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For the general discrete singular system with unknown inputs, a new reduced-order observer is designed. A

numerical example is presented to illustrate the design algorithms.
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1. Introduction

In practice, dynamic systems are often affected by
immeasurable disturbances which can be modelled as
unknown inputs. To analyse these systems, the design
of state estimation or observation is often necessary.
Moreover, because of its nice properties the unknown
input observer has found wide applicability in the de-
sign of a robust observer, decentralized control, and
so on.l!! Therefore, the problem of state observation
with unknown inputs has received considerable atten-

tion (see Refs.[2-7]).

Due to their applications in describing non-causal
phenomena, which arise naturally in robotics, eco-
nomic, electric and chemical systems, the analysis and
design of singular systems has received great attention
in the last few years.[8=19 Tt is shown that the solution
of a singular system includes differential terms, so that
singular systems are very sensitive to slight changes of
the inputs, and the presence of immeasurable distur-
bances or unknown inputs is detrimental to the design
of observers. This fact justifies the importance of the
observer design for singular systems in the presence
of unknown inputs which has led people to begin to
study the state estimation for singular systems with
unknown inputs recently. However, compared with
the normal systems, for singular systems, the achieve-
ments have been few. Moreover, most of the existing

contexts are about continuous systems. In Refs.[11-

15] only square singular systems have been consid-
ered under the regularity condition. Additionally, in
Refs.[13] and [14], some conditions of existence of ob-
servers are not with the original systems, and hence,
are inconvenient to justify. To avoid abundant com-
putation, a method for the design of reduced-order
observers is presented in Ref.[16]. However, it is not
difficult to find that the observer there may not be
stable if the related generalized inverses are just nor-
mal inverses: that is, if the corresponding matrices are
non-singular.

In the present paper, we propose to investigate
the problem of state observation of non-square discrete
singular systems with unknown inputs. In section 2, a
new method for the design of reduced-order observers
is presented. The conditions assumed here are slightly
different from those in Ref.[16], and are more conve-
nient to justify. In section 3, a numerical example is

presented to illustrate the design algorithms.
2.Reduced-order observer design
Consider the singular discrete system

Ex(k +1) = Az(k) + Bu(k) + Dd(k),
y(k+1) = Cx(k + 1)+ Gu(k + 1), (1)
where E, A € R™™ B € R™*%, D € R™*9,

C € RP*™ and G € RP*® are known constant ma-

trices; z(k), y(k), u(k) and d(k) are the state, the
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output, the known input and the unknown input vec-
tors, respectively.

Without loss of generality, it is assumed that C'is
of full row rank and D is of full column rank; also it
is assumed that rank £ <n < m and q < p.

In the sequel we make the following assumptions:

Al

E D

rank =n+gq;

A2
sE—A D
C

rank =n-+gq, seC.

These assumptions are slightly different from
those in Ref.[16]. When D=0, they generalize the
condition of the observability*!! in the sense of Rosen-
brock of square (i.e. m = n) singular systems. Addi-

tionally, in the case that m = n and E = I, assump-

To guarantee the uniqueness of solution of (1)
the assumption of the regularity of the matrix pen-
cil sE — A is introduced commonly when F and A
are square. This condition is of course not fit for non-
square singular systems. Fortunately, it is shown in
Ref.[17] that the above condition may be left out in

skE—A
C
implied by assumption A2.

the case that rank = n, which can be

The underlying idea to the design of the desired
observer is to separate the state manifold into three
sub-state manifolds by applying similarity transforma-
tions. One of the sub-states is not directly influenced
by the unknown input; meanwhile, the others can be
directly observed by the output y(k). In fact, we have

the following theorem.

Theorem 1 Suppose that Al holds, then there

exists a transformation

I D
tion Al can be rewritten as rank =n+gq,
¢ k
or equivalently, rank CD= rankD = ¢, which is the @1(k)
condition generally assumed in the non-singular sys- z(k) =J | za(k) | (2)
tem with unknown inputs. z3(k)
so that the system (1) can be rewritten as
Ell E12 E13 ml(k + 1) All z‘_l12 z‘_l13 ml(k) Bl Iq
Eyy Eyp 0 za(k+1) | = | Az A Ao zo(k) |+ | By | uw(k)+ 0, d(k), (3)
Es1 Esy I, z3(k+1) Az Az Ass z3(k) B O0n—p
kE+1 z1(k+1
yk+1) = Y1 ( ) _ 1( ) + Gu(k + 1), (4)
where
Eyw Epn  Eis A A A B,
Ey Exn 0 =MHEJ, Ay Ay Ags |=MHAJ, B, | =M H B;
Esi Esy I, Asz1 Ay Asg Bs

M, H, E and J are constant non-singular matrices of appropriate dimensions defined later.
Proof First, noting that D is of full column rank and C is of full row rank, then there exist two non-singular
matrices H € R™>*™ and J € R™*™, so that

1
I, 0 0
H D= 0, and C J = ,
0 I, 4 O
Onp p—q

where r=m—n+p—q.
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Now, premultiplying (1) by the matrix H and applying the transformation (2), the system (1) can be
rewritten as

x % % z1(k+1) z1(k) I,
* % E33 .’1)3(]{3 + 1) I3 (k) On_p
k+1 I 0 0
y(k+1) = ) zo(k +1) | + Gu(k),
y2(k+1) 0 I,
or
k+1 k+1
where
* ok ok
x* x F93 | =HEJ
X * E33
Next, notice that
[ % * * I |
% * E23 0
H 0 E D J 0 HEJ HD
= = * * E33 0
0 I c 0 0 I cJ 0
I, O 0 o0
0 I,, 0 O
E
From A1, we know that rank Bl =n- p. Then there exists a non-singular matrix L € R(m~9)*(m=4) 5o
Es3
E 0
that L| > | =
E33 In—p
Premultiply (5) by the non-singular matrix M=diag (I, L) to obtain
En E» Eis zy(k+1) z1(k) I
Egl E32 In—p 1133(]6 + 1) mg(k) On—p
where
Ell E12 E13 * ok *
Ey E»n O =M | ¥ % Eo3
E31 E32 Infp * x  FEs3

The proof ends.

The formula (4) tells us that z;(k + 1) and A2, there exists an asymptotic stable observer of the
zo(k + 1) can be observed by y(k + 1) and u(k+ 1)  form
directly. So, to observe z(k+1) we only need to design

an observer for sub-state z3(k + 1). Z3(k + 1) = Nz3(k) + Ky(k) + Uu(k),
Theorem 2 Under the assumptions of Al and Z3(k+1)=z3(k+ 1)+ Kiy(k+ 1) + Ksu(k + 1),
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which provides an estimate of the sub-state z3(k + 1)
defined in (2).

Proof From (3), the following reduced order dy-
namical system of the sub-state z3(k) can be written

down directly:

x3(k+1) = Agzzs(k) + g(k + 1),

Z(k + 1) == A23.’E3(k), (6)
where
g(k + ].) :A31.’L‘1(k) + A32£B2(I€) - E31.’L‘1 (k + ].)
— E32.’E2(k + 1) + B3U(k),
Z(k + ].) :Egla?l(k + 1) + Ezgl‘g(k + ].)
— Alel(k) — AQQ.’EQ(I{:) - BQU(k) (7)
M 0 H 0 sE—-—A D J 0|
o I||o 1 c ol|lo |

which together with the assumption A2 implies that
sl — A33
Ass

subsystem (6) is observable.

rank =n—p, s € C. That is, the

Therefore, we can construct the following an
asymptotic stable observer of order n — p for the sub-
state z3(k):

— Agsy(k)) + g(k + 1), (9)

where K € R("P)*P is selected by stabilizing the
above observer.

From (8), we know

&3(k +1) =N23(k) + Kiy(k + 1) — Koy(k)
+ Ksu(k + 1) + Kyu(k), (10)

where K] = I_{Ez - E3, K2 = I_{Az - A?,, K3:(E3 -

KE2)G, Ky = K(AsG — By) — A3G + By, N =
=1 (k) (k) — Gu(k)
sy =J| | ey | | =7] " =J
A #3(k)
1133(]6)

where Z3(k) is computed by (12) recursively.

By substituting (4) for z;(k) and zo(k) in (7), we

obtain
g(k+1) =A3(y(k) — Gu(k)) — E3(y(k +1)

— Gu(k + 1)) + Bsu(k),
2(k+1) =E5(y(k + 1) — Gu(k + 1))

— As(y(k) — Gu(k)) — Bau(k),  (8)
where Ap=[A1 Az], As=[As1 As], Es=[Es
Es3;], Ea=[Ey  Eaol.

Obviously, both g(k) and z(k) are measurable.
Meanwhile, subsystem (6) is separated from the un-
known input d(k).

Next, we will prove that subsystem (6) is also ob-

servable under the condition of A2. Indeed, we have

sE11 — A1 sEia— A sEiz— Az I
5By — Aar sEay — Ajo —Ass 0
sFE31 — Ag1 sEsp— Azy  sI— Az 0 |,
I, 0 0 0
o I, 0 0 |

Aszz — K Aaz. Thus, to obtain #3(k+ 1) we have to use

the output and input values at time k+ 1. To circum-

vent this problem, we employ the following procedure.
Let

Then, from (10) we have

z3(k + 1) = Nzs(k) + Ky(k) + Uu(k),  (12)

where K = NK; — K3, U = NK3 + Kj.

Obviously, Z5(k + 1) can be obtained without us-
ing the output and input values at time k£ + 1. The
proof ends.

By applying the observer (12) and back-tracing
the different variable transformations, we can obtain
the following theorem.

Theorem 3 Under the assumptions Al and A2,
the estimate of the state z(k) of (1) is given by

u(k) |, (13)



No. 10 Reduced-order observer of singular system with unknown inputs 1595

3. Numerical example to illustrate the above design method. We consider

. . . ) the system (1) described by
In this section, a numerical example is presented

1 1 0 0 1 1 1 1 1
0 1 1 0 0 1 01 1 1 1 1
E= , A= , B= , D= , C= , G=
0 2 1 1 10 2 0 0 1 0 0 1
1 4 2 1 11 1 0 0
The equivalent forms (3) and (4) are
0 1 1 1 -1 1 1 1
kE+1 k
1 2 0 z1(k+1) 0 0 -1 z1 (k) 1 0 . 0 "
k+1) | = k) |+ + ,
N I = R | PN B B PORS B EC
1 1 z3(k +1 1 1 z3(k
11y a(k+1) 0o - = a(k) 1 0 0
2 2 2 2
k+1 z1(k+1
srn= [ PEED e )

Thus, the dynamical system of the sub-state z3(k) is

zs(k +1) = saa(k) + glk +1),

k)= | | asp),
1
where
g(k—l—l):[—% %](y(k—l—l)—u(k—l—l))—l—[o %](y(k)—Gu(k))%—[l 0 Ju(k),
ket = | D ek - | V0wt -cuwy - | T ).

Choose K = [ -1 0 ], then the asymptotic stable observer for the sub-state z3(k) is given by

Z3(k+1) = —%3_33(k)+ [ % —Z }y(k)—l— [ _%

da(k+1) = za(k + 1) + [ _g g ]y(k+1)— [ _g g ]u(k+1).

The estimate of the state z(k) of (1) can be written as

1 (k) 0 1 0 ok 0 1 0
#k)=J | |z | [=]0 o 1 y(;‘(;” 10 o | @R —uk)+| 1 |ask).
35 (k) 1 -1 0 3 1 -1 0
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