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This paper focuses on studying non-Noether symmetries and conserved quantities of Lagrange mechano-electrical

dynamical systems.

on non-Noether symmetries for Lagrange mechano-electrical dynamical systems.

Based on the relationships between the motion and Lagrangian, we present conservation laws

A criterion is obtained on which

non-Noether symmetry leads to Noether symmetry of the systems. The work also gives connections between the non-

Noether symmetries and Lie point symmetries, and further obtains Lie invariants to form a complete set of non-Noether

conserved quantity. Finally, an example is discussed to illustrate these results.

Keywords: mechano-electrical system, non-Noether symmetry, non-Noether conserved quantity, in-

finitesimal transformation

PACC: 0320

1. Introduction

The symmetric principle is one of the key top-
ics in mathematics, mechanics and physics. Research
on the conserved quantities of the mechanical sys-
tems has important theoretic and practical signifi-
cance, and reveals profoundly the physical essence.
There are many methods to find the conserved quan-
tities of the mechanical system. A modern one is
the Noether theory,!!! which is based on the invari-
ance of the Hamilton action under the infinitesimal
transformation. Djuki¢ and Vujanovi¢ studied the
Noether symmetries and the conserved quantities of
the non-conservative holonomic systems by expand-
ing Noether theory to the case including general-
ized velocity.[?! Li deduced the general Noether the-
ory of linear nonholonomic dynamical systems.®] Af-
terwards the Noether theory of the non-linear non-
holonomic dynamical systems was disseminated./4—¢!
Lately, the studies of Noether symmetry have given
many results.[”=% Another modern one is the Lie sym-

metries that leaves invariant the equation of motion

under the infinitesimal transformation.l'®! Cicogna
and Gaeta obtained some conclusions on the existence
and the properties of Lie point symmetries in mechan-
ics, but they did not obtain the conserved quantity
corresponding to those systems[']. Mei made ma-
jor progress with Lie symmetries for constrained me-
chanical systems.!'?! Recently, the study of Lie sym-
metry has been very active.[!3=15] Nevertheless, in
the foregoing studies only the conserved quantities of
Noether symmetrical type are considered. Lutzky has
given non-Noether conserved quantities of both Lie
point symmetries and Lie velocity-dependent symme-
tries for Lagrangian systems, and pointed out that
a given symmetry, if conserving the action integral,
leads to Noether symmetry.l'6=18 Without using ei-
ther a Lagrangian or Hamiltonian, Hojman has pre-
sented a theorem to obtain directly conserved quan-
tities with Lie symmetry.[!?! Later, Mei derived non-
Noether conserved quantities for Hamiltonian systems
in phase space.2%211 Recently, the work on the non-

Noether symmetry of the nonconservative dynamical
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system has been accomplished by the present authors,
which leads straight to the conserved quantity of non-

(2] In the present paper, the authors

Noether type.
first give a connection between the motion and the
Lagrangian for a Lagrange mechano-electrical system.
Then non-Noether symmetries of Lagrangian systems
are extended to Lagrangian mechano-electrical sys-
tems, and a formula for the non-Nether conserved
quantities of the Lagrangian mechano-electrical sys-
tems is derived. The authors further establish the con-
dition under which non-Noether symmetries deduce
Noether symmetries. Finally, an example is presented

to demonstrate the applications of results.
2.Lagrange equations of

mechano-electrical systems

These systems are called the mechano-electrical
dynamical systems when the mechanical process and
electromagnetic process in the systems are related to
each other. The mechanical part of N particle com-
ponents is described with the model of mechanics. If
the system is subject to d ideal, bilateral, holonomic
constraints, the position in space of the system is
determined by n = 3N — d generalized coordinates
gs (s =1,...,n). The electrodynamical part of elec-
tric circuit and magnetic circuit is described with the
model of electricity by m generalized electric quan-
tities. Suppose the mechano-electrical system has m
closed circuits, every closed circuit consists of the line
conductor and capacitance, there is not any relation
between electric circuits, and the electromagnetic pro-
cess of closed circuits are not independent. Suppose
i is the current, Vi is the electric potential, eg is
the electric quantity in the capacitance (éx = ix), Ri
is the resistance, C} is the capacitance, then the La-

grangian of the mechano-electrical systems is

L= T(q: Q5 €, e) - V(q) + Wm(qa e) - We(qa e): (1)

where
1e€?
We = __ka
2 Cy,
1
Wm = ELkrikir (k,T‘ = 1: s 5m) (2)

are electric field energy and magnetic field energy of
the mth circuit, respectively, in which Cy = Cy(gs)
is the capacitance of the kth circuit, Ly.(k # ) is
the mutual inductance between kth and rth circuit,
Ly = Lyk(gs), and Lgy, is self-inductance of the kth

circuit.

Let gs(s=1,...,n,n+1,...,m) denote the gen-
eralized coordinates. gs(s =1,...,n) are called coor-
dinate components and ¢;(s = n+1,...,n+ m) are
electric components. The equations of motion of the

system is written in the form[23:24]

d oL oL BF_Q
dtd¢, dq. 9.
(s=1,...,n,...,n+m), 3)

where L(t, q, q) is the Lagrangian, F is the dissipative
function, @’ is the non-potential generalized forces,
us(s=n+1,...,n+m) is the electric potential en-
ergy and Qs = Q. + us. Equation (3) is called the
Lagrange-Maxwell equation of mechano-electrical sys-
tems. In Eq.(3),

F:Fe(é)‘l'Fm(mai)a (4)

where . .
F. = 5Rkiz = 5Rkéz (5)

is the lead-through electric dissipative function, Fy, is

the dissipative function of the viscous frictional damp-

ing forces, and — are called the dissipative forces.

94,
When the mechano-electrical system satisfies con-
F
ditions Qs — g— = 0, Eq.(3) is reduced to
qs
d 0L IOL
— — =0 =1,... e . (6
dtaq-s aqs (S 9 , 1, :n+m) ( )

Eq.(6) is called the dynamical equation of the La-

grangian mechano-electrical system.

3. Non-Noether symmetries and
conserved quantities of the La-
grange mechano-electrical sys-

tem
Suppose that the Lagrange equation of the La-

grangian mechano-electrical system may be put in the

form
Gs = as(t,q,q) (s=1,...,n,n+1,...,n+m). (7)

Let us introduce the infinitesimal transformations

with respect to the generalized coordinates and time:

t. =1 + 560(‘17 t)7 q.: =d4s + E&S(qa t)a (8)

where ¢ is a small parameter, and £y(g,t) and &,(q,t)

are infinitesimal generators.
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The invariance of motion equations (7) under the
infinitesimal transformation (8) leads to the satisfac-

tion of the determining equations

58 _‘jséo - 20‘850 = X(l)(as)
(s=1,...,n,n+1,...,n+m). (9)

The infinitesimal generators £y(q,t) and £,(q,t) form
a complete set of the Lie point symmetries for the
Lagrange mechano-electrical dynamical system. The
operator X() is the generator of the first extended
group given by

o 15) : .. 0
) = as s s .s 10
X0 =g tbg+ -y, (10)
and the vector field
d 1o} 0 0
==t diy F e (11)

dt ot 9q, 94s

represents the total time derivatives along the trajec-
tories of Eq.(7). Then for any function ¢,
o¢ o¢ 9¢

¢:a+qsaqs+asaqs-

(12)

If Eq.(7) remains invariant under the transfor-
mation of continuous Lie group (8), the invariance is
called the non-Noether symmetry that is represented
by a complete set of generators &o(q,t) and £(q,t)
satisfying determining equation (9) of the Lagrange
mechano-electrical system.

Equation (9) may be regarded as a criterion of
non-Noether symmetries, as follows.

Criterion 1
Noether

mechano-electrical systems (7) if the infinitesimal gen-

The symmetry is called non-
symmetry corresponding the Lagrange
erators £o(q,t) and £,(q,t) satisfy the determining
equation (8).

To derive non-Noether conserved quantities of
the systems, two relations for the Lagrange mechano-
electrical systems are needed.

First, the n + m dimensional Lagrange mechano-

electrical system (6) is written in the form

o’L . OL 0°L

94,04, " ~ 8q,

(s,l=1,...,n,n+1,...,n+m).

One can easily demonstrate the relations between a;,

and L as 9 d
o
f4+ —(InD) = 1
5o+ (D) =0, (13)

where

D = det[8°L /84,04

(s,1=1,...,n,n+1,....,n+m). (14)

Second, we remark that if §&; and &, satisfy
Eq.(9), it can be shown that!®]

XW(¢) = XD(9) + &od (15)

is satisfied for any function ¢(q, ¢,t). With these re-

sults in hand, one can prove the following theorem.
Theorem 1 The Lagrange mechano-electrical

system (7) possesses a non-Noether conserved quan-

tity in the form

$=2 (855 — 45%> — (n+m)é + X' (In(D)) (16)
9gs 0qs
when the infinitesimal transformation generators &g
and &, satisfy determining equation (9).
Proof. Move the right-hand side of equation (9)
to the left, and represent it by II, and II, which have

the partial derivative

o, _d 2<% q%)—néo]

8g, dt|"\ag, *aq,
oo Oay :
_xOZ=s) o Z=s
(84) 9, =

(s=1,...,n,n+1,...n4+m). (17)

If £y and &, satisfy Eq.(9), we may apply Egs.(13)
and (15) to obtain

day

d . O
—xOMnpD)= —x® £y —5 1
di ( n ) aqs 50 aqs ’ ( 8)

which allows Eq.(17) to be written in the form

6H5_d 9 aé‘s_. 660
8q, dt| \dq, “aq,

— (n+m)éo + XM (In D)] . (19)

Furthermore, if £ and &, satisfy both II, = 0 and

oI,
5. = 0, consequently conserved quantity Eq.(16)
q

leaas to the fact that @ should be a conserved quan-

tity. This is the main result of the present paper. We
should note that in order to get this conserved quan-
tity, it is necessary to postulate that the equation of
motion is derived from a Lagrangian, but the action
integral invariant is not essential. We now show that
if the symmetry group does preserve the action, then
the quantity @ vanishes.

Equation (16) gives non-Noether conserved quan-
tities. At the same time, Eq.(16) can give the con-

served quantity directly. However, it may reduce to
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Noether conserved quantities on the following condi-
tion.

Theorem 2 For the Lagrange mechano-electrical
systems, if the non-Noether conserved quantity ¢ van-
ishes, then the symmetry group preserves the action,
the non-Noether symmetry will lead to a Noether
symmetry and possess the classical Noether conserved

quantity

oL
94

I'= (¢ —gsbo) - + (i — ékéo)g—i +&L+G (20)

when there exists a function G(q,t) such that

XOL)+E6L+G=0 (s=1,....,mk=1,...,m).

(21)

Thus we see that a conserved quantity can be asso-

ciated with any symmetry of a Lagrange mechano-
electrical system.

Proof: For any functions £y and &, one can easily

verify the following equation by straightforward calcu-

lation:

) ( %L ) ~92X(L) _ AL 8(4,,)
aq‘l 6‘?5 3‘11 a(js a(ZT 6ql
8%L 8%L
TS A A Arl a. a- 9
9¢.9q, 94,04
(s,l,r=1,...,n; n+1,...,n+m), (22)
where
0% 06
dq " oq

Noether theorem points out that if &, and &, gen-

Ay €001 (23)

erate a Noether symmetry corresponding to the La-
grange mechano-electrical systems, there exists a func-
tion Gy (¢, q) such that

XU(L) 4 &L = —Gu. (24)

Since the right-hand side of Eq.(24) is linear in terms
of the generalized velocities and electric current, it

leads to ]
PXU(L) & (él)

(25)

041945 9104
Substitution of Eq.(25) into Eq.(22) gives
2 .52 2 2
X(1)< aL ) = <0 BL _Bls aL _Brl&
9G04, 9G04, 94,94, 94,94,

(ls,r=1,...,n,n+1,...,n+m), (26)

where
_ o
9qs

. 06

Bls ds 6(]5 .

(27)

2
&jtaqs
formed by these second derivatives, then the proper-

in the matrix

Let M,;; be the cofactor of

ties of determinants yield

9%°L
ts aqtaqr 631‘7 ( 8)
and
& 9°L 8D

SH A AT = A 29
“ 950000, ~ 0p (29
where D is given by Eq.(14), and p may be one of
gs,qs or t. Multiplying two equation in formula (26)
by M;s respectively, summing over repeated indices,
and using Egs.(28) and (29), one obtains

XM (In D) = néy — 2B,,. (30)

From Egs.(30) and (16), one knows that the conserva-
tion of @ can be proved if the symmetry group leaves
the action invariant. In this case, however, we have the
classical Noether invariant on the Lagrange mechano-
electrical system.

It should be pointed out that the conserved quan-
tity @ (see Eq.(16)) need not be a ‘new’ conserved
quantity; that is, it may be expressible in terms of the
Noether invariants of the system. In fact, for a sys-
tem in which the Noether invariants form a complete
set of conserved quantities, any additional constant
of the motion must necessarily be a function of these

Noether invariants.
4. Example

Capacitor C' is shown in Fig.1. One of its elec-
trode planks (of unit mass m=1) is hanged on a spring
with stiffness k. The plank is vibrating along vertical
direction under the action of gravity, elastic and elec-
tric field force. C' is the capacitance, A is a constant,
S is the distance, L is a unit inductance (L=1), R is
the resistance and electromotive force FF = é. Let us

study non-Noether symmetry of the system.

Fig.1. Example.
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The system has two degrees of freedom. We
choose the position of equilibrium (O point) of ac-
tive plank of capacitor as the origin, and choose the

coordinate x and electric quantity e as generalized co-

1
ordinates. T = 542 is kinetic energy of the system,
1 1
W= §é2 is magnetic energy, V = 5kq2 is potential

1
of spring, W, = = Ae? is electric energy of capacitor.
Then the Lagrange function L of the system is written

as

L= %(f + %é2 - %kq2 - %AeQ, (31)

The dissipative function is
F=F, = %Réz, (32)

and the electric energy is

u, = Re. (33)

Its equations of motion are
G=—kq=ay, (34)
é=—Ae = as. (35)

The determining equations of the non-Noether
symmetry of Egs.(34) and (35) under the infinitesi-

mal transformation group &g,& and 7 are

& — o + 2kqéo = —k¢, (36)
i — e€o + 2Aefy = —An. (37)

The determining Eqgs.(36) and (37) have the following

solutions:

& =gsinwit  (wi=k),
¢ =w1¢? coswit + sinwit ,
(or ¢ = wiq® cosw;t + coswit)
n =wigecoswit + c1q + coe

+ €3 cos wat + ¢4 Sin wot (wS =A), (38)
and

€0 =esinwst (w3 = A),
n =wsye? cos wat + sin wat
(or n = woe? cos wyt + cos wat),
& =wage coswat + c5q + cge

+crcoswit +egsinwit (Wi =k).  (39)

where £k = A in Egs.(38) and (39). Substitution of
Eq.(38) into Eq.(16) leads to the conserved quantity of

non-Noether symmetry of the mechano-electrical sys-

tem

@, = 4wy g cos wit — 4¢sinwt = const, (40)
where ¢3 = ¢4 = 0. Substituting generator (39) into
Eq.(16) yields the conserved quantity of non-Noether
symmetry of the system

Py = 4woe cos wot — 4é sin wot = const, (41)
where ¢5 = cg = 0.

Actually, Egs.(36) and (37) in the system have

solutions as follows:

bo=a,{=q,n=¢, &=4 (42)
& =a, £ =sinw;t, n =sinwyt, & =0; (43)
&o =a, { =sinwit, n = coswat, P =0; (44)
& =a, £ =coswit, n =sinwyt, & =0; (45)
£o =a, £ = coswit, n = coswat, & =0; (46)
& =gsinwyt, & = wq? cosw;t,

n =wiqgecos wit + c1q + cae,

@ =4wqcoswit — 4gsinw it + c; + ¢p (47)
& =gsinwit, & = wq? coswit,

7N =w;jqge cos wyt + c3 cos wat,

@ =4wiqcoswit — 4¢sinwit = const; (48)
& =gsinwyt, & = wq? cosw;t,

1 =wige cos wit + ¢4 sin wat,

& =4w;q coswit — 4G sinwit = const; (49)

& =gsinwit, & = wq? coswit + sinwst,

1N =wiqe cos wit + c1d + cae,

& =4wqcoswit — 4¢sinwit + ¢1 + co = const; (50)
& =gsinwit, & = wq? coswit + sinwit,

1N =wjqge cos wit + c3 cos wat,

& =4w;qcoswit — 4G sinwit = const; (51)
&0 =gsinwit, £ = wq® coswit + sinwit,

1N =wiqe cos wit + ¢4 sin wat,

@ =4w;qcoswit — 4¢sinwit = const; (52)
& =gsinwt, £ = wq? cos w1t + cos wit,

1 =wiqecos wit + c1d + cae,

& =4wyqcoswit — 4¢sinwit + ¢; + c2 = const; (53)
& =gsinwit, & = w1q® cos wit + coswnt,

7 =wige cos wit + c3 cos wat,

@ =4w;qcoswit — 4gsinwit = const; (54)
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& =gsinwt, £ = wq® coswyt + cos wit,

7 =wiqe cos wit + ¢4 sin wat,

@ =4w,qcos wit — 4¢sin w,t = const. (55)
Similarly, from of Egs.(42)—(55), we can get the fol-
lowing symmetries and conserved quantities which are
written as compendia forms:

&o =a, esinwat,
n =sinwst, coswat, woe? sinwot,
&€ =waqe cos wat, wage coswat + cxd + cge,
wage cos wat + ¢y cos wyt,
waqe cos wot + cg sinwqt,
® =4, 0, 4dwge cos waot — 4€ sin wat,
4wqe cos wot — 4€ sin wat + cg. (56)

where Lie point symmetries (42)—(46) preserve action

of the system, and possess Noether-type conserved

quantities; while Lie point symmetries (47)—(56) pos-
That indi-
cates that the Lutzky-type non-Noether symmetries

sess non-Noether conserved quantities.

(38) and (39) are a complete set of Lie point symme-
tries of the determining equations (36) and (37) for
the mechano-electrical system, and the Lutzky-type
non-Noether conserved quantities (40) and (41) need
not be a “new’ conserved quantity. That is, it may
be expressible in terms of the Noether invariants of
the system. In fact, for a mechano-electrical system
in which the Lie point symmetries form a complete set
of symmetry, any additional symmetries of the motion
must necessarily be a function of these Lie point sym-
metries. Similarly, for the system where the Noether
invariants form a complete set of conserved quantities,
any additional constant of the motion must necessarily

be a function of these Noether invariants.
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