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In this paper, we study the Lie symmetrical non-Noether conserved quantity of a holonomic Hamiltonian system

under the general infinitesimal transformations of groups. Firstly, we establish the determining equations of Lie sym-

metry of the system. Secondly, the Lie symmetrical non-Noether conserved quantity of the system is deduced. Finally,

an example is given to illustrate the application of the result.
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1. Introduction

Conservation laws play an important role in the-
oretical physics and analytical mechanics. To study
the conserved quantity of a mechanical system by
using the symmetry theory is a recent development
direction in mathematical physics. The symmetry
theory mainly covers Noether symmetry, Lie symme-
try, and Mei symmetry (or Mei’s form invariance).
Noether symmetry is an invariance of the Hamilto-
nian’s action under the infinitesimal transformations
of groups.l!l Lie symmetry is an invariance of differen-
tial equations under the infinitesimal transformations
of groups.?l Mei symmetry means that the form of
the equations of motion remains invariant under the
infinitesimal transformations of groups.[>4 In 1979,
Lutzky applied Lie’s theory to the differential equa-
tions of motion for a mechanical system, and studied
Lie symmetry and conserved quantity of a mechan-
ical system.[?l In the last 20 years, the study about
the theory of Lie symmetry has acquired a series of
important results.®~1® Traditionally, finding a con-
served quantity by using Lie symmetry has utilized
the Noether identity. In 1992, a direct method of find-
ing conserved quantity by using Lie symmetry was
given by Hojman.2%! This direct method has been
generalized by Gonzélez-Gascén?! and Lutzky.[22:23]
Although Pillay and Leach?* demonstrated that the

invariant derived using Hojman’s conservation law is

http://www.iop.org/journals/cp

trivial for all Noether symmetries, it may be meaning-
ful using this direct method to find non-Noether con-
served quantity of a mechanical system. In Refs.[25]
and [26], Mei used this direct method to study the
non-Noether conserved quantities for the differential
equations of motion in phase space and also for the
generalized Hamiltonian system. The non-Noether
conserved quantities of some mechanical systems were
studied by using this direct method in Refs.[27-29].
The direct method of finding the conserved quan-
tity presented above is all utilized only under the spe-
cial infinitesimal transformations of groups in which
the time variable is not subject to variation. In this
paper, we study the Lie symmetrical non-Noether
conserved quantity for a holonomic Hamiltonian sys-
tem under the general infinitesimal transformations
of groups. Firstly, we establish the determining equa-
tions of Lie symmetry for a holonomic Hamiltonian
system. Secondly, Lie symmetrical non-Noether con-
served quantity is deduced. Finally, an example is

given to illustrate the application of the result.
2.Lie symmetrical determining
equation

The differential equations of motion for the holo-

nomic Hamiltonian system can be written as

_8H . 8H
_aps7 pS_ aqsﬂ

(s=1,...,n), (1)

qs
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where H is the Hamiltonian.

Equation (1) can be expressed as follows:

qs = gs(taqk:pk)a

Ps = hs(t, qr,pr), (s,k=1,...,n). (2)

Introducing the general infinitesimal transformations

t* =t + At,
q:(t*) = qs(t) + Aqs:
p3(t") = ps(t) + Aps, (3)

yields the following expanding forms:

t* =t+ Eé‘o(t7 qap)7
q; (t") = qs(t) + €&s(t, q, p),
Py (t") = ps(t) +ens(t, q, p), (4)

where ¢ is an infinitesimal parameter, &y, & and 7,
are the generators of infinitesimal transformations.
From the theory of invariance of the differential
equations under the infinitesimal transformations, the
invariance of Eq.(2) under the infinitesimal transfor-

mations (4) leads to the following determining equa-

tions:
ags dfo _ ags 695 ags
dt 50 + gk apk: ’
ans d&) _ h Oh,
T 50 4+ fk + T G
(s:k:]-;---: )a (5)
where B 5 5 5
d
— = — s— + hg—. 6
dt ot ty dq, + Ip, (6)

If the generators &gy, £€s and 7, of infinitesimal trans-
formations (4) satisfy the determining equation (5),
then the corresponding transformations are called Lie
symmetrical transformations of the holonomic Hamil-

tonian system (1).
3.Lie symmetrical non-Noether

conserved quantity

The direct method of finding the conserved quan-
tity by using Lie symmetry under the general infinites-
imal transformations is described as follows.

Theorem For the holonomic Hamiltonian sys-
tem (1), if the generators &y, & and 75 of the in-
finitesimal transformations (4) satisfy the determining
equation (5), then the system has the Lie symmetrical

non-Noether conserved quantities as follows:

— % 86 E] 37}s afo

I
ot dqs  Ops dt

= const. )

Proof We have

dI d3§0 23£s+gans__<d£o> (8)
dt  dt 8t ' dtdq, dtop, dt\ dt )’
Ao _ 9dg 06 dg 9 O

dt 8t Ot dt Oqp 6t Op Ot
dog, 8 de, 0L Ogr  OE, Ohy
dtdq, g, dt gk Oqs  Opx Oq.’
don, _ 0 dun _ On.0ge OO o
dtdp, Ops dt  Oqr Op,  Opi Ops

Substituting Eq.(9) into Eq.(8) and using Eq.(5), we
obtain
dI _ 0 0% _ 06 0gr _ 96 Ohi _ d (dé
dt 9t ot g, Ot  Op, Ot  dt\ dt

6 dfO ags
- ( & )

8293 o2 9s
+ &k 8q58q + Mg

3‘153Pk

7 (e o)
Ops

8%h 82h5

£ . 1
& Op,Oq, - OpsOpi; (10)

From Egs.(1) and (2), we know

09s . _ahs
9q, B 3173.

Substituting Eq.(11) into Eq.(10), we can obtain

(11)

dr

5 =0 (12)

4. Illustrated example

The Lagrangian of the mechanical system is
1, . .
L=3(i+ &) - o (13)
Now we study the Lie symmetrical non-Noether con-

served quantity. One has

oL oL
b1 = a1 q1, P2 = 96 q2;
) ; 1
H=pig1 +p2¢g2— L= 5(1’%*‘1’%)‘*"12- (14)
From Eqgs.(2) and (1) we can obtain
. OH
9 =q= 3p1 =P1;
iy OH
92 = Q42 = 8p2 = P2;
OH
h = ) = —-— == O
1 D1 6q1 )
OH
hy = po = — o = —1. 15
2 = D2 94 (15)
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The determining equation (5) gives

A& d& 0 d&  d&
dt b1 dt,_nh, ar  Prgp T
dm _ o dme  d&

T Tl TR (16)

Equation (16) has the following solutions:

From Eq.(7) we obtain the following conserved quan-
tity:
I = p; = const. (18)

The conserved quantity (18) is a non-Noether con-
served quantity. In terms of Noether’s inverse
theorem,[193% and because of Noether symmetry, the
infinitesimal generators corresponding to conserved

quantity (18) are as follows:

50:07
771:0:

é‘l = 11 52 = Oa
72 = 0. (19)

50 = t7
& =q1 +piq1 + pipa,
1
& =qa — §t21
m=0, mn=—t (17)
References

[1] Noether A E 1918 Math. Phys. KI, II 235

[2] Lutzky M 1979 J. Phys A: Math Gen. 12 973

[3] Mei F X 2000 J. Beijing Inst. Technol. 9 120

[4] Mei F X 2001 Chin. Phys. 10 177

[5] Prince G E and Elizer C J 1981 J. Phys. A: Math. Gen.
14 587

[6] Thompson G 1986 J. Phys. A: Math. Gen. 19 105

[7] Lakshmann M and Sahadevan R 1991 J. Math. Phys. 32
35

[8] Zhao Y Y 1994 Acat. Mech. Sin. 26 380 (in Chinese)

[9] Mei F X, Wu R H and Zhang Y F 1998 Acta Mech. Sin.
30 468 (in Chinese)

[10] Mei F X 1999 Applications of Lie Groups and Lie Alge-
bras to Constrained Mechanical Systems (Beijing: Science
Press) (in Chinese)

[11] Fang J H and Zhao S Q 2001 Acta Phys. Sin. 50 390 (in
Chinese)

[12] Luo S K 2002 Chin. Phys. Lett. 19 449

[13] Luo S K, Chen X W and Guo Y X 2002 Chin. Phys. 11
429

[14] Fang J H 2002 Chin. Phys. 11 313

[15] Zhang H B 2002 Chin. Phys. 11 765

[16] Fang J H 2003 Commun. Theor. Phys. 40 269

[17] Fu J L, Chen L Q, Bai J H and Yang X D 2003 Chin.
Phys. 12 695

[18] Fang J H, Chen P S, Zhang J and Li H 2003 Acta Phys.
Sin. 52 2945 (in Chinese)

[19] Chen X W and Li Y M 2003 Chin. Phys. 12 1349

[20] Hojman S A 1992 J. Phys. A: Math. Gen. 25 1291

[21] Gondlez-Gascén F 1994 J. Phys. A: Math. Gen. 27 L59

[22] Lutzky M 1995 J. Phys. A: Math. Gen. 28 L637

[23] Lutzky M 1999 Int. J. Nonlinear Math. 34 387

[24] Pillay T and Leach P G L 1996 J. Phys. A: Math. Gen.
29 6999

[25] Mei F X 2002 Chin. Sci. Bull. 47 1544 (in Chinese)

[26] Mei F X 2003 Acta Phys. Sin. 52 1048 (in Chinese)

[27] Luo S K 2003 Commun. Theor. Phys. 40 265

[28] Luo S K, JiaL Q and Cai J L 2003 Chin. Phys. 12 841

[29] Zhang Y 2003 Acta Phys. Sin. 52 1832 (in Chinese)

[30] Li Z P 1993 Classical and Quantal Dynamics of Con-
strained Systems and Their Symmetrical Properties (Bei-

jing: Polytechnic University Press) (in Chinese)



