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Using a form invariance under special infinitesimal transformations in which time is not variable, the non-Noether

conserved quantity of the nonholonomic Vacco dynamical system with variable mass is studied. The differential equations

of motion of the systems are established. The definition and criterion of the form invariance of the system under special

infinitesimal transformations are studied. The necessary and sufficient condition under which the form invariance is a

Lie symmetry is given. The Hojman theorem is established. Finally an example is given to illustrate the application of

the result.
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1. Introduction

The conservation laws for a dynamical system
play an important role in the study of mechanics. In
particular, the existence of a certain conserved quan-
tity will help us to understand the partial physical
state and the quality of the system studied when it is
hard to solve the differential equations of motion of the
system. This has become one of the most important
directions in modern analytical mechanics. There are
four main methods used to seek the conserved quan-
tities of a mechanical system: namely, the Noether
theory,[!] the Lie method,?! the theory of integrating
factors® and the Mei form invariance! (or Mei sym-
metry). Significant achievements have been obtained

s.[5-17 T

in the study of this method in recent year
1992, a new kind of conserved quantity was derived by
Hojman from the differential equation of motion with-
out using either the Lagrangian or Hamiltonian.!'!
Pillay and Leach demonstrated that the invariance
derived from the Hojman conservation law was triv-
ial, for all of the Noether symmetry:[' i.e. the con-

served quantity for the Noether symmetry was identi-

cally equal to zero. Therefore, the requisite symmetry
does not belong to Neother, while the significant non-
trivial conserved quantity is derived using Hojman’s
method. This conserved quantity is called the non-
Noether conserved quantity. In Refs.[20-22], the non-
Noether conserved quantity of the variable mass sys-
tem, the generalized Hamiltonian system and the rela-

tivistic Hamiltonian system were studied successively.

It is well known that the Vacco equation is the
dynamical equation of the non-ideal nonholonomic
system(®3] and its integral is currently under research
by few people.?4l In this paper, Hojman’s method is
used to seek the conserved quantity of a variable mass

nonholonomic Vacco dynamical system.
2.Differential equations of mo-

tion of system

We consider a mechanical system composed of N
particles, and its configuration is determined by n gen-
eralized coordinates q1,4q2,...,¢,. The motion of the

system is subjected to the following g non-ideal bilat-
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eral nonholonomic constraints:

fs(t,q,4) =0, (B=1,2,...,9). (1)

The mass of a representative point 7 of the system
is

m; = m;(t,q,q), (i=1,2,...,N). (2)

Then, the Vacco dynamical equations of the system

can be written as follows:[18]

d oL oL 8fs dofs
1 - =Ws Ps A T "
a9, og, It ﬁ<8qs dt 94,
0fp
—A
784,
(521525"'5,’?';/8:]‘727"'59)7 (3)

where L is the Lagrangian of the system, Qs are non-
potential generalized forces, P; are the generalized

counter thrusts, and we have

_ or; 1. . Om;
Ps:Ri ziz Z__ii'iz *
( +mr) 94, 2r Tags
n d /1. . omy
— | =7;-7;
dt \ 2 94,
(s=1,2,...,n;i=1,2,...,N). (4)

Here 7; and 7; are the vector radius and the velocity

of the particle ¢, respectively. Then

dm; _
Ri = TU“ (5)

where u; is the relative velocity of the small particle
corresponding to the particle <.

Ap are constraint multipliers. Before we integrate
the differential equations of motion, we obtain Ag from
Egs.(1) and (3), and express it as a function of ¢, ¢ and

g, i.e.
A =2g(t,q,4), (B=1,2,...,9). (6)

Thus, Eqgs.(3) can be expressed as

d 0L 0L
_——— = P,+ A =1,2,...
q . P Qs+ Po+A,, (s=1,2,...,n), (7)
where
As :As (t:qaq)
O0fs d dfg . Ofs
‘*<6qs atog) Vo, —©

are the generalized nonholonomic reactive forces of the
constraint.

Equations (7) are called differential equations of
motion of holonomic system corresponding to the vari-

able mass nonholonomic Vacco dynamical system (1)

and (3). The integrals of the nonholonomic system (1)
and (3) can be found according to the corresponding
holonomic system (7), only if we apply the restric-
tion of the nonholonomic constraints (1) to the initial
condition. ]

Suppose that the system is non-singular, i.e.

8%L
det — 0, 9
¢ (31133%) 7& ( )

then all of the generalized accelerations can be ob-

tained from Egs.(7) and can be written as

Gs = as(t,q, Q) (10)

3. Definition and criterion of the

form invariance of system

Introduce the special infinitesimal transforma-

tions in which time is not variable as
t* =t
q; (t") = qs(t) + €€s(t, 9, 9) (11)

where € is an infinitesimal parameter and &, are in-
finitesimal generators. Under transformations (11),

L, Qs, P; and A; become

L:L<t,q7dt*>7 Qs:Q3<t7q7dt*>7

dg* dg*
Fo=h (t*’q*’ d‘f*) A=A (t*’q*’ d?*) '

* * *
¥, P and A%, we have

Expanding L*,

L* =L(t,q,4) + eX"(L) + o(e?), (12)
Q; =Q.(t,q,d) + XM (Q.) + o(e?),
P} =Pu(t,q,9) + eX(P,) + o(?),
A7 =A,(t,q,9) + X (4,) +o(?),  (13)

where
0 d 0
xM® = ¢, —f, e —
¢ dq, dté dq,’
d o 15] 15)
T _+(}5_+as_-' (14)

Introducing an Euler operator

d 9 7]
= —e— =, (s=1,2,...,n), 1
qioq oaq n) (15)

then Eqgs.(7) can be expressed as

Es(L):Q8+Ps+A8; (321,2,...,71). (16)
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3.1. Definition

Under the infinitesimal transformations (11), if

the form of the equation (16) remains invariant, i.e.

BJL') =@ +PI+ R, (s=1,2,...,n), (7)

then the invariance is called the form invariance of the
equation (16) of the corresponding holonomic system.

The form invariance of the corresponding holo-
nomic system can lead to a conserved quantity of the

system under certain conditions.
3.2. Criterion

For the holonomic system (16) corresponding to
the variable mass nonholonomic Vacco dynamical sys-
tem (1) and (3), if the infinitesimal generators £; sat-

isfy the following relation:

E{XD(L) } = X0(@,) + XO(P,) + X (4,)
(18)
then it is form invariant under the infinitesimal trans-
formations (11).
Proof Applying Euler operator (15) to the equa-
tion (12), and ignoring €2 and the higher infinitesimal

terms, we have

B(L') = B(L) + <E(XD(D)).  (19)
Substituting Eqgs.(16) into Eq.(19), and using
Eqgs.(13), we have

E,(L*) =Q, + P, + A, + eE,{X(L)}
=Q; —eXW(Q.) + P} —eXW(P,)

+ AT —eXV(A,) 4+ eEAXD(L)}
=QF + P + A% + e{E,[ X" (L)]
~ X(Q,) — XV (P,) — XD (4,)}. (20)

Now substituting Eq.(18) into Eq.(20), the Eqgs.(17)
will be obtained.

4.Relation between form invari-

ance and Lie symmetry

In order that the non-Noether conserved quan-
tity is derived by the form invariance of the mechan-
ical system, the relation between the form invariance
and the Lie symmetry of the corresponding holonomic
system under the infinitesimal transformations (11) is
studied.

Under the infinitesimal transformations (1

1), the

determining equation of Lie symmetry of Eqs.(16) is

XO{E(L)} = XD(Q)+ XD (P)+X M (4y), (21)

where

X® =x® 4 dt25’“ (22)

Equation (21) can be expressed equivalently as

d[d dag da, d
a [ags} = oo & + a—qkagk (23)

Consider the following relations:

<fk + gk az)
:Es <€k—) +Es <%€k : GBE)
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Io} Io}

g, < S 3%)
_d (o8, d a (0

it (o) [, (o)

d
9% 9 . 0 <i>
dgs Oqr " g, \ I

E (xW) =

+

ds
_d[o& 07 09 9
T dt |84, dqr|  Bq. Dqi
0 d 0
4 [a—. ( sk) aqk]

o 3
dgs ( £k> e [3t3433qk

3 3
+ gr - + Gr 0=
e a(ZTa‘ZSa(Ik 1 8qr3qs(‘3qk}
—2

_ 5 8 + d_g 6—2
kags \Oqr ) T dt2™* " 84,04

d 3 . 3
* 55’“ ' [ataqsaqk O 54:03,04

+ Gy (24)

3
aq‘ra(js 3(1k :| ’
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o |
dt? 0G, |dt 0¢,  Ogs
O [ 02
T ataqs anaqs
n 92 0
U Be0as 8Gr04s  9q,
L4, oqe L 2
at°" " g, |0toq,  * 0qrdd,
PP .
94,04,  dq,| A"
Jole L, 2
G, |0tdq, = " 0g.04,
L 00
& 94n04, ~ B4,
o3 . o3
=& [ataqraqs T Dandas
P ) _ 0 (2
* 94,03104s | " 9, \ 9gs
+ ié r_, &
dt " ataqraqs B(Ikaqs
8° 8°
+ g —— +q Y
2 004,04, 2 (‘3qr3qzc3qj

a0 (0
dt>" 8¢, \ 9gs

d? 9?

L 2 2
F B, (25)

Using Eqs.(24) and (25), the differential operator is

obtained as follows:

0 d 0
- (ask) = (26)

Then
B X)) - X0 (Q))
- xM(p,)
—{x@ B} - XD Q)

_x@ (P,) — x@ (A,)

_i [3& BL} 0§ OL
dt | 9¢s Oqx 0qs 9qy
8 b))

oL
o (5) o7
0 d oL
-2 (5&) = (27)

Hence we have the following theorem.

- xM(4,)

Theorem 1 For the holonomic system (16) cor-
responding to the variable mass nonholonomic Vacco
dynamical system (1) and (3), the necessary and suf-
ficient condition under which the form invariance is a
Lie symmetry is that the infinitesimal generators &,

satisfy the following relation:

S LT AN
945 Oqy, 0qs Oqy
El b))

9, < o ) gﬂ a(zs < 5k) a—-L 0.(28)

5. Hojman theorem of the corre-

sponding holonomic system

Theorem 2 For the holonomic system (16) cor-
responding to the variable mass nonholonomic Vacco
dynamical system (1) and (3), if the infinitesimal gen-
erator £ satisfies relation (28), and there is a function
u = u(t,q,q) reduced to

aas d

9. alnu—o (29)

then the form invariance of the system can be led to

a non-Noether conserved quantity as follows:

190 10

I £) + —o—
e ué‘qs(u) KOs

<,u%§s) = const. (30)

Proof According to the theorem of Ref.[15], if
the &, are infinitesimal generators of Lie symmetry
The &,
satisfies the relation (28), from the supposed condi-

then there exists a conserved quantity (30).

tion of the theorem, thus the system is not only form

invariant but also Lie symmetrical.
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It should be noticed that the conserved quantity

derived from Theorem 2 does not satisfy

Iy =0. (31)

6. Example

We consider a particle of variable mass in the

space, its mass is
m = mge P!, (mg = const, B = const, 3 > 0). (32)
The Lagrangian is
L= om (@ +d+d). (33)
The absolute velocity of separate corpuscle is zero, i.e.
u=—7; = —q1i — G2J — Gsk. (34)

The motion of the particle is subjected to the following

non-ideal bilateral nonholonomic constraint:
1,. . .
f=5(@+&+d)-C=0. (35)

Let us study the non-Noether conserved quantity
of the system.

The first step is to establish the equations of mo-
tion of the corresponding holonomic system.

According to Egs.(32), (34) and (4), we obtain

Py =P,=P;=0. (36)

Equations (3) give

d, . . i
—(mq1) = —AG1 — Aqu,

dt

i( ) = A Ny

di mqgz) = q2 q,

d . . ‘.

a(mqp,) = —Ag3 — Ags. (37)

Differentiating the constraint equation (35) with

respect to time ¢, we obtain

q1G1 + G2G2 + g3gz = 0. (38)

From Eqgs.(35), (37) and (38), we obtain

A= —m. (39)
Substituting Eq.(39) into Eqgs.(37), we have
4s = B4qs- (40)

G1 = P41, G2 = Baa,

According to Egs.(10), we have
as = fqs. (41)

oy = Bq1, ag = fBqe,

The determinate equation (23) gives respectively

d[d ] d

) _351_ Zﬂaﬁly

d[d ] d

) _552_ =B e

dJd ] d

dt _553_ :ﬂafa- (42)

The second step is to seek the conserved quantity

of the system.

Taking
&= 5 (@~ far)*.
&= 5 (6~ )",
& = 5 (ds — Pas)”, (43)

it is easy to prove that Eqgs.(43) satisfy the determin-
ing equations (42) and the relation (28), thus the sys-
tem (40) is not only form invariant but also Lie sym-
metrical.

The equation (29) gives
p=e"3Pt, (44)

Substituting Eqs.(41), (43) and (44) into Eq.(30),

we obtain the conserved quantity as

Iy = B(q1 + g2+ q3) — (¢1 + g2 + ¢3) = const. (45)
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