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According to the theory of the invariance of ordinary differential equations under the infinitesimal transformations

of group, the relations between Lie symmetries and invariants of the mechanical system with a singular Lagrangian are

investigated in phase space. New dynamical equations of the system are given in canonical form and the determining

equations of Lie symmetry transformations are derived. The proposition about the Lie symmetries and invariants are

presented. An example is given to illustrate the application of the result in this paper.

Keywords: analytical mechanics, constrained Hamilton system, Lie symmetry, invariant

PACC: 0320

1. Introduction

A dynamical system with a singular Lagrangian
is subject to some constraints in phase space and
is called a constrained Hamiltonian system (or con-
strained canonical system). The theories of con-
strained Hamiltonian systems play an important role
in modern physics. For example, it is widely ap-
plied to gauge field theories (quantum electrodynam-
ics, quantum flavourdynamics, quantum chromody-
namics, supergravity, superstring), particle physics,
condensed matter and some other research areas. On
the other hand, symmetry is now a fundamental con-
cept in modern physics. As is well known, the dis-
cussion of symmetry properties of a system is usually
based on the examination of the Lagrangian in con-
figuration space. In quantum theory, however, the
phase-space path integral is more fundamental than
the configuration-space path integral. Therefore, the
investigation of symmetry properties of a system in
phase space has a basic sense in quantum theories,

which can be applied to more general cases.

The first systematic study of a dynamical system
with a singular Lagrangian (including field theories)
was by Dirac.[!] The canonical formalism for the sys-
tem is characterized in the presence of certain con-

straints among the canonical variables. The relations

between constraints and invariance were clarified by
Bergmann and co-workers.[?l Shanmugadhasan anal-
ysed the influence of singularity on the Lagrange equa-
tions and formulated the corresponding Hamiltonian
formalism.®! Kamimura established the interrelation
between Lagrangian and Hamiltonian constraints.!]
Li has investigated the Noether symmetries of canoni-
cal Hamiltonian systems.!5] However, the relations be-
tween Lie symmetries and invariants have not been

discussed in detail yet.

This paper discusses the relations between Lie
symmetries and invariants of the classic singular con-
strained Hamiltonian systems. The results can be ex-
tended and applied to quantal systems. In section
2, the concept of constrained Hamiltonian system is
described briefly, and the canonical equations of the
system are derived. In section 3, the invariance of the
dynamical equations under the infinitesimal group of
transformations is discussed. The determining equa-
tions of Lie symmetry are derived according to the
invariance criterion for ordinary differential equations
under infinitesimal transformations in this section.
The proposition about symmetries and invariants of
the systems in phase space is presented in section 4.
According to the proposition, if the generators which

satisfy the determining equations of Lie symmetry are
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found, the conserved quantities corresponding to Lie
symmetries can be obtained. Finally, an example is

provided to illustrate the application of the result.
2.Dynamical equations of con-

strained Hamilton systems

Consider a mechanical system with n degrees of
freedom whose Lagrangian L(q,,qs) does not depend
on time explicitly. The Euler-Lagrange equations are

written as follows:

d 9L OL
Rl =1,...,n). 1
dt dg.  dq, (s=1,...,m) M)
The canonical momenta are defined by
oL
P = 5 (s=1,...,n), (2)
qs

and the canonical Hamiltonian of the system is written
in the form (the repeated subscripts denote summa-
tion)

H =p,q. — L(q,,4s) = H(q,,P,), 3)
which can be formed by eliminating the generalized
velocities from Eq.(2).

The Hessian matrix is defined by

)= [ ] (@)

94:04q;

If the Hessian matrix is nondegenerate, i.e.
det|H;;| # 0, the Lagrangian is said to be regular.
When det| H;; |= 0, the Lagrangian is called singular.

For a system with a singular Lagrangian, it is im-
possible to solve Eq.(2) for all the generalized veloci-
ties ¢s. Assuming the rank of the Hessian matrix [H;;]
is r(r < m), we can solve Eq.(2) for the r generalized
velocities ¢, as a function of the generalized coordi-
nates, the r canonical momenta and the remaining

n — r generalized velocities ¢,

rip=r+l,...,n).

()

qtr = fU(qsapa5QP) (0’,(1 = 1525 ey

Substituting Eq.(5) into Eq.(2) we obtain

Ps =9s (qk7 o, Qp)
:gs[qk;fa(qk;pa;Qp):qp] = gs(qkapaaqp)' (6)
It is clear that for s = 1,2, ..., r, Eq.(6) are reduced to
identities. On the other hand, for s =p=r+1,... n,

we have
Py = 904, Pa) )
or

¢p(qsaps):pp_gp(qs:pa)zo (p:1,2,...,n—r),

(8)

where ¢,(q,,p,) does not depend on the generalized
velocities ¢;. Equation (8) represents m = n — r
constraints following the definitions of the canonical
momenta p, and the singularity of the Lagrangian.
Hence, a system with a singular Lagrangian described
in phase space has some inherent constraints, and is
called a constrained Hamiltonian system.

From Eq.(2) we have

oL
_ = o, 9
Po~ 3, 9)

Comparing Eq.(8) with (9) we can obtain

oL

¢p(qsips):pp_a_0 (p:T—I_]'Jin) (]‘O)
P

The variation of the canonical Hamiltonian (3) is

given by
0H =p,dqs + 4s6p, — g—i5qs - g—(iéq's
=q,0p, — g—ifiqs
z%m+%m. (11)

From Egs.(11) and (2), we obtain

. o0H . o0H
(qs — g)éps - <ps + %) 5qs =0. (12)

s s

Since there are some inherent constraints among
canonical variables for a constrained Hamiltonian sys-
tem, canonical variables ¢, and p, are not indepen-
dent, and we have

o¢

¢
p _rr =
. dq, + ) op, = 0. (13)

¢, = ap

Introducing Lagrangian constraint multipliers A,
from Eqgs.(12) and (13) the canonical equations of mo-
tion for a constrained Hamiltonian system can be ob-

tained as follows:

OH
qgs = — + As:
op
; OH +4, (s=1 +1 )
s = — s s=1,...,n5p=r ey T),
p aq. P
(14)
Io} ~ Io}
where A, = )\pa;ﬁp and A, = —)\pﬂ. Equations
Ps s

(14) can be written in the explicit form

‘1.9 = hs(qk:pk):
Ps = 95y Px)

(15)

(s=1,...,n).
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Canonical variables g, and p, can be solved from
Egs.(14) and the constraint equations (10).[6:7]

3.Lie symmetry and its deter-

mining equations

Introduce infinitesimal transformations as
follows:[8—10]
t* =1+ At,
q::qs—{—Aqs, (s:l,...,n). (16)
Py =ps + Ap,,

Their expanding forms arel11:12]

t* = t+€£0(t:q:p)a
q; = q, +e&s(t,q,p),
Py =p, +ens(t,q,p),

(s=1,...,n), (17)

where ¢ is a small parameter, and &g, £; and 7, are gen-
erators of the infinitesimal transformations of group.
The generating function vector of the infinitesimal
transformations of group is written as/3:14
9]

+Ns 57—

s

0
X© = 50 [ g TG, (18)

s

Its first expansion is

X® = XO 4 (£, — 4,&)

0 . .. 0
aq +(ns_ps€0)£' (19)

S S

Definition If the infinitesimal transformations
(17) leave Egs.(15) and constraint equation (10) in-
variant, they are called Lie symmetry transformations
of the constrained Hamiltonian system.

Criterion If the generators &g, £s and 7, satisfy

the following conditions:

és - ‘jséO = X(O) (hs)7

. s=1,...,n), 20
—pséo = X(O)(gs); ( ) ( )

the infinitesimal transformations (17) are Lie symme-
try transformations of the constrained Hamiltonian
system.

Proof According to the invariance criterion for
ordinary differential equations under the infinitesimal
transformations, the invariance of differential equa-
tions (15) under the transformations (17) can be rep-

resented in the form

XM gy — he(g,p)] =

0,
s=1,...,n). (21
XM [p, — g5(g,p)] = 0, ( o

Using Eqgs.(18)and (19), we can have

X4, — hy(g,p)]

:X@@—ha+@—%&@g§£2
+ (7:’5 - pséO) 8((1.5841;}1’5)
=—XO(h,) + (&, — 4:60) = 0. (22)

Hence, we obtain

€y —4:60) = XO(h,) (s=1,...,n). (23)

Similarly, we can have

( pst)
QED.

The invariance of constraint equations (10) under

XOg) (s=1,...,n).  (20)

transformations (17) can be written in the form[!5:16]

X(l)(¢P(qsaps)) = 0 (25)

Equations (20) and (25) are called the determining
equations of Lie symmetry transformations of the con-

strained Hamiltonian system.
4. Structure equation and invari-

ants

Proposition If generators &, &, and 7, satisfy
the determining equations (20) and (25), and there is
a gauge function G = G(t,q,,p,) which satisfies the

following equation:

Lp£0+X(1)(LP)+Zs( s_psfo)—l'é =0,
(26)

there exists the following invariant of the constrained

§s—¢isfo)—/13(7l

Hamilton systems:
I=p¢,— H¢ + G = counst, (27)
where L,(q,, p,) is the Lagrangian
Ly = py4s(ax,py) — H. (28)

Proof The derivative of Eq.(27) with respect to

t can be written as

dr : O0H OH 0H
P Sy R < TR qs-f—apsps)fo Héo+G.
(29)
From Eq.(26) we can obtain
. . OH H L
(PSQS - H)fO - _50 - _55 + 775/15 + (fs - q5§0)P5
at 9q,
+ Zs(gs - ‘1350) - As(ns - 13350) + G= 0, (30)
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O0H
where A, = ¢, — Fr Using Eq.(30), Eq.(29) can be
P

s

written as
drI . oOH - .
E —<ps + a_qs - As) (é-s - sto)
- As("}s - 1.7350) + AS(TIS - 1.7.950) =0. (31)
QED.

Equation (26) is called Lie symmetry structure
equation of the constrained Hamiltonian systems. Ac-
cording to the proposition, if generators &gy, &, and 7,
which satisfy determining equations (20) and (25), can
be found and the gauge function G can be determined
from Eq.(26), the corresponding invariants of the sys-

tems can be obtained from formula (27).
5.Illustrated example

Let us consider a mechanical system whose La-

grangian is given by
I 1y 1,5 5 2
—2(‘11 +43) + 2‘13(‘11 +¢3)
. . 1 5,
—as(mdz — @) — 5(a1 + @) (32)

It is clear that this Lagrangian is singular. The canon-

ical momenta are given by

P1 = 1 + GGy, Py = G2 — G3qG;,p3 = 0. (33)

Hence, the Hamiltonian is given by

1 1
H =2 (0 +p3) + a3(0up2 — @op1) + 5 (a7 + 03), (34)

and the constraint equation is
¢=ps— — =py; =0. 35
3 aq3 3 ( )
From Egs.(14) and (35), we can obtain

A, =A4,=0,

41 =p1 — G392 = ha,

) 42 = Py + 439y = ho, (36)
g3 =0=h3,p1 = —qzps — @1 = 91,
P2 = Q3P — G2 = G2,

| P3=0=g3.

Substituting Eqgs.(36) into determining equations

(20) we obtain

f &1 — d1€o = —€2q3 — E3a + 71,
€2 — G20 = 105 + E3q; + 72,
€3 — dséo = 0,7 — p1o = —&1 — €3Dy — Tags,
iy — Pabo = —€a + E3p1 + Mg,

| 73— p3éo = 0.

(37)
There are the following solutions for Eqgs.(37):

(1)
bo=-1, &1=6=§=0, m=n=13=0, (38)
()
§0=0, &i=q, &2=q, &=0,

M =Py, M2 =Dy, M3=0. (39)

Generators (38) and (39) satisfy the determining equa-
tions (25) and (20), hence they generate Lie symmetry
transformations of the system.

Substituting the generators (38) into the struc-

ture equation (26) we obtain
G1=0, ie, Gy =c (40)

The corresponding conserved quantity can be ob-

tained from Eq.(27):

1
I=H+c :§(pf + p3) + a5(q1p2 — G2p1)

1
+ E(qf +q2) + ¢ = const. (41)

Equation (41) represents that the mechanical energy
of the system is conserved. Similarly, substituting the

generators (39) into Eq.(26) we have

G2 = —(q,P; + g2P2)-
(42)

The corresponding invariant is written in the form

) d .
Gy = _a(‘hpl + Q2P2)7 1.€.

I=0. (43)

Solutions (39) are called trivial ones which do not re-
sult in invariant of the system. Hence, for the con-
strained Hamiltonian systems, Lie symmetries do not

certainly result in invariants.
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