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‘We propose two different schemes for probabilistic implementing a non-local multiple qubits controlled-not opera-

tion via partially entangled quantum channels. The overall physical resources required for accomplishing these schemes

are different, and the successful implementation probabilities are also different.

Keywords: non-local multiple qubits CNOT gate, implementation, partially entangled

PACC: 0365, 4250

1. Introduction

The quantum non-locality plays a central role
in quantum information processing. In recent years,
much attention has been paid to the issue of non-
locality of quantum states.!=8! In fact, an equally im-
portant issue is that of non-locality of quantum oper-
ations. This situation arises, for example, in the con-
text of distributed quantum computation,® in which
two or more spatially separated computation units are
available to solve a computational problem. Other ex-
amples are quantum network communication 9! and
production of multi-particle entangled states.['!] For
the alluring potential application, some fundamental
research on non-local quantum operations has been
presented.[10:12-15]

“If A is true, then do B”. This is one of the most
useful types of controlled operations in quantum com-
putation and quantum information. The prototypi-
cal controlled operation is the two-qubit controlled-
not (CNOT) gate, which acts on two qubits, a control
and a target qubit, and flips the target whenever the
control qubit is a |1). What about conditioning on
multiple qubits? The familiar Toffoli gate is a par-
ticularly important special case of the multiple qubits
controlled-not operation. We define the (N+1)-qubit
(N > 1) controlled-not operation U(cy,eca,...,cn;t)

by the equation

Uler,ean. .- enilen)les) .. len)lt)
=le1)|ea) ... len)|t ® cica ... en), (1)

which flips the target “t”, conditioned on the N con-
trol qubits “cy,ca,...,cn” being set one. Note that
U(c;t) is the CNOT gate (N=1), and U(cy,ca;t) is
the Toffoli gate (N=2).

It is proved ¢! that the Hadamard gate H (H =

S s e (1)

CNOT gate and Toffoli gate form a universal set in

terms of which any quantum computation may be ex-

pressed. Replacing the Toffoli gate in this list with
1 0

the 7/8 gate T (T = ( . )) also gives a

0 el‘ll'/4

universal family.
Uler, ez, .

tial operation when N=1,2, and the resource require-

This implies that the operation

.,cN;t) is an especially important essen-

ment for implementing the operation is one of the
limiting factors in the construction of general uni-
tary transformation in quantum information process-
ing. On the other hand, when N > 1, the operation
U(ey, ez, ..

tion of more other essential operations simultaneously

.,cn;t) that can achieve the implementa-
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is also important for practical applications, because
it would be useful in reducing operational time in
circuits that require a large number of logical opera-
tions. So the multiple qubits controlled-not operation
Ul(e,ca, ..

posed constructions of quantum computational and

.,cN;t) plays a central role in many pro-

informational networks. Because of the great useful-
ness of the operation, the schemes of implementing a
non-local two-qubit CNOT gate and three-qubit Tof-
foli gate have been proposed in Refs.[12,15], where
some EPR pairs are used as the quantum channels. In
the proposal of implementation, if the entangled states
used as the quantum channels are not maximally en-
tangled, the operation to be implemented will be dis-
torted and the faithful implementation is not possible.
In realistic conditions, instead of maximally entangled
states, the users who are localized in different space
domains may share non-maximally entangled states.
So implementing a non-local quantum operation us-
ing partially entangled states is of practical impor-
tance. There are two strategies to implement the non-
local operation Uf(ey, cg, . .. ,en; t) via partially entan-
gled channels: (1) purifying the partially entangled
channels to maximally entangled channels before us-
ing them by entangled concentration 1718 then im-
plementing the operation; (2) implementing the op-
eration through the partially entangled channels di-
rectly then rectifying the distorted operation. In this
paper, we will use the second strategy to investigate
how the non-local (N+1)-qubit (N > 1) controlled-
not operation U(cy, ca,...,cn;t) can be probabilisti-
cally implemented by using partially entangled states

as quantum channels.

2. Non-local multiple qubits
controlled-not operation

Consider (N+1) users Cy, Ca,..., Cn—1, Cn, T
are localized in different space domains, who are able
They also have addi-

tional resources, namely they share entangled states,

to perform local operations.

and they are able to communicate classically. Sup-
pose each of them holds a message particle in an arbi-
trary state |j) = a;]0); + b;|1); (j = c1,¢2,...,¢n,t).
The control parties are enumerated from c¢; to cn
and each of them is carrying one ancilla numerated
by a; to ay. The target qubit is denoted by ¢t and
the target party possesses N further ancillary qubits
numerated by b; to by. Without loss of generality,
,Cn

the quantum channels between T and C;,Cs, ...

are N independent entangled pairs with the state
N

T (el00) +Bi[11))a, s, (where e +|Bif = 1, || >

=1
|B:])- The state of (N+1) message particles, which the
operation U(cy,ca,...,cn;t) will perform on, can be

expended as

[¥)er,ca,emen,t =lC1)|C2) - -+ [en)[t)
2N+l N4

= Z Ai H |wij) s (2)

where

N+1

H |Uij>j = |Ui1>1|ui2>2 T |UiN>N|Ui(N+1)>N+1

j=1
is the sth basis vector in the 211 dimensional space;
u;; € {0,1}; 10); and |1); stand for two orthogo-
The initial
state of the system composed of (N+1) message parti-

nal states of the jth message particle.

cles (¢, ¢a,...,cn,t) and independent entangled pairs
(a1,b1), (az,b2), ..., (an,by) reads as
N
|¢>1 = |¢>c1,cz,...,cN,t H(az|00> + /Bi|1]->)ai,bi- (3)
i=1

2.1. Implementation scheme 1

The first N steps of the scheme are essentially
In the ¢th step a local quantum CNOT

gate is applied on ¢; and a; with ¢; as control. Then

analogous.

this party measures particle a; and the target party
performs an X, (here, and in what follows, we will
write X and Z instead of ox and oz) operation on
his ancillary qubit b; if the user C; finds |1),, and the
identity if C; finds |0),,. After the Nth time manipu-
lation, the state (3) will be

|¢>2 :XbN I szXb1 <uﬂN| s <uf12|<ufl1|
x Ucnor(ensan) ... Uonor(c2; az)

x Ucnor(e1;a1)|9)1

N N N
= H X, H(ua,-| H Ucnor(cisai))1, (4)
=1 =1 =1

where |ug,) = |0)q,, |1)q; is the computation basis in
which the particle a; is measured.

In the (N+1)-th step, the user T applies a lo-
cal operation U(by,bs,...,by;t) on his particles, with
the ancillas by, bs,...,by being control qubits and ¢
the target. Subsequently the control particles perform

Hadamard gates on each of its ancillas.



16 Chen Li-Bing et al Vol. 13
This is then followed by IV steps involving only  cles ¢y,c¢s,...,cn, and t collapses to

ts. In the ith st bit b; i d i
measuremen s n ? ith step qubi 1s. measured in )4 =(uay .. (wa, |(a, |
the computation basis. If the outcome is [1)p,, then
Z., is applied to the qubit ¢;, if the outcome is |0), X Un ... U2U1[4)3[0)4,10)4, - - - 0) 4w
then no action is taken on qubit ¢;. After this, the 1/\/— <Hﬂ> (1,2 enit)
state (4) collapses to ’ e

X |er)lea) .. len—1)len)lt), (7)
[¥)s =Zen - Zey Zey (b | - - - (uny | (| so C;, C3, ..., Cny and T have probability
XHb H Hb U(bl,bg,...7bN;t)|’L/)>2 N 2
i : -N H,B] to obtain the desired state U(ey, ca,
_HZ H Up, |HH1, bl,bQ,...,bN;t)|’(/)>2. =1

(5)

But the users C1,Cs,...,Cn,T find they cannot
evolve the state shown in Eq.(2) to the state (1) which
they need, because the state given in Eq.(5) includes
the parameters of the imperfect quantum channels,
a; and B; (i=1,2,...,N). For example, when N=2,
Eq.(5) will be

[V V=2 =(1/v/2)%(a10221|000) + a305A2|001)
+ @182A3|010) + a1 8224]011)
+ B1aa)s|100) 4 Bran)g|101)
+ B1B2A7[111) + B152A8]110)) ;-

(5"

In order to distill the state (1) from the state (5), the
users who hold control qubits must give some general

evolutions 13! to rectify the distorted state.

The last N steps of the scheme are also essen-
tially analogous. In the last ith step, the user C; in-
troduces an auxiliary qubit A; with the original |0) 4,
and operates a unitary transformation U; under the

basis {|00>Ci,Ai7 |1O>Ci,Ai5 |01>Ci,Ai7 |1]‘>Ci,Ai}5

Bi/ 0 1-(Bi/a:)? O

B 0 1 0 0
N 1—(Bi/ai)* 0 —Bi/a; 0
0 0 0 -1

(6)

Then C; measures the state of particle A;. If the mea-
surement result is |1) 4,, the implementation fails. If

all the measurement result is |0) 4,, the state of parti-

..y eN; t)|er)|ea) ... len)|t). Synthesizing all condi-

tions (22N kinds), we obtain that the total probabil-
N 2

15
=1
If |oy| = |B:] = 1/4/2, complete implementation can

ity of successful implementation is P = 2N

be realized and the total required resources are N
initially shared e-bits (maximally entangled pairs of
qubits) and 2N c-bits (bits of classical communica-
tion). A teleportation-based protocol (19] in which the
respective states of the qubits at different nodes are
twice teleported would use 2NV e-bits and 4NN c-bits to
finish the same task. One could also employ the simu-
lation of the gate with the use of single qubit gates and
CNOT gates as in Ref.[20], but such that each step is
realized non-locally. In such a procedure both clas-
sical communication requirements and entanglement
consumption exponentially increase with the number
N of qubits in which the operation has been encoded.
So this scheme is more economical in terms of physi-
cal resources. On the other hand, the scheme 1 can be
implemented with linear optics, because the collective
operations introduced in the scheme are unitary and
any unitary operation can be realized with a sequence

(21] Furthermore, in

of beamsplitters and phaseshifters.
terms of successful implementation probability, imple-
menting the non-local operation U(cy, ca, . . ., en; t) di-
rectly through the partially entangled channels is al-
ways better than the strategy based on purification of
the channels first. Because for a single copy, the best
purification is the method shown in Ref.[18], which
has optimal efficiency P=2min {|a|?, |8]?}. If we re-
strict performance of purification to the use of lin-
ear devices, the efficiency will be less than P=2min
{]a|?,18|*}. Hence the successful probability of imple-
mentation using the first strategy is always less than

N 2
15
j=1

pP=2N

2.2. Implementation scheme 2
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The initial state of the whole system is still in the
state shown in Eq.(3). We will present in the following
another scheme which allows (N+1) distant users Cf,

Csy,...,Cn_1, Cn, T to finish the operation shown in
N

Eq.(1) with probability P = 2V H i 3.
i=1

The first (N+1) steps of the scheme 2 are the
same as the scheme 1. After this, the state (3) will be

[¥)s = U(b1,ba,. .., bn;t)[4)o. (8)
For example, when N=2, Eq.(8) is

(I1)5) V=2 =[1c2 (A1]00000) + A200100))
+ a182(A3]01001) + A4|01101))
+ B1a2(A5]10010) + Ag|10110))

+ B1B2(A7[11111) + Ag[11011))] ey, c5.,8,1 o

(&)
Subsequently, the user T performs N manipula-

tions in the same manner. In the ith step, T sends

the qubit b; through an Ry}, gate

Ryy, = ( i: _,B(ji >, 9)

where Ry, is the rotation operation about the Y-axis.
This is then followed by computation basis measure-
ments on qubit b;. If the outcome is |0)p,, then Z,
is applied to the qubit ¢;; if the outcome is |1);, then
no action is taken on qubit ¢;. After the Nth time
manipulation, the final state of the (N+1) particles
(c1,ca,...,cn;t) belonging to (N+1) distant users C1,
Csy, ...,Cn_1, Cn, T is given by

|¢>.{3 :ZCN s ZCZZC1 <ubN| s <ubz|<ubl|
X RYbN . RszRYbl |1/)>I2

N N N
=112 [Tt [T Bre.
7=1 =1 =1

¥)a- (10)

1 1 -1
Ifaizﬂizl/\/iRYbiZE<l ) )ZHb,»Zb“

[¥)s = (1/vV2)VU(er, 2,

.,CN;t)
xlelea) - lex Dlewlthy (109

the probability of successful implementation is
(1/4/2)?N.  Synthesizing all conditions (22N kinds),

the total successful probability is P=1; if o; # ;,

N
)5 = (Haiﬁi) Uey,ca,...,en;3t)
i=1

xler)le2) .- fen—1)len)t), (10")

the probability of successful implementation is
N

H |oiBi|?, and the total successful probability is P =
i=1

N
oN H |ozi,6i|2 (all 2V kinds of conditions).

i=1

3. Conclusion

In conclusion, we have investigated the prob-
lem of implementation of a non-local (N+1)-qubit
controlled-not operation U(ecy,cs,...,cn;t) via par-
tially entangled quantum channels. Two schemes have
been considered to complete the task. Comparing
the two schemes, we have found the total physical re-
sources (such as the local unitary operations, prior en-
tanglement, projective measurement in the computa-
tion basis, auxiliary qubits, and so on) required for ac-
complishing these schemes are different, and the suc-
cessful implementation probabilities are also different.
In the first one, we have found that by using some
auxiliary qubits and performing some collective uni-
tary transformations on the control qubits and aux-
iliary qubits, the (N+1) distant users C;,Cy,...,Cn

and T are able to complete the non-local operation
N 2

115
i=1
probability of success is determined by the smaller

with successful probability P = 2V The

Schmidt coefficient of the entangled states that are
used as quantum channels. The second one gains an
advantage over the first one in the simplicity of ma-
nipulation, and consumes far fewer overall resources

at the expense of the much smaller successful proba-
N

bility P = 2N H |aiB3;|?, which is determined by both

Schmidt coeﬂizc_iénts of the entangled pair. This is of
no great advantage to the situation where the N is
large. The probabilistic implementation of quantum
gates may not be so useful in the context of quantum
computation, as probabilistic operations may change
the complexity class of the problem and may thus de-
stroy the (exponential) speed up of the quantum
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algorithm in question. However, probabilistic gates
are useful for processes such as entanglement distill-
ation,'”] which by itself is already a probabilistic pro-
cess. For example, this may help in the implemen-

tation of quantum repeaters [*?! using photons only.

Due to the fact that photons are ideal candidates for
quantum information processing, it is highly desirable
to manipulate them directly rather than by mapping
their states on the states of another physical system,

e.g. of an ion or an atom, and vice versa.
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