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A unified lattice Bhatnagar—Gross—Krook (ILBGK) model iDdQgq for the incompressible Navier—Stokes equation
is presented. To test its efficiency, the lid-driven cavity flow in three-dimensional space for Reynolds number Re=3200
and span aspect ratio SAR=1, 2 and 3 is simulated in detail on a 48 X 48 X (48X SAR) uniform lattice using the model.

The test results agree well with those in previous experiments and numerical works and show the efficiency and strong

numerical stability of the proposed ILBGK model.

Keywords: unified incompressible lattice BGK model, incompressible Navier—Stokes equation, three-

dimensional lid-driven cavity flow

PACC: 4700, 0270, 0520D

1. Introduction

The lattice Boltzmann method (LBM) is a rela-
tively new approach that uses simple microscopic ki-
netic models to simulate complicated macroscopic be-
haviour of transport phenomena. Compared with the
conventional computational fluid dynamics (CFD) ap-
proach based on discretizations of macroscopic contin-
uum equations, the LBM is simple in form, of high per-
formance computationally, and intrinsically parallel.
It is also easy to incorporate complicated boundary
conditions such as those in porous media. In recent
years, the LBM method has achieved great success in
simulations of fluid flows and modelling physics in flu-
ids, involving complicated boundaries or/and complex
fluids, such as turbulent flow, the Rayleigh—Taylor in-
stability between two fluids, multi-phase/component
fluids, free boundaries in flow systems, particle sus-
pensions in fluid, reactive—diffusive systems and com-
bustions, pattern formation, magnetohydrodynamics,

crystal growing, granular flow and others.[' =15

The LB models commonly used in the solution of

incompressible Navier—Stokes equations can be viewed
as compressible schemes to simulate incompressible
fluid flows, and there is the compressible effect which
might lead to some undesirable errors in numerical
simulations. Some LB models have been proposed to
reduce or eliminate such errors.*=¢ However, most
of the existing LB models either can be used only to
simulate steady flows or are still of artificial compress-
ible form. So, when used to simulate unsteady incom-
pressible flows, these methods require some additional
conditions to neglect the artificial compressible effect.
In Ref.[7], we proposed a 9-bit incompressible LBGK
(ILBGK) model, the incompressible D2Q9 LBGK, in
two-dimensional space. To our knowledge, this model
is the first one without compressible effect for simu-
lating incompressible flows. The model can be used in
the solution of steady or unsteady problems and has

strong numerical stability.[7—10]

Although the potential of the LBM as a vi-
able CFD tool has been demonstrated in simulations

of complex fluids, its application to flows at high
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Reynolds number (Re) or/and in three-dimensional
space remains as an area of future development. Re-
cently we have successfully used our ILBGK model
and its thermal version with a robust boundary
scheme 1% to simulate some typical flows at high Re in
two-dimensional space.[8=19] In this paper, we present
a unified ILBGK model iDdQq based on the common
DdQq lattice '] using the idea in Ref.[7]. To test the
efficiency of the model, the benchmarking problem,
lid-driven cavity flow, in three-dimensional space for
Re=3200 and span aspect ratio SAR=1, 2 and 3 on
48 x 48 X (48X SAR) uniform lattice is simulated in de-
tail using the model. The test results agree well with

(14-18] 4nd show the efficiency

those in previous works
and numerical stability of the ILBGK model proposed

in the paper.

2.Incompressible DdQq¢ LBGK

model iDdQq

A popular LB model is the so-called lattice BGK
model (LBGK) with the single relaxation time approx-
imation [1]

gz($ + ceiAt, t+ At) — gi($, t)
= — 1 Y gi(z, 1) — g*V (. 1)), (1)

where e; is the discrete velocity direction, and ¢ =
Az/At is the particle speed, Az, At, and 7 are the
lattice grid spacing, the time step and the dimension-
less relaxation time, respectively. g;(x,t) is the distri-
bution function at node 2 and time t with velocity e;,

(eq)

and g;" (@, t) is the corresponding equilibrium distri-
bution depending on the lattice model used.

The commonly used lattice model is the DdQgq
model given by Qian,!'!] where d is the dimension and
q is the number of the discrete velocity directions. Un-
like the common LBGK models, we take the pressure
p as an independent variable in the equilibrium distri-
bution as in Ref.[7] to derive a unified ILBGK model,
iDdQgq. The equilibrium distribution in iDdQq is de-
fined as

0" = Nip + si(w), (2)
where JA; is the parameter to be defined below, s;(u) =
(ce;-u) (ce; - u)? |u|?

c2 2ct B 2c2
coefficients such that w; > 0, Zwi =1, and ¢, is
the sound speed. They also dze?}())end on the lattice
model.[M1]

For the iD2Q9 model,!” we have wo=4/9, w;=1/9
(i=1:4), and w;=1/36 (1=5:8), ¢, = ¢/+/3, while \g =

K2

], w; are the weight

—5/(3¢?), A\i = 1/(3¢?) (i=1:4) and \; = 1/(12c%)
(1=5:8).
(eq)

For the general iDdQg model, A; in g; ~ can be
determined by the following constraints:
Z ggeq) -0, Zceigzgeq) =,
i>0 i>0
c2eieig£eq) = pI + uu. 3)
i>0

As in Ref.[7], we take \; = aw; for ¢ > 0, then

from the first and last constraints above we have

A== N, a) cweiep=acpl=pl, (4)

i>0 i>0
leading to
Xi=wife, Ao=—)Y wifcl=(wo—1)/c2. (5)
i>0

The flow velocity, pressure and kinetic viscosity

are given by

2
— CS
p= —)\01 Zgi+50(u):| =

v=(1—1/2)A3At. (6)

For the iD3Q15 model, ¢, = ¢/v3, wp=2/9,
w;=1/9 (i=1-6), w;=1/72 (i = 7—14), and for the
iD3Q19 one, ¢, = ¢/V/3, wo=1/3, w;=1/18 (i = 1—6),
w;=1/36 (i = 7 — 18).3:11]

Now the iDdQq model is well defined. Through
the true

Navier—Stokes equation can be derived to the second

multi-scaling expansion, incompressible

order under the low Mach number limitation:!”]
V.u=0, (N

o}
3_1; +u - Vu=—-Vp+rvViu. (8)

3. Numerical results

To test the efficiency of the model, the bench-
marking problem (lid-driven cavity flow) in three
dimensions for different Re and span aspect ratios
(SAR) is simulated in detail using the model. The con-
figuration of the driven cavity flow considered consists
of a three-dimensional cavity whose top wall moves
from left to right with a uniform velocity, while the

nonslip boundary condition is employed on the other
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iD3Q15 model could only simulate the flow at Re <

2,000 on the lattice here

and it blew up when simu-

)

200. So the

iD3Q19 model has a stronger numerical stability than

the iD3Q15 one.

)

3

say Re=

000,

)

lating the flow at Re > 2

In the simulations, the relaxation

parameter w = 1/7 is taken from 1.92 to 1.986, At

= /3 = Az?/(3At?)

2
is about 0.003, and the particle speed ¢ = Az /At is

determined by Eq.(6) with ¢

set in the range 6.0-8.0. The initial condition is set

0, and the velocities at all nodes, except the top

at p=

Fig.1. Configuration of the driven cavity flow.

nodes, are set at u = v = w = 0. The boundary con-

five walls (see Fig.1). The flow is assumed to be New-

ditions were treated by the nonequilibrium extrapola-

tonian fluid described by the incompressible Navier—

Stokes equations (7) and (8).

tion scheme.[1% All simulations were performed on a

The Reynolds number

P4 (1.4G) personal computer, and the computational

is Re = BU/v, where B is the width of the cavity, U
is the uniform velocity of the moving wall. In the sim-

cost of 5,600 iterations of the iD3Q19 model for SAR

1:1 case required about one hour of CPU time.

D =1, and the span-to

1, B =

ulations, we take U
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Fig.2. Velocity vector plots in the yz-plane of a cubic cavity for Re

0.75.

0.375; (c) 2=0.5; (d) z=

steps. (a) 2=0.0625; (b) =
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In this paper we only give the simulation results
for the flow at Re=3,200 since more experimental and
numerical results have been obtained for this case.
The parameters w = 7—!, At and c are taken as 1.974,
0.003049 and 6.8331, respectively. The velocity vec-
tor plots in the yz- and xz-planes of the cubic cavity
for Re=3,200 at 50,000 time step are shown in Figs.2
and 3. Figures 4 and 5 show the velocity vector plots
in the yz-planes of the cavity of SAR=2 and 3 for
Re=3,200 at different time steps. From Figs.2 and 3
we can see that the flow structures in the specified
planes agree well with those in Refs.[14-16], and two
pairs of Taylor—Gortler like (TGL) vortices are clearly
visible along the span. It can be found from Figs.4 and
5 that the number of TGL vortices varies from four to
six for SAR 2:1 cavity and from seven to nine for the
SAR 3:1 case, and the location and number of these
The results here for SAR

3:1 case agree with those reported in experiments and

vortices vary with time.
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numerical simulations.['® As for the SAR 2:1 case we
have not found the report about the number of TGL
vortices in the literature, and we predict that seven
pairs of TGL vortices may be found if a finer lattice
is used in simulation. It is noteworthy that the ratio
of lattice sizes used here and in LBM based models in
Refs.[14,15] in each direction is 48:128, and the lattice
size used here is close to those in simulations of the
same problem by conventional CFD methods.[16-18]
This greatly enhances the computational ability of the
LBM. In fact, we can use an even coarser lattice than
that used here, but the accuracy may be lower. Fig-
ure 6 illustrates some results obtained in simulation
on a 40 x 40 x (40xSAR) lattice. If the nonuniform
LB technique is used, the accuracy is expected to be
improved. To know the global behaviour of the cav-

ity flow, three-dimensional streamlines of the flow for
Re=3,200 and SAR=1, 2 are plotted in Fig.7.
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Fig.8. Velocity vector plots in the zz-plane of a cubic cavity for Re=3,200 at 50,000 time
steps. (a) y=0.25; (b) y=0.5; (c) y=0.625; (d) y=0.9375.
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Fig.4. Velocity vector plots in the yz-plane of a rectangular cavity of aspect ratio 1:1:2 for
Re=3,200 at 2=0.75. (a) to (d): t=36,000, 48,000, 58,000 and 74,000.

7
e

I i i iy
W i i 1 1 i
\mu\\\\\\\l\\\m i I (i T l\\\\\\\\\\nu\ i i Y
W] i i NN A o
i il
I
I

i
i
mummum ity "\} 14l :A‘
i ;5’ HHiH

i

Q\m\\ i
\

&

i
il
f
i
i
i
I
i
i
i
f

I

l

120 140

45' : a5f

i
A A
40 N

- Hi i 40
5 I 35
| i
i
i
l;

i
nmnl T \\-ulmlh\ .u
it A
N \nun\nuuumunn it
g
T
i

i1
i Hunmmm i
i) mmunu,
i ] il
i
T
i ! il
111111
it

= i | N ) :
20 40 60 80 100 120 140 20 40 60 120 140

(c)
Fig.5. Velocity vector plots in the yz-plane of a rectangular cavity of aspect ratio 1:1:3 for
Re=3,200 at 2=0.75. (a) to (d): t=22,000, 34,000, 62,000 and 78,000.
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Fig.6. Velocity vector plots in the yz-plane of the cavity for Re=3,200 and SAR=1, 2 and
3 at 2=0.75. (a) to (c): t=48,000, 42,000, and 40,000.
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Fig.7. Three-dimensional streamlines of the cavity for Re=3,200 and SAR=1, 2. (a) to (b):

t=>50,000 and 58,000.

4. Conclusion

‘We have presented a unified LBGK model for the
incompressible Navier—Stokes equation. Utilizing a ro-
bust boundary processing scheme, the nonequilibrium
extrapolation rule,[1%! the incompressible flow at larger

Re can be simulated accurately on coarser uniform

lattice by using the model, which is verified by the
numerical tests for three-dimensional lid-driven cav-

ity flow for different Re and SAR. We have found

that other LBGK models with this scheme also have
better stability. It is well known that the numerical

stability of the LBGK models is usually very poor as
w=71"1—>2 (we(0,2) from Eq.(6)). We found
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that our scheme is still stable and accurate even for

w=1.986, at which the computation blows up using

other schemes for the boundary conditions. In fact,

selecting w € (0,2), ¢(>> |u|), etc., properly in their

stable regions (here w € (0,1.986], ¢ = 7) according to

Eq.(6), we can simulate the flows at different Re, large

or small. Our results indeed show the advantages of

the LBM.
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