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This paper focuses on studying Lie symmetries and non-Noether conserved quantities of Hamiltonian dynamical

systems in phase space. Based on the infinitesimal transformations with respect to the generalized coordinates and

generalized momenta, we obtain the determining equations and structure equation of the Lie symmetry for Hamiltonian

dynamical systems. This work extends the research of non-Noether conserved quantity for Hamilton canonical equations,

and leads directly to a new type of non-Noether conserved quantities of the systems. Finally, an example is given to

illustrate these results.
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1. Introduction

It is well known that symmetry theorems are ex-
tremely useful tools for resolving problems in mathe-
matics, physics and mechanics. For Lagrangian sys-
tems, the best known type of symmetries are of course
the Noether symmetries, which directly shows that
there is a close connection between the conserved
quantities of a Lagrangian dynamical system and
those transformations of coordinates and time that
preserve the action integral.[!l Djukié¢ and Vujanovié
gave the Noether symmetries of the non-conservative
mechanical systems.[??! Li extended Noether theory
to the classical and quantum constraint systems.*-%]
Mei extended Noether theorem from Hamiltonian sys-
tems to Birkhoffian systems.l8] Sarlet et al studied
the pseudo-symmetries, Noether’s theorem and the
adjoint equation.[”l Now Noether symmetrical theory
has been widely applied in many research fields.[8=10]
Another method to obtain the conserved quantities
of mechanical and physical systems is the Lie sym-
metry method (also called the dynamical symmetry
method) which is based on the form of equations of

motion for the dynamical systems that remain invari-

ant under the infinitesimal transformations of the co-
ordinates and time.['1=171 The symmetries, however,
only give the conserved quantities corresponding to
Noether symmetries.

A theorem regarding the conserved quantities for
second-order dynamical systems has recently been
given by Hojman['®! and Luo et al;[*¥] and generalized
by Gonzdlez-Gascén,l?%! using geometric techniques;
subsequently the generalized theorem in generalized
coordinates is expressed in the presence of a velocity-
dependent symmetry by Lutzky and others.2:22] Re-
cently, study of symmetries of Hamiltonian systems
is very active.l'7:23=27] Tately Mei derived a certain
conserved quantity for Hamiltonian systems in phase
space, and showed that the result may be stated as fol-
lows: for the equation of motion in phase space ¢, =

Qs(t,q,p), s = Ps(t, q,p), if a function u(t, g, p) can
be found such that the quantity(28:29]
0Q, 0P, d

—1 =0 1
9q. T op. TamH=0 1)

the system possesses the following non-Noether con-
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where &, 1, are infinitesimal generator functions, and
the above non-Noether conserved quantities are all of
Hojman type. Recently we have studied non-Noether
symmetries and conserved quantities of nonconser-
vative dynamical systems, and obtained some useful
results.[3% In this paper, first, we generalize the the-
orem by showing that it is sufficient for ¥ to be an
invariant of the symmetry group in order for ¢ to be a
conserved quantity. Second, we derive directly a new
non-Noether conserved quantity for Hamiltonian sys-
tems, and the conserved quantity is associated with

the presence of a Lie symmetry.
2.Lie symmetries and conserved
quantities of Hamiltonian sys-

tems
Let us study a Hamiltonian system whose con-
figuration is determined by the n generalized coordi-
nates ¢ = {q1, - -, g, } and n generalized momentums
p={p1, - ,pn}. The Hamiltonian H(t,q,p) has the

Hamilton canonical equations in the form

oOH o0H
Js = 3 Dy = — :1:"'5 . 3
=g P 94, (s n).  (3)

Equation (3) can be transformed into the form

ds = hs(t,q,p), Ds=gs(t,q,p). (4)

Introduce an infinitesimal transformation with re-
spect to the generalized coordinates and the general-

ized momenta,

q; (t) = g¢s (t) + &5 (t,a.p) s
ps(t) = ps(t) +ens (t,q,p), (5)

where ¢ is a small parameter, and &, 75 are the gen-
erators of the infinitesimal transformation.

If (4) remains invariant under the infinitesimal
transformation (5) of the one-parameter Lie group,
the infinitesimal generators &; (¢, q,p), s (t,q, p) sat-

isfy the determining equations
és = Eo(hs); s = Eo(gs)a (6)

where the operator E° is the generator of the sym-

metrical group,?8:29:31] given by

0 0
EY=¢,— g —. 7
13 2a. " op. (7)
Its first extended form
. 0 0
E1:E0+£s . +ﬁs_-; (8)

94, 0ps

and the vector field
d 1o} 1o} 1o}

e _9 5, 2 2
it ot "ag, %5y, ©)

represents the total time derivative along the trajec-

tories of Equation (3). Then, for any function w,

ow Ow Ow
=X h g 10
Y=t oag, Ty, (10)

The invariance is called Lie symmetry, associated with
Equation (6)

may be regarded as the criterion of the symmetry.

Hamiltonian systems in phase space.

Equation (6) is proven with the following process.
Based on the invariance of the differential equations
under the infinitesimal transformation, the invariance
of Eq.(4) under the infinitesimal transformation (5) is

represented as

El((js - hs(taq:p)) = 07

El(ps - gs(t7 q’p)) O' (11)
Substituting formulae (4), (7) and (8) into (11) leads
to Eq.(6).

Then we have the following theorem.

Theorem 1 For the Hamiltonian system (4), the
gauge function G can be found such that the quantity

6hs 693 -
G= 12
dq, ' op, | v (12)
and a constant of the motion is given by
s | Ons
=E°[G 13
6= E[G1+ 5t + 32, (13)

if the infinitesimal transformation generations &, =
&s(t,q,p) and 1, = 7, (¢, q, p) are the Lie symmetry of
(4). We call Eq.(12) the structural equation of the Lie
symmetry for Hamiltonian systems, and there exists
a non-Noether conserved quantity (13) of the system.
We should indicate that the conserved quantity (13)
be equal to (2) can be proved by taking G = In p and
¥ = 0.

Here we point out that it is sufficient that ¢ is an
invariant of the symmetry group in order for ¢ to be
a conserved quantity; that is, we show that E(y) =0
implies ¢ = 0. This is accomplished by explicitly dif-
ferentiating ¢ to demonstrate that ¢ = E(¢). The
calculation is greatly simplified by the following easily
proven identities.

Proof For the theorem, we show that E° (¢)) = 0
implies ¢ = 0. This is accomplished by explicitly dif-

ferentiating ¢ to demonstrate that

d¢ d d [0¢s 8773]

E— —_— 0 —_—
dt_dt[ ( )]+dt 8qs+8p5

(14)
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It is straightforward to show that for any function

f = f(taq7p)

d0f _0f 0f O Of dg o
dtdq, dq, Oqir g,  Opi, g,
dof o8f ofoh Of g

fhl 4 _ZJT% G Uik 1
B 0ps ~ Ops  Bardps  Opadp,’ OO

8f> S} of 0  Of Oy
E° = —E%f)- =— - = ar
(3qs 0q, (f Oqr 9qs  Opi Oq, (17
3f) 0 of 06 Of Omg
E° = —E(f)— ———F L0k (18
<3ps Ops (/) Oqi, Op,  Opi, Ops (18)

The condition that &, n, define a symmetry (11) for
‘js - hsa ps = 4Gs is given by és - Eo(hs)7 7.75 - Eo(gs);
using this we can show that if E° is symmetric, then

e (n=r(F). (19)

Differentiating ¢ one obtains

3¢, © Op,

(20)

$=EG)+ <a£5 8"5),

where we have used (19).
Using (15) and (16) we can show that

d (9¢,
t <3qs + 8ps)
8¢, 8¢, Ohy B, dgr | O,

" 9q, Oq. g, Opydg, Op,
_ O Ohy_ Ons B9k (21)

Oqr Op,  Opg Ops

Furthermore, (17) and (18) allow us to show that

oh g
E() s s
<6qs * 6Ps>

_O(h,) _ 06, Ohi _ On, Oh
- Og, dqrx 0g;  Oqi Ops
8E0 S a E] a a S a
+ OE(g,) _ 96 Ogr _ Oms 09k o
Ops Opy 0q;,  Opy, Ops

Inserting determining equation (6) into Egs.(21) and
(22) one derives that the right-hand sides of them are
equal, so that we may put

Oh, 0Og, d [0¢  Ons
0 99s\ _ 4
B <6qs * 6Ps> d [3% * 6p3:| ’ (23)

Using (23) in (16) yields
% — g° <6hs 0gs

dt +

90+ 55 —I-G) =E°(¥).  (24)

It is sufficient that 1) is an invariant for the existence
of the conserved quantity ¢, which is the expected re-

sult.

3.0One example

Consider a dynamical system with Lagrangian
L=lm(@+@)+ 27— Lrg2 25
=om (& + @) + 5745 — gkas,  (25)

where m, J and k are constants. The Hamiltonian of

the system can be written as

H(t,q,p) =ps4s — L

1
5 (1 +03) + 5 p3+ k2 (26)

“2m

Using the formulae (3) and (4) one can obtain the

Hamiltonian canonical equations in the form

. 1
g1 =—p1 = hy,
m
i 1
Ga =—p2 = ho,
m
i 1
93 =7P3 = hs,
p3 = —kgz = gs3. (27)

The determining equations of the momentum-
department symmetry for the formula (27) under

the infinitesimal generators £ = &s(t,q,p), Ns =
ns (t,q,p) is

. 1 ) 1
b= —m, &=—m, &= 773,

m m
=0, 1m2=0, n3=—ks. (28)

For Eq.(28) there is solution as follows:

C C
b=t + 2t +cs,
2m m
C C
fo =t + bt &=0,
2m m
m =cit+ca, m2=cst+cs; 7m3=0. (29)

Substituting Eq.(27) into Eq.(12) yields
G = 1. (30)

In Eq.(30), when taking

d d
Y= (Q1P2) at (g2p1) , (31)
then E!(¢) = 0, and one can find a gauge function
such that
G = qip2 — q2p1.- (32)
Inserting generators (29) and gauge function (32) into
Eq.(13) leads to a non-Noether conserved quantity in

the form

¢ :c—lt2p2 + C—2tp2 + ¢c5p2
C3

- 2m

~+ c1tgr + caq1 — cstqa + caqa = const. (33)

—t’p; — —tpl — CgP1
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When one takes ¢; = ¢c; = ¢35 = ¢4 = 0, generators
(29) give

§i=c5 &a=c6, E3=0; m=ma=m3=0, (34)
then conserved quantity (33) has the following form:
¢ = c5p1 + cgpa = const. (35)

Equation (35) represents the momentum conservation
of the system along the tract of the ¢; and g5 respec-
tively. Therefore, we obtain a conserved quantity as-
sociated with the Lie symmetry of the Hamiltonian
system (27). It is a non-Noether conserved quantity.

We have shown that the Lie symmetries can

lead directly to the non-Noether conserved quantities;

these symmetries are different from Noether symme-
tries of the dynamical systems, and the gauge function
of the Lie symmetries is determined both by Eq.(12)
and choosing invariant 1 of the symmetry group be-
fore the conserved quantities are given with (13); nev-
ertheless, the conserved quantities of the Noether sym-
metries are obtained with the help of Noether theo-
rem. The conserved quantities of Lie symmetries are
also different from the usual one of Lie symmetries of
the dynamical systems; the gauge function and the
conserved quantities of the Lie symmetries are ob-
tained using the structural equation and the formula
of conserved quantities associated with Noether sym-

metry, respectively.
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