Vol 13 No 10, October 2004
1009-1963/2004/13(10)/1665-04

Chinese Physics

(© 2004 Chin. Phys. Soc.
and IOP Publishing Ltd

Lie algebraic analysis for the nonlinear transport
of intense pulsed beams in electrostatics lenses’

Lii Jian-Qin( 2 g4k)! and Li Jin-Hai(Z=4:¥5)

Institute of Heavy Ion Physics, Peking University, Beijing 100871, China

Received 25 February 2004; revised manuscript received 31 May 2004
y 3 1Y y

The Lie algebraic method is applied to the analysis of the nonlinear transport of an intense pulsed beam in

cylindrically symmetrical electrostatic lenses, and particle orbits in a six-dimensional phase space (z, pz, ¥, Py, T, Pr)

are obtained in the second order approximation. They can also be acquired in the third or higher order approximation if

needed. In the analysis, we divide the electrostatic lenses into several segments. Each segment is considered as a uniform

accelerating field, and each dividing point is treated as a thin lens. The particle distribution in a three-dimensional

ellipsoid is of Gaussian type.
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1. Introduction

The nonlinear transport of particles without ac-
tion by the space charge forces in electrostatic lenses
has been described in Ref.[1]. When the space charge
forces are taken into account, the calculations become
very complicated, especially for the unsymmetrical
pulsed beams, because different particle distributions
have different electrical potentials, and the particle
motions depend on the space charge potentials also.
Therefore, it is needed to obtain self-consistent solu-
tions. This paper describes the use of the Lie algebraic
method to analyse the intense pulsed beam transport
in electrostatic lenses. The Gaussian type of beam
distribution in a three-dimensional ellipsoid is used in
the work.

2.Hamiltonian and Lie map

According to the principle of classical mechanics,
when a charged particle moves in an axial-symmetrical
electrostatic field, the Hamiltonian with time ¢t being

an independent variable is
H; = (m2c* + p2c? —{—p;cQ +p§c2)l/2 +qy, (1)

where, mg and g are the rest mass and the charge of
the particle respectively; p., p, and p, are the par-
ticle momenta respectively in z, y and z directions;

1 is the electrostatic potential, which consists of two

parts: the external potential ¥, and the space charge

potential 15, and expressed as follows:
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where I is the average current of the pulsed beams;
Ty is the pulse period; X, Y and Z are the three
dimensions of beam pulses; ¢ is the axial potential
distribution of the external field.

Now, introducing a new variable p;
Pt = _Ht(m:pm;y;py:z:pz): (4)
and solving p, from Eq.(4), one obtains

D> = _K(tamapmayapy7z7pz)7 (5)
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where

K = —p, = —[(p:+q¥)?/ —p% —p2 —m3c]'/2. (6)

Equation (6) is the Hamiltonian with z being an inde-
pendent variable and (z, p., y, py, t, p:) being canon-
ical variables. We perform the following canonical

transformation:

T =X, Pz =Pz Y=Y, Py = Py;

T:t_z/UO: P-r:Pt—P?: (7)
where vy is the velocity of the reference particle, p{ is
the value of p; for the reference particle. We can see
from Eq.(7) that the coordinates of reference particle

in the phase space £ = (¢,ps,Y, Py, T,pr) are always

zero, i.e. the reference particle is always at a fixed

point. Taking the value of p; for the reference parti-

cle, one obtains

p?- = _Ht|reference orbit = —mo’)’062 — g%, (8)

where v =[1 — (vo/c)2]71/2.
The new Hamiltonian corresponding to the

canonical transformation (7) is

H=- [(p‘r + Q(¢e - ¢s) - 'rnO"YOC2)2/C2
—p2 — p; — (mc)’]'/?

— (pr — moAoc?) Jvo. (9)

Expanding the Hamiltonian into power series about

the reference orbit, we have
(10)

where
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3.Lie map
The Lie map associated with the function H is[?
M = exp[— : /ZfHdz :] =---MsM3;M,, (14)
where

M2 = exp(: f2 :)5
M3 =exp(: f31),

My=exp(: fa1:)..., (15)

and

2f 2f
fo = _/ Hodz, f3 = —/ hitdz, ...,  (16)

hi®*(z) = My H,,. (17)

Applying the Lie map M onto the canonical vari-
able £, and denoting the approximation order with the

subscript ‘', we have

first order

&1 = exp(: f2:)§,
52 =: f3: £1a

second order ...

(18)

stands for the

Poisson bracket operation. For example, for two arbi-

In the above equations, the symbol : :

trary functions f and g, :f: g means [f, g]. The power
of :f: is defined as the repetition operation of Poisson

bracket. For example, :f:? means

L f 2 g=11,1f,4].

The zero power of :f: is referred to as an identical

operation:

flg=g.
4. First order approximation

As mentioned in the above introduction, in the
analysis, the electrostatic lens is divided into several
small segments. Each segment is considered as a uni-

form accelerating field, and each dividing point as a
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thin focusing (defocusing) lens. Applying the Lie map
onto the small uniform accelerating fields and the di-
viding points step by step, we can obtain nonlinear

particle orbits. The details are shown as follows.

4.1. In the open interval (z;, 2;;1)

In the interval (z;, z;41), i = 1,2,...n, let [; =
Zi+1 — 2, and ‘¢ + 17 be the final value of the ith in-
terval, ‘¢’ the initial value, ‘0’ the value related to the
reference particle. The electrical field is approximately

uniform, i.e. ¢” ~0. By using the first expressions of
Eq.(15) , Eq.(16) and Eq.(18) one obtains

- - cosh(kglie) sinh(kslic) 0 0 0 0 -
z1 Poiks x
D1 poike sinh(kzle) cosh(kzlic) 0 . 0 0 0 Pa
sinh(kyl;e)
Y1 0 0 cosh (kyl;e) —_— 0 0 1
= Poiky ,
Py1 0 0 poiky sinh(kylie) cosh(kylie) 0 0 Py
m 0 0 0 0 cosh(k;le) % T
| Pr1 | sk | p1 |
| 0 0 0 0 sk; sinh(k.l;e) cosh(kzle) ]
(19)
where average over the accelerating segment [;),
2
2 _ 2Qu, n; = Viy1/Vi. (20)
* poivoi’ .
V; and V;; are the energy gauged potentials at z; and
k2 = 2Qu v z;+1 respectively, vg; the voltage of reference particle
Yy o
Poivoi at z;. In Eq.(19), if we expand each matrix element
12 2Qu, 12 +m; +1 into power series, the first terms of each series will be
z PoiV0s 3n; ’ the matrix elements without space charge forces.
5 = Poive e, 4.2. At the dividing point z;
o Each dividing point z; (¢ =1,...,n) is considered
lie = ﬁ, (l;c is an equivalent length to the seg- as a thin lens. The first order orbits and the values at
i

ment length I;),
¢ arcsin(vg;n?/c) — arcsin(vo;/c)

Yoi = U_Oi TI? ] , (F0i is an
_ - 1 0
71 _poi(min? , —2n7 , +1)
Da1 4lin? 4
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0 0
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0 0

where pg; is the momentum of the reference particle

at z;.

5.Second order approximation

z; are denoted respectively with the subscript ‘1’ and

the subscript ‘4’. Having performed some calculations,

we obtain
0 0 0 O _ _
X
0 0 0 O
Dz
1 00 0 y
21)
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5.1. In the interval (z;, z;y1)

Denoting the second order terms of the orbit with

the subscript ‘2’ and using the second expressions of
Eaqs.(15), (16) and (18), we have
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Due to the space limitation in this paper, the second

terms of pa2, Y2, Py2, T2, and p,o are not shown here.
5.2. At the dividing point z;

The second terms of the orbit at the dividing
point z; are
ming_y — 207, +1
Alivoiy§;m; 4
nini_y —2n7_, +1
ALivoyim;
T2 =0, pr2=Yo, (23)

T3 =0, pg = zp; ;

Y2 =0, py2 =ypr ;
where ~p; is the value of v at z;.

6. Discussion

It is a complicated procedure to calculate the non-
linear effect resulting from the space charge, for sev-

eral reasons as indicated below. (1) The space charge

potentials are related to the particle trajectory states,
and the particle trajectories depend on the poten-
tials of space charge and the external electromagnetic
fields. In order to obtain self-consistent solutions, it-
(2) Different parti-

cle distributions have different electrical potentials.

erative calculations are needed.

Therefore, one cannot calculate particle trajectories
for different particle distributions with one set of for-
mulae. (3) In order to simulate the particle trajecto-
ries accurately, it is necessary to separate the lenses
into small segments, and apply the obtained formulae

to the intervals and dividing points step by step.

In our analysis, a 6D phase space (z, pz, Y, Py, T,
pr) is used. In the practical calculations, however, one
prefers to use the phase space (z, =, y, v/, At, AE).
The transformation from the former to the latter can

be performed by using the definition (7).
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