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A nonlinear optical cascade-configuration multi-wave mixing (CCMWM) scheme is presented and analysed for

the generation of coherent light in a six-level atomic system in the context of electromagnetically induced transparency

(EIT). A detailed semi-classical study of the propagation of the generated mixing and probe fields is demonstrated.

We show by numerical simulations that EIT is capable of suppressing linear and nonlinear photon absorption. The

analytical dependence of the generated mixing field on the probe field and the respective detuning is also predicted.

Such a nonlinear optical process can be used for generating coherent short-wavelength radiation.
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1. Introduction

Electromagnetically induced transparency (EIT)
is the optical transparency of a three-level medium
at a resonant transition induced by application
of a coherent electromagnetic field at an adjacent
transition.!'=9 The accompanying reduction of the
group velocity of light and large enhancement of the
nonlinearity of the coherent atomic medium at the
few-photon level by many orders of magnitude in the
EIT transparency window!3! has been intensively and
actively investigated in connection with many poten-
tial applications, especially low-intensity nonlinear op-
tics (i.e. it can reach a level of few photons), optical
multi-wave mixing, ultra-slow photon entanglement,
quantum information processing and quantum infor-
mation storage and release.'9! In essence, the trans-
parency may be viewed as resulting from a combi-
nation of the dynamic ac-Stark splitting or Autler—
Townes splitting and the quantum interference be-
tween the two dressed states which are created by the
strong coupling laser field. A few years ago, Schmdit

and co-workers had investigated a nonlinear double-

A scheme without considering the wave-mixing pro-
cess, it turned out that based on electromagnetically
induced transparency the nonlinear susceptibility of
the probe field can greatly increase by many orders
of magnitude.'" Li et al has demonstrated a clear ex-
perimental observation of an enhanced non-degenerate
four-wave mixing (NDFWM) process, making use of
the EIT effect in a three-level A-type system of Rb
atoms with continuous-wave (cw) diode lasers.[?! Later
on, Deng et al proposed an EIT-based double-A sys-
tem with the inclusion of the generated field, and by
means of the time-dependent perturbation treatment
they showed that the possible quantum constructive
and destructive interference between different excita-
tion pathways can result in enhancement and suppres-
sion of the Kerr nonlinearity."2 More recently, Wu
et al analysed a four-wave-mixing (FWM) scheme in
a five-level atomic system and hyper-Raman scatter-
ing (HRS) in resonant coherent media by the use of
EIT, which leads to suppression of both two-photon
and three-photon absorptions in both FWM and HRS
schemes and enables the four-wave mixing to proceed

through real, resonant intermediate states without ab-
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sorption loss.!3:14 In particular, with the advent of
Bose-Einstein condensation in an atomic gas there has
been much interest in studying four-wave mixing with
matter wave both experimentally and theoretically in

the framework of nonlinear atomic optics.[15_24]

In this context, in the present work we present
and analyse an optical multi-wave mixing scheme for
the generation of coherent light in the six-level atomic
system by means of EIT, under the condition that we
apply the weak probe pulsed laser to serve as the first
step of pumping source. This paper is organized as
follows. In section 2, the model is described and the
equations of motion describing the atom-field interac-
tion for the system under consideration are derived. A
detailed semi-classical study of the propagating of the
generated mixing and probe fields is demonstrated. In
section 3, photon absorption rate in the steady-state
case is discussed. The results of numerical simula-
tions show that EIT is capable of suppressing linear
and nonlinear photon absorption. In section 4, the
influences of the probe field and the respective detun-
ing on the generated coherent short-wave mixing field
are examined. We can apply such a nonlinear optical
process to producing the short-wavelength radiation.

Section 5 is a brief summary of our results.
2.Theoretical model and equa-

tions of motion

Let us consider the energy scheme depicted in
Fig.1. In this six-level atomic scheme a weak probe
pulsed laser (pulse length 7) is tuned near the |0) —
|2) resonance. One of the two lower levels is coupled
to the upper level (|]1) — |2)) by a strongly coher-
ent control laser to create an Autler—Townes doublet.
A near-resonant microwave field of frequency ws with
a Rabi frequency 2, couples level |3) into level |4)
through an allowed magnetic transition and other two
signal laser fields are tuned to the transitions |2) — |3)
and |4) — |5), respectively. To avoid significant group
velocity mismatch and for mathematical simplicity,
in the present analysis we will assume that all the
fields involved are continuous-wave single-frequency
laser (cw laser) with the exception of the probe field.

Under

the rotating-wave approximation, the semi-classical

the electro-dipole approximation and

Hamiltonian describing the atom-field interaction for
the system under consideration can be written as in

the Schrodinger’s picture:[2)

5
H =3 Bl |+ h(2pe[2)(0] + hc.)
j=0
+ h(2.€%]2) (1] + h.c.)
+ A(2:€913)(2| + h.c.)
+ h(25¢1%2|4)(3] 4+ h.c.)
+ K(£25¢%|5)(4] + h.c.)
+ h(2ye%=5)(0] + h.c.), (1)

where 0,, = k,, - 7 — wyt corresponds to the positive-
frequency part of the respective optical field, f2,
(n=c, p, 1, 2, 3, m) are one-half Rabi frequen-
cies for the relevant laser-driven transitions, i.e.,
B = DuBp(wp)/(2h), % = DaFe(w)/(2h),
1 = Ds32Ey(wy1)/(2R), 22 = Dy3Es(ws)/(2h), 25 =
D5sE3(ws)/(2R) and 2, = DsoEm(wm)/(2R), with
Dy, denoting the dipole moment element for the tran-
sition between levels |k) and |I), and E](-a) = he; being
the energy of the atomic state |j). For simplicity, in
what follows we will take g = 0 for the ground state
|0) as the energy origin. Turning to the interacting
picture, the Hamiltonian can be rewritten as follows

(assuming h = 1):

Ho =(wp — we)[1)(1] + wp[2)(2]
+ (wp 4+ w1)[3)(3] + (wp + w1 + w2)[4)(4]
+ (wp + w1 + w2 + w3)[5)(5],
Hint =Ac[1)(1] + Ap[2)(2] + A13)(3[ + A2[4){4]
+ A |5)(5] 4 (2,627 |2)(0] 4 2eethem(2)(1]
+ 2167 |3)(2] + 2eiF2T]4)(3)
+ 23¢'377[5)(4] + 2me*T(5)(0] + h.c.), (2)

where A, = d, = €9 — wy, is the single-photon detun-
ing, Ac =6, — 6. =e1— (wp —w) and Ay =6, + 61 =
e3—(wp~wn ) are the corresponding two-photon detun-
ings, as well as Ag = 0, + 61+ 02 = €4 — (wp + w1 +ws),
Az = 6,461 +02+6m = e5 — (wp+wi +wa+ws) are the
three-photon and four-photon detunings, respectively.
d; (j=c, p, 1, 2, m) is the related frequency difference
between the laser field and the two-level transition, as

shown in Fig.1.
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Fig.1. EIT-based six-level atomic diagram under con-

sideration. A cw control field (2. creates a trans-

parency window to suppress the nonlinear absorption

of all orders for the probe and signal fields 2, 1,2,3,

which can be referred to as a multiphoton EIT.[26]

The intensity of this control field (2 is relatively low
in order to significantly reduce the propagation veloc-
ity of the probe wave (2, which may lead to significant
enhancement of nonlinear optical processes and overall

MWM conversion efficiency.[®]

Let us assume the wavefunction of the form

| @) =Aol0) + Arel ko)1)
+ Agelem|2) 4 Agel(kethi)|3)
T A4ei(kp+k1+kz)-r|4> + A5eik“"r|5)7 3)

where A; (j = 0— 5) stand for the probability ampli-
tudes of the atomic states.

Making use of the Schrodinger equation in the in-
teraction picture i0;|¥) = Hint| ¥), the equations of
motion for the probability amplitudes of the atomic

wavefunctions can be readily obtained as

(@ + 1) Ay = — 12} As, (42)
(0 +Y2) Az = — i, A — 2. Ay — if2] A3, (4b)
(B +T3) A = — 121 Ay — 125 As, (4c)
(0 + 1) Ag = — 12245 — 1257 K" A5, (4d)
(8 +75) A5 = — 030" * " Ay — iAo, (40)

where we have introduced the new parameters 4; =
Y1 +iAc, Yo =2 +iAp, Y3 = y3 +141, Y4 = 74 + 149,
Y5 = 75 + 1A, and wavenumber mismatch relation
0k = k, + ki + ky + ks — k, as well as energy rela-
tion wm = wp + w1 +wz +ws, vj (j = 1—5) being the
decay rates of the states |7).

In order to correctly describe the propagation of
the optical pulse, the atomic equations of motion must
be simultaneously solved with Maxwell’s equations for
both the probe and the generated mixing fields in a
self-consistent manner. In the limit of plane waves
and slowly varying amplitude, the positive frequency

parts of these fields satisfy

(8- +1/c8,) B, =dirk, P{P, (5a)
(82 + 1/c8,) By =4imky PG, (5b)

where Ep(PéJr)) and Em(P,Eff)) are the slowly varying
envelopes of the probe and generated mixing field am-
plitudes (polarizations). In order to explore the prop-
agation of the generated mixing field through a res-
onant medium, the polarization of the medium must
be obtained. In the following, using the atomic wave-

function (4), we have

P(r,0) =N(¥|D| &)
=P (wp)e ™ + PV (we)elke
+ P1(+)(w1)eik1-r + P2(+)(w2)eik2-r
+P?E+)(w3)eik3-r +Pr£l+)(wm)eikm-r +he,
(6)

where N and D are the atomic concentration and the
dipole moment operator of the relevant transition, re-
spectively. PT(L+) (wy,) represents the positive frequency
part of the polarization at the corresponding field,
ie. PSP (wp) = NDyp Ay Ay, P (we) = NDyp Ay A,
P (w1) = NDasAsAs, PSP (wy) = NDssAsA3L,
P{) (ws) = NDasAs A% and P57 (wm) = NDos As A
For both the probe pulsed laser field at frequency
wp and the generated coherent MWM fields at fre-
quency wy,, combining Pé+)(wp) = NDgyA2Af and
P (wm) = NDos As A% with £2, = DyoEy(wp)/(2h)
and 2, = DsoE,(wm)/(2R), the slowly varying en-
velope equations for the Rabi frequencies (2, and {2,

are given by

(8. + 1/c8;) 2, =ikog Az A}, (7a)
(8. + 1/c8y) 2 =ikos A5 Aj, (7b)

where we have introduced the notations kg =
2rNwp|Doz|?/(hc) and kos = 2wNwy|Dos|?/(he).
Following the standard procedure described in
Refs.[13,14,26-28], the probe pulsed laser is assumed
to be sufficiently weak that the ratio (£2,/f2.)? is much
less than unity, so that in essence all of the atomic pop-
ulation remains in the ground state |0), i.e. Ay =~ 1.

Again, we consider the control field w. and signal
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fields wq, we and w3 to be continuous single-frequency
laser, but the probe field w;, and the generated mixing
field wy, have a time-dependent beam profile. With
these approximations, we will discuss the following

two cases.
3. Photon absorption rate in

steady-state case

Under the condition that the pulse’s rise time
satisfies adiabatic conditions, the method adopted
in Refs.[26,28] can be applied. Therefore, based
on Egs.(4a)—(4e), the probability amplitudes of the

atomic state are given by

M2 (37475 + 33| 923)% + 5| $2|?)

Ay ~ M AN , (8a)

A - TR (8¢)

As N !2% f;lnin;ewkz’ (8d)
with

M =%1927374 + V37| 2|* + F17a| 21
+ F172| 22| + | 2% 22)?,
N =%17275|92s* + ¥ | 2|?| 25| + 71| 21| 425

In the above discussion we have neglected the
terms including {2, due to the fact that §2,, is negligi-
bly small. Photon absorption rate (PAR), i.e. steady-
state atomic population, P, = |4,|%, n =2 —5. To
show explicitly the EIT-induced suppression of nonlin-

ear photon absorption, we assume that all laser fields
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Fig.2. Schematic plot of photon absorption rate P,
versus pump laser detuning é,. The fixed parameters
used: 6c = 61 = 82 = ém = 0, 8k = 0, 2. = 72,
2p = 1 = 2 = 23 = 0372, v1 = 0.001vs,
3 = 0.272, 74 = 0.172, and 5 = 0.087s.

excluding the weak probe pulsed laser field w;,, are on
resonance with the corresponding atomic transition.
Figure 2 presents the schematic plots of PAR versus
the probe laser detuning &, based on Eqgs.(8a)—(8d). It
turns out that at line centre (i.e. §, = 0) EIT simulta-
neously suppresses single-photon absorption (P; = 0),
two-photon absorption (P, = 0), three-photon absorp-
tion (P; = 0), four-photon absorption (P, = 0) and
five-photon absorption (Ps = 0).

4. Propagation of generated co-

herent short-wavelength mix-
ing field
Performing Fourier transformations
A;(t) 1/oo()(‘t)d j=1—4
i(t) = — aj(w)exp(—wt)dw, j=1-—
T Var L !
and
() = <= [ Wewerp(-iut)d
= w)exp(—iwt)dw,
k Nz k p

k=p, m for both Egs.(4a)—(4e) and (7a),(7b), here we
take 6k = 0k - 2 and straightforwardly obtain the fol-

lowing equations:

AGya; =2 as, (9a)
Aoy =W, + .04 + 25 s, (9b)
Awsas =109 + 25 ay, (9c)
ABgaq =Shaz + 23 a5, (9d)
ADsas =256 %0y + Wy, (9e)

where we have introduced the notations Aw; = w+iv;,
j = 1-5. The above equations (9a)—(9¢) can be solved
in terms of W, and Wy, giving the results

AG 2 s F
DO gy ik LT (10
2= zs+a " Tamsig v (102)
AB D5 s S
= " W,e' """ + —— Wp,. 10b
B ATS+C P T AmS+C (10b)
Likewise,
(0, —iw/c)Wp = ikozag, (11a)
(82 - iw/c)Wm = ik05a5. (11b)

Inserting Egs.(10a), (10b) into Egs.(11a), (11b),
we have
[0, —i(w/c+ f2)|Wp = igoWa,
[0, — i(w/c+ f5 — 6k)| Wy = igsW,,

(12a)
(12b)
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Fig.3. Plots of the generated mixing field Wi, as a function of the pump laser detuning §; (j=1, 2, m), for six different

pump detunings. The fixed parameters used here are é, = 6. =0 (EIT condition), 2. = v, 2p =1 = (25 = 23 = 0.0372,
~v1 = 0.00172, v3 = 0.27y2, y4 = 0.17y2, v5 = 0.087y2, w = 0.15v2,2 = ¢/v2, and kg2 = 100kgs = v2/2.

where we have defined the new parameters

Wm :Wmeitskz,
F Aoy 27 025 023
=koyg—on— = kg —— 1772773
fe el g2 = ko2 AGS LG
S Awq 2,858
ks ———— = kgg ——2 25
Is 05Ac~u5S—I—G’ gs 05 ADsS+G

S =AD ALy A3 Ay — AD3ADg| 2|2

— ADIAD | |? — AD Ay | 2 + | 22|22,
G =0y |12 23)% + ADs| 22|25

— AD1 AT, AD3| 23],
F =AG AD3 Awy Alos — ADy Az 23)?

— AD ADs| 2:)2.
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After some algebra but with no further assump-
tions, for given W;(0,w) and the CCMWM emission
process Wi, (0,w) = 0, the solutions to Eq.(12) are

WP(O,w)g5 olD2

Wh(z,w) =1 1 sin(4z), (13)
where
_ 2 1/2
D:g_l_f2+f5’ A:[<f2 f5> +g295} _
c 2 2

In order to show that the CCMWM scheme is ca-
pable of generating the mixing field at low pump inten-
sities, we choose the Rabi frequencies (2, §2,, f» and
{23 of the probe and other three signal fields well below
the saturation levels and present numerical simula-
tions, as shown in Fig.3. The results show that Wy, is
maximized at (1) §; = 0, d2 = 0 and 4, = 0.146~3, (2)
01 =0, 6, =0 and §3 ~ 0.149vs, (3) 6 =0, 6, =0
and é; ~ 0.150v; under the usual EIT conditions,
demonstrating the enhancement of the CCMWM via
turning two signal fields to resonantly couple the tran-
sitions |2) — |3) — |4) — |5) while tuning the third
signal field to non-resonant transition with approxi-

mate detuning 0.15v,, manifested by the EIT-induced

suppression of the two-photon, three-photon, four-

photon and five-photon absorptions.

5. Conclusions

In summary, in the present work we present and
analyze an optical cascade-configuration multi-wave
mixing scheme for the generation of coherent light in
the six-level atomic system by means of EIT, under
the condition that we apply the weak probe pulsed
laser. A detailed semi-classical study of the propaga-
tion of the generated mixing and probe fields is demon-
strated. We show by numerical simulations that EIT
is capable of suppressing linear and nonlinear photon
absorption. The influences of the probe field and the
respective detuning on the generated mixing field are
discussed. In addition, we show that such a nonlinear
optical process can be used for producing the coherent

short-wavelength radiation.
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