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In this article, using only single qubit operation and a CNOT gate, we propose a scheme for creating arbitrary

n-particle d-dimensional superposition states including entangled states and give the relevant circuits for realizing this

scheme.
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1. Introduction

No one can deny the fact that all kinds of states
play an important role in the quantum realm. State
preparation is such a prerequisite procedure for study-
ing fundamental aspects of quantum computation,?!
quantum information,®4 quantum lithography,!5-¢!
etc., that it has been widely studied. References [7]
and [8] presented schemes for preparation of entan-
gled states in ion traps. References [9] and [10] in-
troduced methods to prepare remote states. A strat-
egy for optically created entangled squeezed vacuum
Reference [12] il-
luminates how to produce a two-mode field entan-
Reference [13]

demonstrated how to generate an arbitrary quan-

states was proposed in Ref.[11].
gled states via Raman interaction.

tum state via atom feedback. From the above, we
see that much attention is focused on the prepara-
tion of entangled states while few papers are con-
cerned with the generation of an arbitrary n-particle
d-dimensional superposition states which are used in
quantum computation and quantum information. In
this paper, we give an explicit strategy to generate
such states. On the other hand, quantum circuits
have been recognized as a necessary infrastructure

to support secure quantum communication, quantum

cryptography, and precise measurement; ' they also
have been studied in quantum teleportation,'% quan-

[16] concentrated entanglement,!'” quan-

tum coding,
tum algorithm,[*® etc. In this paper, we also give the

circuit for realizing this strategy.

We know that the state evolution of a closed quan-
tum system is denoted by a unitary operation U which
can be realized by single qubit operations and control-
not (CNOT) operations.["'8] Therefore, it is reason-
able to perform a transformation of states with sin-
gle qubit operation and CNOT gates. In this paper,
we introduce a practicable scheme for the preparation
of an arbitrary n-particle d-dimensional superposition
states including entangled states, from relevant classi-
cal states by using single qubit operations and CNOT

gates only, and present their relevant circuits.

2.The number needed of two-
level unitary operations to pre-
pare n-particle d-dimensional
superposition states

Firstly, we show that the required number of two-

level unitary gates to prepare n-particle d-dimensional
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superposition states from n-particle classical states is
d — 1. Two-level unitary matrices are defined to act
non-trivially only on two-or-fewer vector components,
therefore they have the form in which all the diagonal
entries are 1 except for the ¢th and jth ones; mean-
while all the nondiagonal entries are 0 except for the
7th element in the ith row and the ith element in the
jth row. Suppose that we want to prepare an arbi-
trary n-particle 2-dimensional state | ¥) which can be
written in an n X 1 matrix with only the 7th and jth

entries not 0, say, a and b respectively. Then let
|¥) = a| ¥1) + 0] V), (1)

where |¥;) and |W¥;) are m-particle classical states
whose nonzero elements are the ¢th and jth elements
respectively. There exists an n-particle two-level uni-

tary matrix U:

(.., 0 0o o o |
0 a 0 c 0
U=| 0 0 ;1 0 0 (2
o b 0 d o0
| 000 0 0 L

where a, b, ¢ and d are some certain complex numbers
to make U unitary. As a result, its non-trivial 2 x 2

submatrix u:

y— a c (3)

is a unitary matrix too, which is regarded as a ‘single
qubit operator’ on a single qubit. The actions of U on

| ¥1), | ¥s) are as follows:

Ul¥1) = a|¥1) + b| ¥2), (4)

U| W) = c| W) + d| &), (5)

from the above, we see that a two-level unitary opera-
tion U changes an n-particle classical state into an n-
particle 2-dimensional superposition state. If we want
an n-particle d-dimensional superposition state from
an n-particle classical state, how many two-level uni-
tary operations U are required? Figure 1 shows the

total number needed of two-level unitary operations

U.
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Fig.1. A graph to show the needed number of two-

level unitary operations.

In this figure, each crossing point stands for a two-
level operation, whereas each line stretching out of ev-
ery such point presents an n-particle classical state. It
can be seen that after some two-level unitary opera-
tions have acted on the initial state, the output state
is an s-dimensional state. Then if we apply again an
appropriate two-level unitary operations to one of the
s n-particle-classical-state components, we can obtain
an n-particle (s + 1)-dimensional superposition state.
So by repeating this procedure, we can generate an n-
particle d-dimensional superposition state by applying
d — 1 proper different two-level unitary operations to
the m-particle classical state. For example, the state

to be prepared is
| ¥) = a|00) + b|10) + ¢|01) + d|11). (6)

Using three two-level unitary operations, namely Uy,

U,, Us, with the following action:

U,|00) = a|00) + d'|11), (7)
Uy|11) = ']10) + d |11), (8)
Us|10) = b"|10) + ¢'|01), (9)

where the coefficients o',b"”,c',d',d”’ must satisfy:
Vo'd = b, bcd = ¢, dd’" = d. We obtain |¥) in
Eq.(6) as expected.

3. The decomposition of a two-

level unitary matrix

After showing that d — 1 two-level unitary op-

erations are enough for preparation of the n-particle
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d-dimensional superposition states, we discuss the de-
composition of a two-level unitary matrix into a single
qubit operation and CNOT gates.

As we know that U nontrivially acts on an n-
particle state, say |?), and the output state is the
n-particle 2-dimensional state which can be regarded
as a superposition of two classical states: |s) and |t)
where s = s1---8, and t = t;---t, are the binary
expansions for s and t. For simplicity, we take the
initial state to be |s) or |t), then U has the same form
as that in Eq.(2). We discuss the decomposition of U
in the following two cases.

Case 1 In the computational basis, |s) and |t)
only differ in one qubit. In this case, we only need to
perform a ‘single qubit operation’ w just on this qubit
and obtain the target state |¥), but no CNOT gate is

needed. A simple instance is

U]000000) =1]000) ® u|0) ® I|00)
=a|000000) + 5/000100).  (10)

Case 2 When |s) and |t) differ in two or larger
than two qubits, say m qubits. Let g; through g,,
be the location where |s) and |t) are different. Here
m < n — 2 is satisfied. If we select the state with g;
qubit being ‘0’ to be the initial state and perform a
u operation on g; qubit and obtain an n-particle 2-
dimensional state. Then we perform NOT operations
on gy through g,,, qubits, which are conditional on the
g1 qubit being in the state |1), and obtain the ideal
final state a|s) + b|t). In this case, one single qubit
operation and m — 1 CNOT gates are needed.

A simple example illuminates the procedure fur-
ther. Suppose we wish to prepare a state als) + b|t)
with |s) = |00101101001), |¢) = |01110100101). The
state |s) is chosen to be the initial state, the two-level

unitary operation U acts on it and gives:

U]00101101001) = |00101101001) + 5/01110100101).

(1)
To implement U, the first step is to apply a single
Next
we apply one CNOT gate on every one of the fourth,

qubit operation u to the second qubit of |s).

fifth, eighth and ninth qubits; each is conditional on
the second qubit being |1) and has the target state
als) + b|t) as a result.

But what we plan to prepare is not a 2-
dimensional state. How many operations needed
to prepare an n-particle d-dimensional superposition
state? Note that there are more than two compo-

nents in the superposition state now, so in order to

protect the single qubit operation and CNOT gates
from being disturbed by other components, we should
change the single qubit operation into control-u (C-u)
operation which is conditional on other qubits being
correspondingly valued; meanwhile we condition some
of the CNOT gates, which were conditional only on
one qubit earlier, on all the other n — 2 qubits being
correspondingly valued. For instance, if we hope to
change a|001) + 5|101) into a|001) + b|111), then we
will carry out a CNOT operation on the second qubit
which is conditional only on the first qubit being val-
ued; but if we want to change a|001) + 5/101) + ¢|110)
into a]|001)+5|111)+¢|110), a CNOT operation on the
second qubit must be conditioned on the first qubit
being |1) and the third being |1) too, in order that
the CNOT operation acts not on |110) but on |101).
Therefore, a two-level unitary operation can be re-
placed by a C-u operation and m — 1 CNOT gates
which are conditional on a certain number of qubits.
Each of these controlled operations can be realized us-
ing O(n) single qubit and CNOT gates; meanwhile the
C-u operation also requires O(n) gates. Thus in or-
der to implement a two-level unitary operation U on
an n-particle multiple dimensional state, O(n?) single
qubits and CNOT gates are required.['8] Combining
this result with the previous discussion, we see that
the number (d — 1) x O(n?) of single qubit opera-
tions and CNOT gates, which is much smaller than
O(n? x d?) implied in Ref.[18], is sufficient to prepare
an n-particle d-dimensional superposition state from
Our method is differ-

ent from the one shown in Ref.[19] where rotation are

an n-particle classical state.

used.

4. The scheme and its circuit re-

alization

Now, we illustrate the scheme more explicitly.

Suppose we want to prepare an arbitrary state, say

| @) = a| Us) +b| o) +c| P10) +d| ¥11) +e| ¥s) + f| ¥7);
(12)
each component in |¥) is denoted by a radiation

Then five

two-level unitary operators are enough. Firstly we

from the corresponding point in Fig.1.

select one of these components as the initial state,
say |Ws). Then we apply a two-level unitary op-
erator U; to it so that a'|Wg) + b'|¥3) is obtained.
Next we apply two two-level unitary operators Us

and Us to | ¥s) and |¥3) respectively, and we obtain
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a"|Wg) + €| Ws) + €| W) + f'|¥s). After Uy and Us
have been applied to |¥g) and | ¥s) respectively, we
obtain a| ¥s) +b| ¥g) +c| ¥10) + d| U11) + €| Us) + f| ¥3).
If we appropriately select U; so as to let Up|¥g) =
a'|Ug) + b'| U7), as a result |¥) is prepared.

We show two examples here. One is to generate

the 3-particle entangled Greenberger—Horne—Zeilinger

1
GHZ) state: —(|000) + [111)).
(GHZ) ﬁ(| )+ [111))
2, we choose |000) as the initial state and perform a
u operation on the first qubit followed by two CNOT

gates on the second and third qubits respectively, con-

According to Case

ditionally on the first qubit being |1), and complete
the preparation. The procedure can be expressed with
a circuit shown in Fig.2.

(«]

N

VI
L/
Fig.2. A circuit to prepare GHZ state.

The second example is to create an arbitrary n-
particle d-dimensional superposition state. Without
losing generality, suppose we wish to prepare a 3-
particle 6-dimensional state: a|000)+b|100)+¢|110) +
d|111) + €]011) + £|010).

We use the circuit in Fig.3 to demonstrate our
general procedure to generate a superposition state

using single qubit operations and CNOT gates only.

il

EI
u2

L1

[us ] us

Fig.3. A circuit to prepare a|000) + b|100) + ¢|110) +
d|111) + €|011) + f|010) state.

We see that u; changes |000) into a|000) + 5'|100)
which becomes a|000)+5|100)+c|110) after the action

of ug. The state after operation uz is a|000) +b|100) +
¢|110) + d’|111). After having performed u4 on this
state, we have a|000)+b/100)+¢|110)+d|111)+¢’|011).
Finally, after the action of us we obtain the state
a|000) + b|100) 4 ¢|110) +d|111) +€]011) + £|010) just
as the state desired! It is worth noting that C-u and
CNOT operations can be decomposed into individual
qubit operations and CNOT gates, so we can regard
the above circuit to consist of individual qubit oper-
ations and CNOT gates only. Furthermore, we can
simplify the circuit by using some identical transfor-
mation, and the total number of the individual qubit
operations and CNOT gates decreases greatly. In this
way the circuit in Fig.3 is simplified into that in Fig.4.

It is clear that only 3 single qubit operations and
two CNOT gates are needed!

] o Py
U1 |- Ay
D
u2 | o

[ug

Fig.4. The simplified form of the circuit in Fig.3.

5. Conclusion

As a conclusion, in this paper, we have proposed
a different practicable strategy from that demon-
strated in Refs.[15] and [19] to prepare an n-particle d-
dimensional superposition state by using single qubit
operations and CNOT gates. Our results show that
less than (d — 1) x O(n?) single qubit operations and
CNOT gates are sufficient to prepare an n-particle
d-dimensional superposition state from an n-particle
classical state. The number of the total single qubit
operations and CNOT gates needed in our protocol is
much smaller than that in Ref.[18]. As a consequence,
we can save systematic resources greatly and diminish
noises generated in information processes which are
of great use to quantum computation and quantum

information.
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