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Based on the hyperbolic two-step heat conduction model, using the Laplace transform and numerical inverse

transform method (Riemann-sum approximation method), the thermal behaviour of thin metal films has been studied

during femtosecond pulse laser heating. Also the thermalization time, which is the time for the electron gas and solid

lattice to reach thermal balance, has been studied in detail. The values of thermalization time for silver (Ag), gold (Au),

copper (Cu) and lead (Pb) are obtained. The effects of material parameters of the thin metal film on the thermalization

time are considered for the four kinds of metals by changing one of the parameters and regarding the other parameters as

constant. For a typical metal material, the order of the thermalization time is of the order of hundreds of picoseconds.

The thermalization time decays exponentially with the increase of phonon—electron coupling factor or electron gas

thermal conductivity, and it increases linearly with the increase of the ratio of lattice heat capacity to electron gas heat

capacity. However, the relaxation time of the electron gas has very little effect on the thermalization time.

Keywords: non-equilibrium thermal behaviour, thermalization time, hyperbolic two-step model,

short pulse laser
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1. Introduction

To date, the laser pulse can be shortened to the
range of femtosecond (10~'%s),[1? so0 as to make con-
trols of the penetration depth and processing time of
a material more effective and accurate. Because of
the advancement of short-pulse laser technologies and
their applications to modern microfabrication tech-
nologies, high-rate heating of thin metal films is a

rapidly emerging area in heat transfer.

In applications involving high-rate heating, when
a thin film is heated very rapidly, such as heated by
a short-pulse laser, the typical response time is of
the order of picoseconds,®] which is comparable to
the phonon—electron thermal relaxation time. Un-
der these situations, thermal equilibrium between the
solid lattice and the electron gas cannot be assumed
and heat transfer in the electron gas and the metal
lattice needs to be considered separately. Two mi-
croscopic heat conduction models describing the non-

equilibrium thermal behaviour in such cases are avail-

able in the literature. The first one is the parabolic
two-step model pioneered by Anisimov and advanced
later by Fujimoto et al.] The second one is the hyper-
bolic two-step model introduced by Qiu and Tien,!
based on the macroscopic averages of the electric and

heat currents carried by electrons in momentum space.

The parabolic two-step model involves two cou-
pled energy equations governing the heat transfer in
the electron gas and the solid lattice. Solutions for
this model can be found in the literature for different
operating and boundary conditions by using different
solutions methodologies.>~14 Based on the parabolic
two-step heat conduction model, Wang and Zhang!*!
studied the thermal behaviour of thin metal films un-

der harmonic thermal boundary conditions.

On the other hand,

model, in its simplest form, involves three coupled

the hyperbolic two-step

equations. This model does not account for the con-

duction of heat by phonons and for the absorption

of the incident laser energy by the electron gas.!>®
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Qiu and Tien!” studied the thermal behaviour of
multi-layer metals by numerical method (semi-implicit
Crank—Nicholson scheme) and experiments. Using
a perturbation technique, Al-Nimr et all1%11] elim-
inated the coupling between the energy equations,
which have the same order as the original coupled
equations. During ultrafast laser heating, a simple
single-layer metal film could be solved analytically by
the proposed perturbation technique. By using the
same method, the heat transfer mechanism of two
thin metal films in perfect thermal contact was stud-
ied, and the analytical solution has been obtained em-
ploying Green’s function. Using the Laplace trans-
form method, Song et all'?! investigated the effects
of convective thermal losses on the thermal behaviour
of thin metal films. A finite-difference algorithm was
presented for obtaining the solution of the hyperbolic
two-step heat conduction model.['3] The uncoupled
characteristic equations are derived from the govern-
ing equations of the temperature in the metal film,
and the Godunov scheme is applied to solve the char-
acteristic equations, and thus the thermal responses
are obtained from the relation between the character-
istic equations and the governing equations. Employ-
ing the hyperbolic two-step heat conduction model,
Al-Nimr et all'¥ investigated the effect of radiative
thermal losses on the thermal performance of a thin
metal film. Here he considered the thermal losses un-
der different operating conditions, different geometri-
cal parameters and different metal properties.

However, according to the studies of Al-Nimr,
the proposed perturbation technique is only suitable
for metal films with very high phonon—electron cou-
pling factor because it demands that the thermaliza-
tion time be very short. But according to the works of
Song et all*?l and Tzou,[®® for most typical metals,
such as Au, Ag, Cu and Pb, the thermalization time
is much longer than one picosecond. Unfortunately,
there are few quantitative data available to describe
the thermalization time for most typical metals during
short pulse laser heating. And how does the thermal-
ization time depend on the film material parameters
quantitatively? To the author’s knowledge, there have
not been papers on this subject yet.

In order to obtain the thermalization time to
study the effects of metal material parameters on it, in
this work, based on the hyperbolic two-step heat con-
duction model and using the Laplace transform and
numerical inverse transform method (Riemann-sum

approximation method), the thermal behaviour in the

thin metal film during femtosecond pulse laser heat-
ing is studied. In terms of this microscopic two-step
model, the heating process is investigated as follows:
first, the deposition of radiation energy on electrons;
second, the transport of energy by electrons; and then
the heating of the material lattice through electron—
phonon interactions. The effects of material param-
eters of the thin metal film on the time for phonon—
electron thermal equilibrium are studied. As samples,
four kinds of metals such as Ag, Au, Cu and Pb are

discussed in detail.
2.Mathematic formulae and solu-
tions in Laplace transform do-

main
Consider an infinite thin film of thickness L,
which occupies a space of 0< z < L, and is heated
by a pulse laser at the surface x=0. The pulse laser is

in a Gaussian distribution as follows:[”]

1— R _s_gli=2l

Q:0.94Jt6e% o (1)
P

where J is laser fluence, which is the total energy, car-
ried by a laser pulse divided by the cross-section of the
laser spot. R is the reflectivity of the film, ¢, is the
full-width-at-half-maximum (FWHM) duration of the
laser pulse, ¢ is the radiation penetration depth, and
a is a constant.

Qiu and Tien® presented a microscopic two-step

model:
oT,
Co(Te) 5, =-Va-G(T.-T)+Q,  (2)
oTh
C](T’])a—t] = G(Te - Tl)a (3)
dq
TFE + ke (Te) VTe +q= Oa (4)

where T,, T}, and g represent electron temperature,
solid lattice temperature and heat flux, respectively.
C. and C) are heat capacities of the electron gas and
the lattice, respectively; k. is electron heat conductiv-
ity, g is the relaxation time of the electron gas; z and
t are space and time coordinates, respectively. G is
phonon—electron coupling factor.

In the simple case of constant thermal property
of the material, the one- dimensional non-dimensional

governing equations are

8Te* _ aq* * * *
at* - 6I* (Te I‘i ) + Q 9 (5)
* oY * *
Ch—r = (T0 - T7), (6)

at*
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07 or¢ * ature T and heat flux vector ¢* in Eqs.(5)—(7):
g e T =0, (7) °
where 62T1
T — T 3k
T — L 27 7 q O 0°T;
To L GTyL TFCR 53 13
O*Ty 3Ty L0Q*
=k;—L + kIC} . (10
S Y o TR CRggmgp t @ T (10)
e L2G7 Ce 3
By using the initial conditions in Eq.(8), the
Q* = Q , OL= ﬁ’ Laplace transform equation is obtained. In the fol-
GTy C.

To is initial temperature and L is the thickness of the
film.
The non-dimensional initial and boundary condi-

tions can be described as

Te*(a:*ao) = T’l*(.’l,‘*,O) =0,
oTr O*T}
€ * O — € * 0 — O
g &0 = Gz (=0 =0,
oL, Ty,
6t* (.’E 3 ) - 6t*2 (m 10) - 01 (8)
or|  _om|  _,
6.’1)* x*=0 6.’1)* x*=1 ’
oty oty
= =0. 9
3:1:* z*=0 3:1:* z*=1 ( )

Now, one can obtain the energy equation for lat-

tice temperature by eliminating electron gas temper-

TLi(z,p) =C

_ ef(m+1))\ 4 671/5+Am

lowing, the superscript, a bar, denotes variables in
the Laplace transform domain. For convenience, the

superscript, *, is omitted:

’n ., (1+ 7p)Q — 7 Qo
— T = 11
Bz? k.(1+ Crp) (11)
where
5 —, [P+ CR + Crp)(1 + Tep)
ke(1+ Crp) ’
Qo =Spe™2%e™"/2,
Q sosbe =,
- R
So :0.94J
tpd
—2a _ ,—2pt —2pt
Sy = tp [e ¢ c 7 } and J,tp,z in the
pt, +a pt, —a

above equation are dimensionless quantities.
Using Eq.(11) and boundary conditions (9), we
can obtain the lattice temperature in the Laplace

transform domain:

_ e—(1—2)A

|:el/5Am

where

_ So [TFe_2“ -1+ TFp)Sb]
" ke(1+Crp)(1/6%2 —22)
Also, the electron gas temperature in Laplace

transform is obtained, as follows:

T. = (1+ Crp)Th. (13)

3. Numerical inversion Laplace

transform method

In order to invert the Laplace transform in the
above equations, a numerical technique is used based
Let g(s) be the

Laplace transform of a function g(t). The inversion

on Fourier expansion of functions.

formula of Laplace transform states is

b+ico
m=iA a(s)e*tds, (14)

21 Jp oo

(e —

) -], (2

where b is an arbitrary constant greater than all real
parts of the singularities of g(t). Taking s = b+1y, we

have

ebt +oo
o) =5 [ egbrindy.  (19)

— 00

The Fourier integral thus obtained can be approx-
imated by its Riemann sum. Denoting y as the wave
frequency and t; the half-period of its oscillations, i.e.
y = jm/t; for the nth wave mode and Ay,, = m/t; for

all modes, we can obtain

oo

Z imt/t g gb+igm/t1)
j=1

(16)

For numerical purposes this is approximated by
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the function

bt N
g(b)+Re | > e/ g(b+ijm/ty) | |,

Jj=1

e 1
t)~— =
gN() t |2
(17)

where N is a sufficiently large integer chosen such that

P Re I:eiN‘ll't/tlg(b + iNﬂt/tl)} < ¢, (18)

in which £ is the chosen small positive number that
corresponds to the degree of accuracy to be achieved.
Equation (18) is the numerical inversion formula valid
for 2¢t; > t > 0.151 In particular, we choose t = t1,
and obtain

N
g(b)+Re [ Y (=1)7g(b + ijm/t1)

i=1

(=~ |}
(19)

4. The solution of lattice temper-
ature and electron gas temper-

ature in physics domain and

Using the above numerical method, we obtain the
electron gas temperature and the lattice temperature
in the physics domain. As an example, the tempera-
ture profiles along the thickness direction and its time
history are calculated for gold film. The numerical
results are listed in Figs.1 and 2. The thermalization
times of the four kinds of metals, Ag, Au, Cu and
Pb, are obtained. They are 0.9, 0.915, 0.7525 and
0.4657ns, respectively. By changing one of the mate-
rial parameters of the thin film, such as G, k., 77 and
CR, and regarding the other parameters as constant,
the effects of these parameters on thermalization time
are considered.

In the calculation, the pulse laser parameters and
the material parameters for the four kinds of metals
are listed in Tables 1 and 2.1 In each calculation, the
film thickness, L, is set to be 0.1uym and the initial
temperature, Ty, is taken to be 300K.

Table 1. The pulse laser parameters in the calculation.

the discussions of thermaliza-  Laserparameters | J/Jm™ R é/om tp/fs  a
. . Values 13.4 0.93 15.3 100 1.88
tion time
Table 2. The material parameters of the metal films in the calculation.
ke/Wm— 1K1 C1/108Im—3K 1 Ce/104Im 3K~ G/1016Jm—3K~?! TF /DS
Ag 419 2.5 2.1 2.8 0.04
Au 315 2.5 2.1 2.8 0.04
Cu 386 3.4 2.1 4.8 0.03
Pb 35 1.3 2.1 2.4 0.005

Figure 1 shows the dimensionless temperature
profile of electron gas (a) and lattice (b) for various
durations of the laser pulse. At the early stage, it is
easily found that the temperature difference between

the front and rear surfaces of the film due to the ther-

[
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a
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mal relaxation time and between the electron gas and
the lattice due to the two-step model of energy trans-
fer are distinct. As the duration becomes longer, these
temperature differences will disappear. For this exam-

ple, the time is about hundreds of picosecond.

(5]

E 0.016 1 (b)

g 00147

= g e
: 0012 =
< 0.010
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Fig.1. Dimensionless temperature profile of electron gas (a) and lattice (b) for various durations
(for 0.1um thick gold film during 200fs laser pulse heating, J=13.4J/m?2).
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Figure 2 presents dimensionless temperature vari-
ations of electron gas (a) and lattice (b) in thin film

These results
For

at the front and the rear surface.

are for 7=0.04ps and 7y=0.7838ps in Fig.2.

~.=.. rear surface z=1, 7p=0.7838ps

a
2.89 ( )
4
h
2449 n
] ;'. front surface z=0, Tp=0.04ps
2.0 o - - - front surface =0, Tp=0.7838ps
1 [1 A rear surface z=1, 77 =0.04ps
1.64 i !
|
'

0 2 4 6 8 10

Dimensionless electron gas temperature

Dimensionless time

Dimensionless lattice temperature

Tp=0.7838ps, the result agrees well with the result in
Ref.[13]. From this we can see that if the thermal re-
laxation time of electron gas is long, the temperature

variation phenomenon will appear.

front surface =0, Tp=0.04ps
A - - - front surface z=0, Tp =0.7838ps
rear surface z=1, 77 =0.04ps
S —.=.- rear surface x=1, 7p=0.7838ps

0 2 4 6 8 10

Dimensionless time

Fig.2. Dimensionless temperature variation of electron gas (a) and lattice (b) in the thin film at the front
(2z=0) and the rear (z=1) surface (for 0.1um thick gold film during 200fs laser pulse heating, J=13.4J/m?).

Figures 3—6 show the effects of film material pa-
rameters, such as phonon—electron coupling factor
(G), thermal relaxation time of electron gas (1), ther-
mal conductivity of electron gas (k.), and the ratio
of lattice heat capacity to electron gas heat capacity
(CR), on thermalization time. In Figs.3-6, the vari-
ation range of G is from 0.1 to 20 times of its real
value of the film; the variation range of 7w, k. and Cr
are all from 0.1 to 2 times of their real values. In the

calculations, it is assumed that the thermal balance

w 16x107°], Asg A
} e numerical results
T second order exponential decay fit
g
= 9
> ]
=1 1.4x10 tinermalization =A1eFe/ 1+ Age=ke/t2 4y
-g ] A1=1.4739x1077, t;=34.53972,
g 1.2x1079 4 A2=3.9928x1071°, t,=263.80792,
= ] 40=8.1099x1071°
E 1.0x1079 4
Fc" -
H
8.0x10710
0 200 400 600 800
—9 _
1.8x10 Cu
0 e numerical results
F 16X 1091 second order exponential decay fit
E 1.4x1079 tinermalization =A1e™ 5o/t 4 Ageke/t2 4y
g A1=5.86869x1071°, ,=170.73628,
e} 1.2%x10~21 A2=1.7549x10~°, t,=31.08726,
g y0=7.08421x1071°
?E 1.0x107°
& 8.0x107104
3
6.0x10710 —— : . .
0 200 400 600 800

Thermal conductivity of electron gas (ke)/Wm—1K~!

Thermalization time/s

Thermalization time/s

between electron gas and lattice is reached if the tem-
perature difference between electron gas and lattice is
smaller than 1075, and this duration is taken as the

thermalization time.

Also, according to the numerical calculations, the
fitted curves are presented. Equations (20)—(22) be-
low are fitting formulations, where A, B, Ay, Ao, As,
t1, ta, t3 and yg are fitting coefficients. Their values

are listed in corresponding figures.

Au

1.8%x 10_9 7 e numerical results
second order exponential decay fit
1.6x1077 1
tinermalization =A1e~Fe/ 1+ Azeke/t2 4y,
1.4%10~°- A;=1.77038x10~7, ¢;=26.61919,
’ A2=5.16021x10710, £,=191.08837,
1.2%x10~21 30=8.2738x 10710
1.0x1079 1
8.0x10710
0 100 200 300 400 500 600
3.5x1079 7 Pb
e numerical results
3.0x 10_9 h second order exponential decay fit
-9 |
2.5x10 tinermalization =A1e~*e/ 1+ Azeke/t2 4y,
2.0x10~9 A;=5.53491x10719, t,=3.20702,
’ A3=1.35695x10"2, t,=18.27061,
1.5x1079 Y0=2.87619x10~10
1.0x1079
5.0x10~101
0.0 T y T T T T T
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Thermal conductivity of electron gas (ke)/Wm~1K~!

Fig.3. Thermalization time for various thermal conductivities.
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Figure 3 shows the effect of the variation of k.
on thermalization time for the four kinds of metals.
According to Fig.3, it is shown that the thermaliza-
tion time decreases with the increase of electron gas
thermal conductivity. From the point of view of the
physics, the increase of the electron gas thermal con-
ductivity makes the rate of energy exchange between
phonon and lattice accelerate and the heat flux prop-
agate more rapidly. So the thermalization time de-
creases. The second-order exponential decay fits well

with the numerical results. The fitting formulation is

_ —ko/t1 —ko/t2
tThermalization = Ale o + A2e o/ + Yo- (20)
-9 -
“ 7.0x10 Ag
} o numerical results
g 1 third order exponential decay fit
: 5.0x107° tihermalization=A16~ /1t Are=C/t2y Age= G/t 4o
;% ] A;=3.3111x10~%, £;=1.0416x 1016
g 0 Ap=7.5513x10"10, ¢,=7.8561x10'°
:ﬁ 3.0x1077 A3=1.2105x10~8, t3=2.0752x 105
E ] y0=1.2365x10~10
[}
& —9
3 1.0x10771
gun S WP
0.0 1 T T T T
0 2x10'7 4x10!7 6x1017
—9 _
o 6.0x10 Cu
) o numerical results
g b third order exponential decay fit
e
g 4.0x10~9 tinermalization=A1e~ /114 AreC 124 A3e=C/ts 1y
3 A1=4.012x10"Y, ¢;=1.1665x10%¢
S 1 A>=1.2617x1078, t,=2.5096x10'®
=3 A3=9.7714%x107%, ¢3=8.0209x 100
g 2.0x 10791 ¥o=1.538x10"10
[}
= i
H
0.0 -

T T

0.0 4.0x107 8.0x 1017

Phonon-electron coupling (G)/Wm3K~?

Figure 4 shows the effect of the variation of G on
the thermalization time for the four kinds of metals.
According to Fig.4, it is shown that the thermaliza-
tion time decreases with the increase of coupling fac-
tor. From the point of view of the physics, the increase
of phonon—electron coupling factor can accelerate the
energy exchange between electron and lattice. As a
result, the thermalization time decreases. The third-
order exponential decay fits well with the numerical

results. The fitting formulation is

tThermalization = AAIG_G/t1 +A28_G/tz —+ A3e_G/t3 _|_y0.

(21)

—9._
7.0%x10 Au .
Ry ] o numerical results
g third order exponential decay fit
. _9 ]
: 5.0x10 tnermalization=A1e~ G 114 Aye=C/t24 Age=GClts fyg
S E A1=7.0301x1071°, ¢;=8.5185x10'6
kS 9 A=2.9067x 107, t,=1.1916x10°
N 3.0X1077q | A4;=1.1852x10~8, t3=2.4082x10'%
E ] y0=1.3839x 10710
& 9
= 1.0x10
0.0
T T T . .
0 2x1017 4x107 6x1017
—9-
- 1.6x10 Pb )
~ ] o numerical results
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3 1.2x1079% )
o tinermalization=A1e~ G 14 AremG/taq Age=Clts 1o
2 1 4 A1=6.6165x10-19, ¢,=4.0223x 101
8 8.0x10-101 A2=2.4984x1071°, 5=5.8784x10'7
%' UX A3=2.2278x10710, £;=8.3758x10!®
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H
T T T T .
0.0 1.0x10'8 2.0x10'8

Phonon-electron coupling (G)/Wm3K~?

Fig.4. Thermalization time for various coupling factors.

Figure 5 shows the effect of the variation of Cr on
the thermalization time for the four kinds of metals.
According to Fig.5, it is shown that the thermalization
time increases linearly with the increase of the ratio
of lattice heat capacity to electron gas heat capacity.
From the point of view of physics, in order to raise
the lattice temperature, more energy transferred from
electron gas is demanded. So the thermalization time
increases. The linear curve fits well with the numerical
results. The fitting formulation is

tThermalization =A + BCR (22)

Figure 6 shows the effect of the variation of 7% on
the thermalization time for the four kinds of metals.
From Fig.6, we see that the thermalization time al-
most keeps constant with the variation of 77. Namely,
Tr has very little effect on the thermalization time. In
physics, for most typical metallic materials, the re-
laxation time of electron gas is of the order of 10714,
but the thermalization time is of the order of 10719,
So the effect of relaxation time 7 on thermalization
time may be very small. The fitting formulation has
the same form as Eq.(22), but A and B are different
and Cf is replaced by 7.
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Fig.5. Thermalization time versus heat capacity ratio.
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Fig.6. Thermalization time versus relaxation time of the electron gas.

5. Conclusion

Based on the hyperbolic two-step heat conduction

model and using the Laplace transform and numerical

inverse transform method (Riemann-sum approxima-

tion method),

the thermal behaviour of thin metal

films heated by a femtosecond pulse laser is studied.

The analytica

1 solution in the Laplace transform do-
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main is obtained. In the physics domain, the numer-
ical results of the temperature profiles of the electron
gas and lattice in space coordinate and time coordi-
nate are given by graphs. The effects of thin metal film
material parameters on thermalization time are dis-
cussed. Four kinds of metals, Ag, Au, Cu and Pb, are
used in numerical calculations. The results show that
the thermalization time decays exponentially with the

increase of phonon—electron coupling factor or electron

gas thermal conductivity, and increases linearly with
the ratio of lattice heat capacity to electron gas heat
capacity, but is not affected by the relaxation time of
the electron gas. For a typical metal material, such
as Au and Cu, the thermalization time is in the order
of hundreds of picosecond. For example, the thermal-
ization times of Ag, Au, Cu and Pb are 900ps, 915ps,
752.5ps and 465.7ps, respectively.

References

[1] Fujimoto J G, Liu J M and Ippen E P 1984 Phys. Rev.
Lett. 53 1837

[2] Elsayed-Ali H E 1991 Phys Rev. B 43 4488

[3] QiuT Q and Tien C L 1993 J. Heat Transfer 115 835

[4] Wang Q J and Zhang Y C 2001 J. Xi’an Jiaotong Uni-
versity 35 732

[5] Tzou DY 1995 J. Heat Transfer 117 8

[6] Tzou DY 1995 Int. J. Heat Mass Transfer 38 3231

[7] Qiu T Q and Tien C L 1994 Int. J. Heat Mass Transfer
37 2789

[8] Al-Nimr M A and Masoud S 1997 J. Heat Transfer 119
188

[9] Al-Nimr M A 1997 Int. J. Thermophysics 18 1257

[10] Al-Nimr M A, Haddad O M and Arpaci V S 1999 Heat
and Mass Transfer 35 459

[11] Al-Nimr M A, Alkam M and Arpaci V S 2002 Heat and
Mass Transfer 38 609

[12] Song Y Q, Wang Q J and Zhang Y C 2002 J. Xi’an Jiao-
tong University 36 768

[13] Song Y Q, Wang Q J and Zhang Y C 2003 Micronano-
electric Technol. 40 15

[14] Al-Nimr M A, Abu-Hijleh B A and Hader M A 2003 Heat
and Mass Transfer 39 201

[15] Honig G and Hirdes U 1984 J. Comput. Appl. Math. 10
113



