms of rational Jacobi elliptic functions.
As its illustration, we apply the proposed method
to a (241)-dimensional ANNV equation,?'=2¢] which
reads

Ut — Ugzz + a(uv)z = O; (]‘)
ug + foy = 0. (2)

where a, 8 # 0 are all constants. This equation sys-
tem is also named the (2+1)-dimensional KdV equa-
tion or Boiti-Leon-Manna—Pempinelli (BLMP) equa-

[22] where the idea of the weak

tion by Boiti and Leon
Lax pair is used. The ANNV equation (1) can also
be obtained from the Katomtsev—Petviashvili (KP)

equation?3] with the inner parameter-dependent sym-
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metry constraint. For more details about the results
of this system, the reader can find the remarkable
achievements in Refs.[21-26].

This paper is organized as follows. In Section 2,
we summarize the Jacobi elliptic function rational ex-
pansion method. In Section 3, we apply the general-
ized method to a (2+1)-dimensional ANNV equation
and bring out many solutions. Conclusions are pre-

sented in Section 4.
2.Summary of the rational ellip-

tic function expansion method.

In the following we outline the main steps of our
general method.
Step 1 A given nonlinear partial differential

equation system with some physical fields u; (z,y,t)

0 (¢)

in three variables z, vy, t,

Fi(ui: Uity Uigy Uiy, Uitt,

) =0, 3)

Uizt, Uiyt Uizz ) Uiyy) Uizys - -

through the wave transformation

ui(xay:t):ui(f)a €:$+ly—At, (4)

where k, [ and A are constants to be determined later,
can be reduced to a nonlinear ordinary differential
equation:

Gi( ui, vy ull,..)=0. (5)

27

Step 2 We introduce a new ansitz in terms of
finite rational elliptic function expansion in the follow-

ing forms:

_a,0+2(

j=1
Notice that

T Taen(€) + 1)

bsMA@wmo)

i (uen(E) + 17 (©)

((agsn? ™" (€) j — bysn? 2 (€) p+ bijsn? 2 (€) ju) en (€) + agzsn? ! (€) ju)

dUz Z

(wen (€) +1)7H

— bijsnd (€) j)

+ i dn () (=bisn/ =2 (€) + byjsn/ 2 (€) j

1)j+1

j=1 (men(§) +

where sn(£), cn(€), dn(€), ns(§), cs(€), ds(€), etc are
Jacobi elliptic functions, which are double periodic
and possess the following properties:

(1) properties of triangular function

n*(€) +sn(€) = dn®(¢) + m*sn*(§) = 1,  (8)

ns*(¢) = 1+ cs*(¢), ns’(¢) =m®+ds*(¢), (9)

(2) derivatives of the Jacobi elliptic functions

sn'(€) = cen(£)dn(é),
en'(§) = —sn(€)dn(),
dn’(¢) = —m sn( )en(€), (10)

ns'(€) = —ds(&)es(€),
ds'(§) = —cs(é)ns(§),
cs'(€) = —ns(€)ds(€), (11)

where m is a modulus. The Jacobi-Glaisher functions
for an elliptic function can be found in Refs.[27-29].
Step 3 The underlying mechanism for occur-

rence of a series of fundamental solutions such as

, (7)

polynomial, exponential, solitary wave, rational, tri-
angular periodic, Jacobi and Weierstrass doubly peri-
odic solutions is that different effects, which act upon
the change of wave forms in many nonlinear equa-
tions, i.e. dispersion, dissipation and nonlinearity, ei-
ther separately or jointly in various combinations are
able to balance out. We define the degree of u; (£) as
Dlu; (§)] = n;, which gives rise to the degrees of other

expressions as

D[uga)] =n; +a,
Dluf (u{™)*] = niff + (a + ny)s. (12)

Therefore we can obtain the value of m; in Eq.(6). If
n; is a nonnegative integer, then we first perform the
transformation u; = w™

Step 4 Substitute Eq.(6) into Egs.(5) (7), (10)
and (11) and then set all coefficients of sn’(¢)cn? (£),
(:=1,2,..,

determined system of nonlinear algebraic equations

j = 0,1) to be zero to obtain an over-

with respect to A, I, p, a0, a;; and b;; (i = 1,2,..;
j: 1,2,...,mi).
Step 5 Solving the over-determined system of

nonlinear algebraic equations by use of Maple, we end
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up with the explicit expressions for A, I, u, a;o, a;; and
bij (i=1,2,...;j=1,2,...,m;), from which A, [, p
a0, Gij and bij (’L = 1,2,...; j = 1,2,...,
obtained. In this way, we can acquire double periodic

m;) can be

solutions with Jacobi elliptic function.

Since
Tim sn(€) = tanh(©),
lim cn(€) = sech(€),
Jim dn(€) = sech(¢), (13)
3?1 ns(§) = coth(¢),
Jim cs(€) = esch(€),
3?1 ds(§) = esch(§), (14)
Jim sn(€) = sin(e),
Yil'Liglo cn(€) = cos(§),
lim dn(é) = (15)
T}ligo ns(§) = esc(§),
Tim es(€) = cot(¢),
i ds(€) = csc(6), (16)

u; degenerate respectively into the following forms:

(1) solitary wave solutions
tanh?’ )

é‘) =a;0 + Z ( /,LSBCh ) )J
b tanh] 1(€)sech(¢)
5 (psech(€) 1 17 )’
(2) trigonometric function formal solution
sin? (€)
_azo—i—;( (zcos(&) + 1)

__st L(€) cos(€)
0 @ 117 )

(17)

(18)

So the Jacobi elliptic function rational expansion
method is more powerful than the methods respec-

tively by Liu et al,'® and Fan and Hon Benny['®! and

the method extended by Yan.[2%! The solutions which
contain solitary wave solutions, singular solitary solu-
tions and triangular function formal solutions can be
obtained by the extended method.

Remarkl If we replace the Jacobi elliptic func-
tions sn(¢), cn(§) in the ansitz (6) with other pairs of
Jacobi elliptic functions such as sn(£) and dn(¢); ns(€)
and cs(§); ns(§) and ds(€); sc(€) and nc(€); de(€) and
nc(€); sd(€) and nd(€); cd(¢) and nd(€),[2"29 other
new double periodic wave solutions, solitary wave so-
lutions, and triangular functional solutions can be ob-
tained for some system, respectively. For simplicity,
we omit them here. It is necessary to point out that
the above combinations only require solving the recur-
rent coefficient relation or derivative relation for the

terms of polynomial for computation closed.

3. Exact solutions of the (2+1)-
dimensional asymmetric
Nizhnik—Novikov—Veselov

equation

Let us consider the (2+1)-dimensional asymmet-
ric Nizhnik—Novikov—Veselov (ANNV) equation, i.e.

Ut — Uggz + @(uv); =0,
Ug + Pry =0,

According to the above method, to seek travelling

(19)

wave solutions to Eqs.(19), we perform the transfor-

mation

u(m’y’t) = ¢(£)7 0(5)7 E=z+1y— M,
(20)

where [ and A are constants to be determined later,
and thus Eqs.(19) become

v(z,y,t) =

-A¢' = ¢" +a(¢o) =0,
¢ + Blo’ = 0.

According to Step 1 in Section 2, by balanc-

ing ¢"(§) and (o(£)¢(£))'; and o'(§) and ¢'(¢) in
Egs.(21), we assume that Egs.(21) have the following

formal solutions:

(21)

(9, cn(§) a n?(¢) sn(§)en(é)
A=t @+ hen® +1 T (uen®) + 12 T (wen(§) + 12 2
sn(§) cn(§) sn2(&) sn(§)en(€)
o(§)=Ao+ A V@ 11 T P @ 1 T A2 Gen(e) 1 102 +B2(pcn(§)+l)2’
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where ag, a1, b1, ag, by, Ag, A1, Ay, By, By are con- Case 2
stants to be determined later.
With the aid of Maple, substituting Egs.(22), (8),
(9), (10) and (16) into (21), yields a set of algebraic w=0, 9 9
] : . ) . 3agm” + aasAg +4as + aam
equations for sn*(£)cn’(€),(z = 0,1,... s J = 0,1). A= 2 ,
Setting the coefficients of these terms sn*(§)cn? (€) to 1 cas
be zero yields a set of over-determined algebraic equa- =73 m—;)ﬂi
tions with respect to ag, a1, b1, as, by, Ag, Ay, Bi, 3im2
As, Ba, L and . By=+——,
By use of the Maple soft package ‘Charsets’ m2
by Wang Dongming, which is based on the Wu- Az =3 o’ by = Hay,
elimination method,[% to solve the over-determined a1 =by = A1 =B, =0. (24)
algebraic equations, we obtain the following results.
Case 1
im?2 Case 3
©=0, By= 13%, = —% ;_jg
1. 1 m? _ _
bgziilao, az = 3 ao, A2:3:, ,u—:l:ll, By = +2 A,,
)\:4—1—7m2+aA0, a2::I:§b1, A=A, 1=1,
a1 =by = A1 = B; =0. (23) a; =by =A; =By =0. (25)
Case 4
p=+1 B 4203 a(Z2atb) 4 _p o
a 30
o _ —8agm? —5b; +20asAg — 3ag +2aasAs +Tas —abiAg +4bym? — abi Ay (26)
—2a9 + by )

From Egs.(20), (22) and Cases 1-4, we obtain the
following solutions to Eqgs.(19).
Family 1 From Eqgs.(23), we obtain the follow-

ing rational formal doubly periodic solutions to the

ANNV:

up (z,y,t) = ap + %aosn2 = %iaosn (& en(f),

(27)
or (23,1) = Ag + 32 gim?sn (@ en (&)
RS

where £ = z +ly — At , | and A are determined by
Eqgs.(23), ag and Ag are arbitrary constants.

Family 2 From Eqgs.(24), we obtain the follow-
ing rational formal doubly periodic solutions to the

ANNV:

ug (2,9,t) = ag + agsn® (€) & iagsn (&) en (€), (29)

2
) , jim*sn(©en ()
a
(30)
where £ = z +ly — At , | and A are determined by
Eqgs.(24), ao, a2 and Aq are arbitrary constants.

2.2
U2(m:yat):A0+3m = (

(o7

Family 3 From Egs.(25), we obtain the follow-
ing rational formal doubly periodic solutions to the

ANNV:

L he(® L1 bt
B0 =0T L0 @ 4172 G @)+ )Y
(31)
gy Aem(® | Aw(©
v3(m7y7t)_A0i2icn(€)+1 (:i:cn({)+l)2’
(32)

where £ = z +ly — At , | and A are determined by
Egs.(25), ag, as, b1, Ag and As are arbitrary con-
stants.

Family 4 From Egs.(26), we obtain the follow-
ing rational formal doubly periodic solutions to the

ANNV:

g ben® e
Uy (-’L‘,y,t) =ao+ :i:cn({)—{—l (:i:Cn(f)+1)2, (33)
(2a 42 +3)cen(§) Agsn® (§)

Vg ((E,y,t) = AO:t

a (fen(€)+1)  (+en(6) + 1)
(34)

where £ = z + ly — At , Il and )\ are determined by
Egs.(26), ag, a2, by, Ao and As are arbitrary con-

stants.
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4. Summary and conclusions

In this paper, we have presented a new Jacobi
elliptic function rational expansion method. The
method is more powerful than the methods pro-
posed recently by Liu,['8! Fan and Hon Benny*® and
Yan.?l The (2+41)-asymmetric Nizhnik-Novikov—
Veselov (ANNV) equation is chosen to illustrate the
method, so that two families of new Jacobi elliptic
function solutions are obtained. When the modulus
m — 1, some of these obtained solutions degener-
Notice that if we
replace the Jacobi elliptic functions sn(§), cn(€) in

ate into solitary wave solutions.

the ansatz (6) with other pairs of Jacobi elliptic func-

tions such as sn(¢) and dn(¢); ns(€) and cs(£); ns(§)
and ds(¢); sc(€) and nc(§); de(€) and nc(€); sd(§) and
nd(€); cd(¢) and nd(¢),27=29 other new double peri-
odic wave solutions, solitary wave solutions, and tri-
angular functional solutions can be obtained for some
system, respectively. It is necessary to point out that
the above combinations only require solving the recur-
rent coefficient relation or derivative relation for the
terms of polynomial for computation closed. The al-
gorithm can be also applied to many nonlinear evolu-
tion equations in mathematical physics. Further work
about various extensions and improvement of Jacobi
function method needs us to find the more general

ansatzes or the more general subequation.
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