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The numerical solution of the Helmholtz equation for barotropic atmosphere is estimated by use of the wavelet-

Galerkin method. The solution involves the decomposition of a circulant matrix consisting up of 2-term connection

coefficients of wavelet scaling functions. Three matrix decompositions, i.e. fast Fourier transformation (FFT), Jacobian

and QR decomposition methods, are tested numerically. The Jacobian method has the smallest matrix-reconstruction

error with the best orthogonality while the FFT method causes the biggest errors. Numerical result reveals that

the numerical solution of the equation is very sensitive to the decomposition methods, and the QR and Jacobian

decomposition methods, whose errors are of the order of 10~3, much smaller than that with the FFT method, are more

suitable to the numerical solution of the equation. With the two methods the solutions are also proved to have much

higher accuracy than the iteration solution with the finite difference approximation. In addition, the wavelet numerical

method is very useful for the solution of a climate model in low resolution. The solution accuracy of the equation may

significantly increase with the order of Daubechies wavelet.
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1. Introduction

The numerical solution of Helmholtz equation is
one of the most important problems encountered in
atmospheric modelling and weather forecasting.[!=5]
Several effective methods are often used in solving the
equation, such as iteration, Fourier transform, vari-
ational and finite elementary methods.!’! The choice
of method depends on the problem and requirement
considered. The wavelet-Galerkin method, based on
wavelet theory, is a new and rapidly developing one.!”
Wavelet bases, different from others, are compactly
supported in both physical and time spaces. A sig-
nal or a function can be accurately represented by
use of them at a high compression rate.[®~14] That is
why their application has expanded to the numerical
solution of differential equations soon after the suc-
cessful construction of the compactly supported or-
thogonal wavelets. There are mainly three methods,
i.e. wavelet-Galerkin[1516] wavelet collocation,[!7—19]

and wavelet-capacitance matrix methods,[2%21] used

for numerical solution of differential equations in con-
nection with wavelets. For the first one the main diffi-
culty is the boundary problem, especially under com-
plex boundary conditions. The others can obtain high
accuracy solutions at the boundary nearby, but are
not suitable for extensive calculation. Qian and Weiss
acquired a numerical solution of a Poisson equation
using the wavelet-Galerkin method, but there remain
some things needed to be studied in detail. For in-
stance, how does the matrix decomposition affect the
orthogonal and reconstruction errors of the circulant
matrix and the solution accuracy of the equation con-
sidered as well? This paper focuses on the numeri-
cal solution of the Helmholtz equation for barotropic
atmosphere using the wavelet-Galerkin method in as-
sociation with matrix decomposition and orthogonal
wavelet bases.

Section 2 includes a brief introduction to peri-
odic wavelet bases. The wavelet spectrum Helmholtz
equation is derived in section 3. The reconstruction

and orthogonal errors for different matrix decomposi-
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tions are investigated in section 4. Section 5 focuses
on the numerical solutions in terms of different ma-
trix decompositions. The solution accuracy and its
relationship with the order of the Daubechies wavelet
are presented in section 6. The final section is for the

conclusion.

2.Periodic wavelet bases

The boundary condition treatment is, as is well
known, a difficult problem for the Galerkin method
as well as for the wavelet-Galerkin method used for
numerical solution of differential equations. The clas-
sical wavelet is defined on a real line, while the interval
wavelet is still under development.2?l For simplicity,
we take the periodic wavelets supported on [0,1] as the
bases for a function expansion. The periodic wavelets
can be directly obtained through Poisson summation
of classical ones.[?3] The periodic scaling function and

wavelet are expressed as

Bk Z ©3.1e( ): (1)

lezZZ
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where ¢; (z) and ¥; () respectively denote the or-
thogonal scaling function and wavelet. For instance,
the Daubechies scaling function and wavelet, which
was constructed by Daubechies in 1988, respectively
are ¢ji(z) € V; and 9, (z) € W;, where W; is the

orthogonal complement of f/j, and

Vi1 =V; @ W, (3)

L*(IR) = closerz(rr) (Vo ®320 Wj). (4)

In this paper we pursue the solution of Helmholtz
equation or Poisson equation by using the periodic
scaling function @; x(x) under low resolution.

A two-dimensional stream function % can be ex-

panded by the periodic scaling function as
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where Py,(f) is the orthogonal projection of f on V,
with resolution r, and the definition of the expansion

coefficient is as follows:

vrin= [ [ 6060 i@sswdady.  (©)

Similarly, the derivative of the stream function can be

mapped onto V.
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where their expansion coefficients are defined as

ND-2
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where the index ND represents the order of

Daubechies wavelet, and the 2-term connection coef-

ficient is

2 = [ ¢(a)p? (@)de. (11)

z) represents the second order derivative

where go( )(
of the periodic scaling function @;(z). The connection
coefficients, Eq.(11), can be accurately calculated by

an algebraic technique.[?¥]
3. Wavelet-spectrum Helmholtz

equation

The non-dimensional equation of the barotropic

atmosphere is a Helmholtz equation,25 i.e.

(V2= Xo)pr = —F, (12)

(z,y) € G, G={(z,y)l(z,y) €[0,1]®[0,1]},
where F is the force including the vorticity advection,
topographic term, friction, and diabatic heating. A2 =
f2L?/(gH), mL=5x10m, H=10%m, fo = 2§2sin ¢y,
f is Coriolis parameter, ¢g = 45°N; ‘g’ is the grav-
ity acceleration. The solution of Eq.(12) is the trend
of the stream function. For simplicity we remove the
Thus v replaces v, hereafter
and is regarded as a stream function.

Substituting (5), (7) and (8) into (12), multiply-
ing both sides of the resulting equation by ¢, p@r g,

subscript ‘¢’ from ;.

and integrating it on domain G, we obtain

ND-2 ND—2
Z ¢T,l+p,q~()l2 + Z ¢r,p,m+q~072n
I=2—ND m=2—ND
- 2_2T)‘(2)¢r,p,q = —2_2TFT(p,q), (13)
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where where
Fup.) = [ [ F@)era@pna(o)dody. (1)
A O 0
Under the periodic boundary condition, Eq.(13) can 0
be transformed into a matrix form 2
Dg = , (18)
U+ ¥R =C, (15) 0
where C = {-272"F,(p,q)}, 2 is a circulant matrix 0 -~ 0 Ay
defined as
. 2 —2r—1y2 2 2 2
£2 =circ(£2y — 2 Ao 15, 8%, -+, 2yp_2,0,---,0, where A; (1 =1,...,N) are the eigenvalues of the cir-

‘(222—ND7"'5‘(232V931)‘ (16)

Equation (15) is a matrix equation of Helmholtz equa-
tion in terms of wavelet spectrum under the periodic
boundary condition. According to the algebraic the-
ory of matrix a circulant matrix {2 can be diagonalized
byl!26]

N =Dy, (17
1/v2 1 ... 1
1 / \/i C1

s

1/v2 en—1

2me 2mi
where N = 2m, ¢; = cos (%), $; = sin <%) In

addition, there exists

Pt = 1. (21)

Equation (15) is in the same form as that derived from
the Poisson equation by Qian and Weiss except for its
diagonal elements resulting from the divergence term
(Ao #0) of the barotropic potential vorticity equation.
Combining Eqgs.(17), (18), (20) and (21), we obtain
the solution of the Helmholtz equation (15) in the ma-

trix form
U= @(Bg.\(@tC’Q))@t, (22)
where
1 1 1 1
Bo=Dgo| = |+ Dg,
1 1 1 1
(23)

and ‘. \’ in Eq.(23) is the matrix element-to-element

division operator.

4. Matrix decomposition errors

Clm—1)(N—1) —1/\/5 S(m—1)(N—1)

culant matrix 2. By means of FFT, the eigenvalues
arel15:26]

P .
A= ooty Z (02 — 272 1) cos <27r1k)

N
k=—p
(19)
and the sets of eigenvectors!!®! are
1/v/2 0 ces 0
—1/\/5 Sm—1 s1
' : (20)

SN-1

4.1. Poisson equation

Let Ag=0, Eq.(12) then becomes a Poisson equa-
tion. There are two important factors that determine
the solution accuracy in Eq.(22): one is the orthogo-
nality of matrix @ and its transition @, and the other
is the singularity of matrix B, which is associated
with the singularity of matrix 2. We, firstly, examine
the orthogonality of matrix @. In fact, Eq.(21) does
not strictly hold true if Eq.(20) is used as matrix &.
The departures of #®? from unity matrix I reaches the
order of 107!, with a maximum 0.12 and a minimum
—0.12 (Table 1). The reconstruction error of matrix
2 using Eq.(17) is of the order of 10°, equal to the
order of 2’s elements (-2, 2). Such errors increase so
rapidly during the time integration in the use of the
barotropic model that the computation quickly stops
resulting from the overflow. This may be due to the
singularity of the matrix 2, for Egs.(17) and (21) hold
true if and only if the eigenvectors are linearly inde-
pendent of each other according to the linear algebraic

[27,28]

theory. This condition, nevertheless, cannot hold
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The
smallest eigenvalues calculated by FFT, Jacobian and
QR methods are —.6811988x10~7, —.9849391x10~"
and —.5758179x 1078, respectively. The latter two are

true if matrix {2 has a very small eigenvalue.

bigger than the first one, which may significantly in-
fluence their orthogonal and reconstruction accuracy.

Their errors and total variance are listed in Table 1.

Table 1. Reconstruction and orthogonal errors from three kinds of matrix decomposition

methods (Ap=0).

Reconstruction error extremes Orthogonal error extremes Total variance
maximum minimum maximum minimum reconstruction orthogonal
FFT 2.0 -2.0 0.12 -0.12 440.01 1.97
Jacobian 1.2x10°6 -1.8x10°6 2.5x10°7 -3.0x1077 9.42x10~ 1! 1.85x10712
QR 3.5x10°6 —2.5%10~6 1.5x10~7 —2.0x10~7 3.04x10~10 2.08x1012

Table 1 shows that the highest accuracy for both
orthogonality and reconstruction is offered by the Ja-
cobian method, while the lowest one is by FFT. The
accuracy of the QR method is appreciably lower than
that of the Jacobian method. The errors in Table 1

are obtained from the calculation in single precision.
If double precision is used, their accuracy will increase
further. For example, the reconstruction and orthog-
onal errors are much less than that in single precision

for the Jacobian decomposition (Table 2).

Table 2. Reconstruction and orthogonal errors from the Jacobian decomposition method

in double precision (Ag=0).

Reconstruction error extremes

maximum minimum

Orthogonal error extremes

maximum

Total variance

minimum reconstruction orthogonal

Jacobian 1.0x10-13 —2.0x10713

6.0x10~15

-8.0x10°15 0.46x10—24 3.90x10~27

4.2. Helmholtz equation

As for the Helmholtz equation (12), matrix
(Mg # 0) is also decomposed by the same meth-
ods as the above ones. The smallest eigenvalues
of matrix {2 become much bigger than those of the
Poisson equation because Ay decreases the singular-

ity of matrix {2. The smallest eigenvalues for the

FFT, Jacobian and QR methods are very similar, and
they are —0.9964923x10™4, -0.9989738x10~* and —
0.9952164x 1074, respectively. Their departures or er-
rors calculated (Table 3) are qualitatively similar to
those in Table 1. The Jacobian method is also the
best one while the FFT method has the biggest error

among them.

Table 3. Reconstruction and orthogonal errors from the three kinds of matrix decomposition

methods (Ag #0).

Reconstruction error extremes Orthogonal error extremes Total variance
maximum minimum maximum minimum reconstruction orthogonal
FFT 2.0 -2.0 0.12 —0.12 440.02 1.97
Jacobian 1.5%10°6 -1.5x10°6 3.0x10~7 —2.0x1077 1.16x10~10 1.76x10~12
QR 5.0x10°6 —3.0x10—6 2.0x10~7 -3.5%x10~7 3.13x10-10 2.23x1012
5. Numerical examples function is expressed as
Yo(z,y) = cos(2mz) sin(27y). (24)

5.1. Ideal solution of Helmholtz equation

The solution accuracy of Helmholtz equation with
different decompositions for matrix {2 may be tested
through a simple example. Under a given periodic

boundary condition a formally ideal solution to stream

Substituting Eq.(24) into the following Helmholtz

equation:
we have

F(z,y) = (87" + A§)vo. (26)
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Substituting Eq.(26) into Eq.(25) yields

V2 — Ajp = — (87 + A3 )vbo. (27)

5.2. Numerical solution of Poisson equation

Let Ao=0, then Eq. (27) becomes a Poisson equa-
tion

V2 = —8m%ho. (28)

Using Eq.(13), Eq.(28) can be transformed into a

wavelet-spectrum form

ND-2 ND—2
Z Vrltpg ()f + Z wnp,m+q912n
1=2—-ND m=2—ND
= 2_27‘87[-21»[)07‘(1): q)a (29)

where resolution r is 4, i.e. 16x16 grids in a square
G. The solution of Eq.(29) can be easily obtained by
Eq.(22). When the FFT decomposition is used, i.e.
matrix @ is calculated with Eq.(20), the difference be-
tween the solutions of Eqs.(28) and (24) is very large
(Fig.1(a)), reaching the order of 105. Thus, we have
to give up FFT decomposition and try some others.
If QR and Jacobian decompositions are employed the
solution accuracy will increase greatly, with errors de-
creasing to the order of 1072 (Fig.1(b), (c)) .
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Fig.1. Differences between the ideal solution and numerical
solution of the Poisson equation with three matrix decompo-

sition methods. (a) FFT; (b) QR; (c) Jacobian.

5.3. Numerical solution of Helmholtz equation

The numerical solution of the Helmholtz equation
is tested with the same ideal solution, Eq.(24). The
solution with the FFT decomposition shows that the
errors are of the order of 103 (Fig.2(a)), much smaller
than that of the Poisson equation. But other two so-
lutions (Fig.2(b),(c)) are almost the same as that of
Poisson equation. This manifests that the numerical
solution is very sensitive to the singularity of matrix {2
if the FFT decomposition is employed. Consequently,
the FFT decomposition is not suitable for numerical

calculation.
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Fig.2. Differences between the ideal solution and nu-
merical solution of the Helmholtz equation with three
matrix decomposition methods. (a) FFT; (b) QR; (c)
Jacobian.

5.4. Iteration solution

We also employ the iteration method® to solve
Eq.(28) for comparison. The numerical iteration solu-
tion shows that the accuracy keeps almost the same as
that of the wavelet-Galerkin solution when the thresh-
old is within 107® — 107!%, The distribution of the
errors corresponding to a threshold 10710 is shown in
Fig.3.
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Fig.3. Solution errors of Poisson equation using iter-
ation at a threshold 1019,

As for the Helmholtz equation, the errors cal-
culated by the iteration method are of the order of
102 (Fig.4(a)), the same as the Poisson equation’s
(Fig.3(a)). When the resolution increases from 16x16
to 32x32 the order of the errors becomes much lower
than the former one, being 1072, the same as that of
the wavelet-Galerkin solution with a resolution 16x16.
Thus, with the wavelet-Galerkin method we can ob-
tain a more accurate solution than with the iteration

method under the same resolution.

.001 5999

Fig.4. Solution errors of Helmholtz equation using it-
eration method at a threshold 1010 with resolutions
16x16 (a) and 32x32 (b), respectively.

6. Influence of the order of

wavelet

The order of wavelet bases has an influence on
the numerical solution with wavelet-Galerkin tech-
nique. A numerical test is performed with Daubechies
wavelet (DaubND, ND denotes the order of the
Wavelet)[23] in a resolution 32x32. There are big dif-
ferences among the solutions of the Helmholtz equa-
tions calculated by the bases with different orders.
The higher the order of the bases, the more accurate
the solution is. The errors corresponding to Daub/N D
(ND=6, 8, 10) are of the order of 1074, 107 ¢ and
1077, respectively (Fig.5).

T m2-00B...
T aem008

12 16 20

Fig.5. Differences between the ideal solution and the
numerical solution of Helmholtz equation with differ-

ent orders of Daubechies wavelets. (a) Daub6; (b)

Daub8; (c¢) Daubl0.

7.Conclusion

One of the difficulties in numerical solution with
the wavelet spectrum model for the barotropic atmo-
sphere is how to solve a two-dimensional Helmholtz
equation with high accuracy. The equation can be
transformed into an algebraic equation by wavelet
transform and a series of matrix transformations. Its
solution can be analytically presented by the eigenval-
ues and eigenvectors of matrix {2 and the right-hand
side of the equation. Our numerical examination re-
veals that the solution accuracy is greatly related to
the decomposition method of matrix §2. If the FFT
decomposition is employed under the periodic bound-
ary condition, its reconstruction and orthogonal er-
rors are relatively large, and the solution accuracy of
the Helmholtz or Poisson equation is very low. As for
QR and Jacobian decompositions, their reconstruction
and orthogonal accuracy are very high, and we can ob-

tain a numerical solution of the equation with higher
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accuracy than by the use of classical iteration. In addi-
tion, the solution accuracy may further increase with
the order of wavelet bases.

As is well known, the climate model, especially

the paleoclimate model, has much lower resolution

than the weather forecasting model due to the limited
capacity of computation. By employing the wavelet-
Galerkin technique the model accuracy and running

speed may be raised significantly.
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