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The propagation of three-dimensional nonlinear dust-acoustic and dust-Coulomb waves in unmagne-

tized/magnetized dusty plasmas consisting of electrons, ions, and charged dust particles is investigated. The grain

charge fluctuation effect is also incorporated through the current balance equation. By using the perturbation method,

a Kadomtsev—Petviashvili equation and a Zakharov—-Kuznetsov equation governing the nonlinear waves in the unmag-

netized and magnetized systems are obtained respectively. It has been shown that with the combined effects of grain

charge fluctuation, the transverse perturbation, and the external magnetic field would modify the wave structures.

Waves in those systems are unstable to the high-order long-wave perturbations.
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1. Introduction

Including heavily charged dust grains, the dynam-
ics of a dusty plasma is very different, and the corre-
sponding physical effects are basically distinct from
those of an ordinary three-component plasma system.
The presence of the charged dust grains in a plasma
can modify the collective behaviour of the plasma, as

well as excite new modes.[1=7:20]

The charge on the
dust grain, however, varies with space and time due
to the electron and ion currents flowing into or out of
the dust grain, as well as other processes such as the
photo-emission of electrons. So the dust charge be-
comes a new dynamic variable and its dynamic nature
is important for studying the behaviour of dusty plas-

8-14] have

mas. Recent linear and nonlinear studies |
indicated that the dust charge fluctuation could affect
the wave-mode properties and lead to some new as-
pects of properties in tenuous and dense dust plasmas.
The more interesting feature of charge fluctuations has
been the dust-Coulomb wave in a dense dust plasma.
Whilst the dust-acoustic wave can exist even in the
constant dust charge model, the charge fluctuation
is essential for the propagation of the dust-Coulomb
wave. Therefore, the dust charge fluctuation plays
a significant role for plasma collective motion. But
all previous investigations of charge fluctuation effects

have focused on the unmagnetized one-dimensional

(1D) case. However, a purely unmagnetized 1D pic-
ture cannot explain the observed wave phenomena [1°!
in the low-altitude and higher-altitude auroral regions
and a magnetized higher-dimensional model must be
considered. The wave structure and stability in this
higher-dimensional system will be modified because
the anisotropy is introduced into the system. For ex-
ample, at least some transverse perturbations will al-
ways exist in the higher-dimensional system even if
the system is unmagnetized. Therefore, in the present
paper, we study the three-dimensional (3D) nonlin-
ear waves under the dust charge fluctuation effect.
Using the perturbation method, a 3D Kadomtsev—
Petviashvili (KP) equation in an unmagnetized dust
plasma and a 3D Zakharov—Kuznetsov (ZK) equation
in a magnetized dust plasma are deduced. The com-
bined effects of grain charge fluctuation, the transverse
perturbation, and the external magnetic field on the
nonlinear wave structures and stability are discussed

in detail.

2.Governing equations and der-
ivation of the KP and ZK

equations

We consider the propagation of dust-acoustic

waves in a collisionless magnetized dusty plasma con-
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sists of hot electrons, ions, and finite-sized, negatively
charged warm dust grains. The inertia of ions and
electrons are neglected, thus, the ions and electron
densities are governed by Boltzmann distribution and
defined by their respective temperatures which can be

assumed to be constant,
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The dust grains, on the other hand, being the heavi-
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est component, provide the inertia, and therefore the
wave dynamics are governed by the full set of 3D dust
fluid equations including the Poisson equation:
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where Viq = (/%Td/md)l/2 is the dust thermal speed,
g4 represents the charge and includes the sign of the
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dust charges, By is the uniform magnetic field directed
along the z-axis. Dust charge variation effects come

in through the charge current balance equation,!*?!
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which is valid for grain charging arising from plasma
currents due to electrons and ions reaching the grain
surface. When the streaming velocities of the elec-
trons and ions are much smaller than their respective
thermal velocities, the expressions for the electron and

ion currents for spherical grains of radius R are given
by
8kT,
I, = —7rR2e< r e)neexp< ev ),
TMe kT,
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where ¢ = ¢,/R denotes the dust grain surface poten-

(4)

tial relative to the plasma potential.

2.1. Unmagnetized dust (By=0) and derivation
of KP equation

To derive the KP equation that governs the be-
haviours of small but finite-amplitude waves in an un-
magnetized (By=0) dust plasma, we assume that the
wave propagates in the z-direction. However, there
are higher-order transverse perturbations in the z—y
plane. Hence, the independent variables can be ex-
tended as [1617] ¢ = ez, n = ey, ¢ = €/2(2 — vot) and
T = €%/2t, where ¢ is a small parameter measuring the
strength of the nonlinearity, vy is the phase velocity of

the wave. The dependent variables are expanded as
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Using the expansions of Eq.(5) and with the help
of Eqgs.(1) and (4), and omitting the damping due
to charge fluctuation effects which were shown to be
weak, 1314 the charging equation (3) yields O(e) and
0O(£?),

wiqq; + Rwagy =0,
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The charging frequencies appearing in Eq.(6) are de-
fined through
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and the subscript “j” refers to “i” and “e”, respec-

tively. x = —
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Substituting Eqs.(5) into Egs.(2) and collecting  and the phase speed of the wave
the terms in the different powers of ¢, to lowest order o2
: : 2 DA 2
in £, we obtain v =15 1% + Vias (13)
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For the next higher order in £, Eq.(2) can be writ-

ten as
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Now, using Egs.(6), (12), (14) and eliminating

N42, W42, P2, one obtains the following KP equation:
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2.2. Magnetized dust and derivation of ZK

equation

(17)

When there is a strong magnetic field (By # 0),
anisotropy must be introduced into the system and
the perpendicular velocity components ugq and vq will
appear at higher order in £ than does the parallel ve-
locity component wg. Hence, the independent vari-
ables can be stretched as[16:18] ¢ = g1/2g, 5 = £1/2y,

|C =e!/?(z — vyt) and T = £%/2t. The dependent vari-

ables are expanded as
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Using Eq.(19) we can obtain the same expressions as
Egs.(6)—(11) from the charge equation (3). Then, sub-
stituting the perturbation expansions of Eq.(19) into
Eq.(2) and equating the coefficients of different powers

of € on both sides, to the lowest order in &, we have
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and the same phase speed of the wave as Eq.(13) is
obtained. For the next higher order in ¢, using Eq.(2),

one can deduce
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Now, using Egs.(6), (20), (21) and eliminating
n42, W42, P2, one obtains the following ZK equation:
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where the coefficients A and B are the same as those
defined in Eqs.(16), (17), and the coefficient D is given
by
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where w?; = qdo—0> is the dust-cyclotron fre-

mq
quency. It is clear that the magnetic field effect is

included only in coefficient D.

3.Solutions of the KP and ZK

equation and discussion

3.1. KP equation

If there are no transverse direction perturba-
tions, the KP equation (15) reduces to the ordinary
Korteweg—de Vris (KdV) equation. Thus we can ex-
press the steady state solution ¢; = ¢ of this KAV

equation as

b= (%)sech2 [\/g(g _ UOT)]. (24)

It is noticed that if A < 0, there exist solitary
waves with negative potential or compressive solitary
waves, and if A > 0, there exist solitary waves with
positive potential or rarefactive solitary waves. Equa-
tion (16) indicates that the sign of A is related to many
parameters of dust, such as dust charging, ions, and
electrons. For simplicity, we discuss the cases where
the charging frequencies, w; (=1, 2, 3, 4, 5), are of

Wy W3 Wy

the same order of magnitude (ie. — = = =

w1 w1 w1
Ws . .
— |, and T} = T, = T. These are approximations
w1

for most dusty plasmas of current interest.

So, the

nonlinear coefficient A (Eq.16) reduces to
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In obtaining Eq.(25), the equilibrium charge neutral-
ity condition n40qy, + €nio — engo = 0 has been used.
We further assume that the dust is cold. Then we
obtain
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For negatively charged dust grains njy > neg, hence,

the case of tenuous plasmas f < 1 (the dust-acoustic
wave is known to exist in this regime), we have vy —

CDA and

2
B 3wpd
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That is, there exist solitary waves with negative po-
tential or compressive solitary waves. On the other

hand, for the case of dense plasmas f > 1 (the dust-

Coulomb wave is known to exist in this regime), we
Cpa

v

have vy — , and Eq.(26) reduces to
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Hence we have solitary waves with positive potential

or rarefactive solitary waves.

When the transverse direction perturbations is
taken into account, the solitary solution of the KP
equation (15) is unstable because of the positive dis-
persion (C < 0). Therefore, the solitary waves in both
tenuous plasma (f < 1) and dense plasma (f > 1)

are unstable to the transverse perturbations.

3.2. ZK equation

The ZK equation (22) admits higher-dimensional
solutions, such as plane solitons, 2D cylindrical soli-
tons, and 3D spherical solitons, etc. For simplicity,
here we just consider the plane solitary wave solu-
tions, ¢1 = @(x), of the ZK equation, where x is the
coordinate,

x =Ccosa+ Esina —Ur. (29)
In Eq.(29), a is the angle between the direction of
wave propagation and that of the magnetic field By,
and U is the speed of the soliton in the £&—n—( frame.
Without loss of generality, we assume that the wave
propagates in the £—( plane because of cylindrical
symmetry about the { axis. Using the transforma-
tion (29) and assuming that ¢, together with its x-
derivatives, vanishes for x — 0o, the ZK equation (22)

can be integrated immediately and yields

8(en,¢) 201500
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It is obvious that the angle of obliquity a affects both

the soliton amplitude and soliton width, but the mag-
netic field affects only the soliton width. We also can
see from Eq.(30) that the ZK equation admits both
compressive and rarefractive solitary waves, as in the
discussion of the KP equation. The stability of the
7ZK equation has been studied by many authors. It
has been found that the ZK equation (22) is unstable

to the higher-order long-wave perturbations.*?!
4. Conclusion

In conclusion, we have derived the 3D KP and
ZK equations governing the nonlinear behaviour of
the system, including charge fluctuations, transverse
perturbations without magnetic field, and the strong
magnetic field effects. For the pure cold case, the dust-
acoustic wave (f < 1) governed by the KP and ZK
equations produces compressive solitons, whilst the
dust-Coulomb wave (f > 1) governed by the KP and
ZK equations produces rarefactive solitons. Both the
dust-acoustic wave and the dust-Coulomb wave are

unstable to the high-order long-wave perturbations.

References

[1] Tsytovich V N and Havnes O 1993 Comments Plasma
Phys. Control. Fusion 15 267

[2] Bingham R, de Angelis U, Tsytovich V N and Havnes O
1991 Phys. Fluids B 3 811

[3] Shukla P K and Vladimirov S V 1995 Phys. Plasmas 2
3179

[4] Rosenberg M 1993 Space Sci. 41 229

[5] Nejob Y N 1997 Phys. Plasmas 4 2813

[6] Xie B S et al 2000 Chin. Phys. 9 922

[7] Xie B S 2001 Chin. Phys. 10 214

[8] Varma R K, Shukla P K and Krishnan V 1993 Phys. Rev.
E 47 3612

[9] Jana M R, Sen A and Kaw P K 1993 Phys. Rev. E 48
3930

[10] Rao N N 2000 Phys. Plasmas 7 3214

[11] Rao N N 1999 Phys. Plasmas 6 4414

[12] Melandso F, Aslaksen T K and Havnes O 1993 J. Geo-
phys. Res. 98 13315

[13] Jacobs G and Pillay S R 2002 Phys. Scripta. 66 159

[14] Pillay S R, Rao N N and Bharuthram R 2002 Phys.
Scripta. T 98 115

[15] Franz J R, Kintner P M and Pickett J S 1998 Geophys.
Res. Lett. 25 2041

[16] Taniuti T and Wei C C 1968 J. Phys. Soc. Japan 24 941

[17] Kadomtsev B B and Petviashvili V 11970 Sov. Phys. Dok.
15 539

[18] Zakharov V E and Kuznetsov E A 1974 Sov. Phys. JETP
39 285

[19] Infeld E 1984 J. Plasma Phys. 33 171

[20] Xue J K et al 2003 Chin. Phys. 12 538



