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We investigate the entanglement properties of the two-mode coherent �elds interacting with a two-level atom via

the two-photon transition. We discuss the quantum entanglement between the two-mode coherent �elds and the two-

level atom by using the quantum reduced entropy and that between the two-mode coherent �elds by using the quantum

relative entropy. We also examine the in
uences of the initial states of the atom and the two-mode coherent �elds on

the quantum entanglement of the system. Our results show that three types of entangled states can be prepared via

the two-mode coherent �elds interacting with a two-level atom and choosing appropriately the initial-state parameters

of the system.
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1. Introduction

Quantum entanglement(QE) is one of the most

striking features of quantum mechanics. The manip-

ulation of entangled states that have nonclassical and

nonlocal properties leads to a better understanding

of basic quantum phenomena. On the other hand,

QE is an essential ingredient and entangled state that

constitute a valuable resource in quantum informa-

tion processing;[1] such as quantum cryptography,[2]

computer,[3] and teleportation.[4] Therefore, it is of

great importance to quantify the entanglement to as-

sess the eÆcacy of quantum information processing

and to prepare quantum entangled states in well-

controlled experimental conditions. In the latter case,

the entanglement results from the interaction of a two-

level atom with a cavity mode �eld. Interrupting the

coherent interaction at selected times, one can gener-

ate atom-cavity entanglement,[5] exchange the atom

and cavity states,[6] or realize a two-qubit quantum

logics gate[7] for a basic unit of quantum information

processing systems. These functions can be arranged

to realize a quantum non-demolition measurement of

a single photon[8] or to generate a three-particle en-

tangled state.[9] Up to now, these experiments have in-

volved a single cavity mode �eld interacting with one,

two, or three atoms crossing it successively. Recently,

unconditional quantum teleportation of an unknown

coherent state has been realized experimentally by ex-

ploiting a two-mode squeezed vacuum state as an en-

tanglement resource,[10] but the e�ect of environment

on the two-mode �elds has not been considered in the

scheme. In another scheme,[11] the authors presented

the realization of a more complex entanglement in cav-

ity quantum electrodynamics, by involving in the ex-

periment two independent cavity modes via emitting a

single photon. These multi-mode entanglement opens

interesting perspectives for quantum information pro-

cessing and non-locality tests. In real experimental

situations, due to the coupling to the environment,

the entangled state of the two-mode �elds inevitably

loses its purity; it becomes mixed. This phenomenon-

decoherence is the most dangerous obstacle for all en-

tanglement manipulations.

In this paper, we investigate the entanglement

properties of the two-mode coherent �elds interacting
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with a two-level atom via the two-photon transition

by regarding the atom as the environment. We study

the QE between the two-mode coherent �elds and the

two-level atom by using the quantum reduced entropy

and that between two-mode coherent �elds by using

the quantum relative entropy.[12] We examine the in-


uences of the initial state of the atom and the two-

mode coherent �elds on the entanglement properties

of the system. We �nd that three types of entangled

states, such as a maximal-entangled state between the

two-mode coherent �elds and the atom, a maximal-

entangled state between the two-mode coherent �elds,

and a sustained entangled state between the two-mode

coherent �elds, can be produced via choosing appro-

priately the parameters of the system. This provides a

good way for preparing entangled states by using the

two-mode coherent �elds in the experiment.

2. The model and its solution

The system considered here consists of a two-level

atom interacting with the two-mode coherent �elds

via the two-photon transition processes. The e�ective

Hamiltonian in the rotating-wave approximation[13] is

(�h = 1)

H = !0Sz +
2X

j=1

!ja
+
j aj + g(a

+
1 a

+
2 S�+ a1a2S+); (1)

where i (i = z, +, �)are the usual pseudo-spin op-

erators of the two-level atom, a+j (aj) is the photon

creation (annihilation) operator of the �eld mode of

frequency wj (j �1, 2) and g is the coupling con-

stant between the atom and the two-mode coherent

�elds. For simplicity, we consider the two-photon res-

onance case, that is !0 = !1+!2. Using the standard

techniques,[14] it can be shown that this Hamiltonian

gives rise to the following time evolution operator in

the interaction picture

T =

2
4 û11 �iû21
�iû12 û22

3
5 ; (2)

where we have written the operators as

û11 = cos(Âgt); û21 = a+1 a
+
2

sin(Âgt)

Â
;

û22 = cos(B̂gt); û12 = a1a2
sin(B̂gt)

B̂
;

Â =

q
(a1a2a

+
1 a

+
2 ); B̂ =

q
(a+1 a

+
2 a1a2): (3)

We consider that the two-level atom is in a coher-

ent superposition state of the excited statej ei and the

ground state j gi at time t=0,

j A(0)i = cos(�=2)jei+ exp(i') sin(�=2)jgi: (4)

The �eld is in the two-mode coherent state

j F(0)i = j�1; �2i =
1X

n1;n2=0

F (n1)F (n2)jn1; n2i;

F (nj) = exp

�
�nj

2

�
�
nj

jp
nj !

; (5)

where 0 < � < � denotes the atomic distribution,

0 < ' < 2� is the phase of the atom dipole, �j =p
njexp(i j), and nj and  j represent the initial av-

erage photon number and the direction angle of the

excitation for j (j � 1; 2)mode respectively.

The initial state of the system can be written as

j FA(0)i = j F(0)i 
 j A(0)i: (6)

At any time t > 0 the state vector of the system is

given by

j FA(t)i =UI(t)j FA(0)i
=jDijei+ jT jgi; (7)

with

jDi =
1X

n1;n2=0

F (n1)F (n2)(cos(�=2)

� exp(i[n1 1 + n2 2])

� cos(gt
n1+1;n2+1)jn1; n2i
� i sin(�=2)exp(�i['� n1 1 � n2 2])

� sin(gt
n1;n2)jn1 � 1; n2 � 1i); (8)

jT i =
1X

n1;n2=0

F (n1)F (n2)(cos(�=2)

� exp(i[n1 1 + n2 2])

� sin(gt
n1+1;n2+1)jn1 + 1; n2 + 1i
+ i sin(�=2)exp(�i['� n1 1 � n2 2])

� cos(gt
n1;n2)jn1; n2i); (9)
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where 
n1;n2 =
p
n1; n2: At any time t > 0 the density

operator for the system is given by

�FA(t) = j FA(t)ih FA(t)j =
2
4 jDihDj jDihT j
jT ihDj jT ihT j

3
5 ;
(10)

while the reduced two-mode coherent-�eld density op-

erator for the system is given by

�F(t) =TrA(�FA(t))

=jDihDj+ jT ihT j: (11)

The eigenvalues and the eigenstates of the reduced

two-mode coherent-�eld density operator �F(t) are

given by

��F =hDjDi � exp(�Æ)jhDjT ij
=hT jT i � exp(�Æ)jhDjT ij; (12)

j F(t)i = 1q
2��F cosh Æ

(exp[1=2(i�� Æ)]jDi

� exp[�1=2(i�� Æ)]jT i); (13)

where

sinh(Æ) = sinh�1
�

1

2jhDjT ij (hDjDi � hT jT i)
�
; (14)

� =tanh�1
�
ImhDjT i
RehDjT i

�
: (15)

Similarly, we can obtain the reduced atom density

operator for the system:

�A(t) =

2
4 hDjDi hT jDi
hDjT i hT jT i

3
5 : (16)

It turns out that the eigenvalues of �A(t) are equal

to those of �F(t). That is �
�
F = ��A = ��.

The eigenstates of �A(t) are given by

j �A(t)i =
1q

2��A cosh Æ
(exp[1=2(i�� Æ)]jei

� exp[�1=2(i� � Æ)]jgi): (17)

By using the Schmidt theorem,[15] the system state

vector can be rewritten as

j	FA(t)i =
p
�+j +

F ij�+Ai+
p
��j �F ij��Ai: (18)

The properties of the QE between the two-mode

coherent �elds and the atom, and that between the

two-mode coherent �elds will be discussed in the next

section by using above results.

3. The entanglement between

the two-mode coherent �elds

and the two-level atom

The reduced entropy theory about interaction

of the �elds with the atom has been introduced by

Knight et al.[15�17] They have shown that the reduced

entropy is very useful and is a sensitive operational

measure of the purity of the quantum state, which

automatically includes all the moments of the den-

sity operator. The time evolution of the �eld (atomic)

reduced entropy S(�F) re
ects the time evolution of

the degree of the entanglement between the �eld and

the atom(DEFA). The higher the reduced entropy, the

greater the DEFA is. The information concerning the

�eld is inferred by the measurement of atomic prop-

erties. Following the work by Phoenix and Knight,[15]

we can express the reduced entropy S(�F) of the two-

mode coherent �elds in terms of the eigenvalue ��F of

�F(t) given by Eq.(12),

S(�F) = ��+F log2 �
+
F � ��F log2 �

�
F : (19)

If S(�F) takes its minimum value to be zero, the two-

mode coherent �elds and the atom are disentangled; if

S(�F) takes its maximum value to be 1, the two-mode

coherent �elds and the atom are in maximal entangled

state.

Figures 1 and 2 present the numerical results for

the time evolution of the reduced entropy S(�F) of

the entanglement by dotted line, for the two cases

n1 = n2 = 20, n1 = n2 = 40 and for di�erent val-

ues of the atomic distribution angle � and the relative

phase � = '� ( 1+ 2) between the two-mode coher-

ent �elds and the atom. It is shown that the reduced

entropy of the entanglement is strongly dependent on

the atomic initial state and the relative phase men-

tioned above.
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Fig.1. The time evolution of the degree of the entanglement. S(�F) is shown by the dotted

line and ER(�F) by the solid line with n1 = n2 = 20; (a) � = 0, � = 0, (b) � = �=2, � = �=2,

(c) � = �=2, � = �=4, (d) � = �=2, � = 0.

Fig.2. The time evolution of the degree of the en-

tanglement. S(�F) is shown by the dotted line and

ER(�F) by the solid line with n1 = n2 = 40, � = �=2,

� = 0.

First, we examine the time evolution of DEFA

when the atom is in an excited state (� = 0) as shown

in Fig.1 (a). The S(�F) evolves with a period of

�=2. At times gt =
2n� 1

2
�, S(�F) takes its mini-

mum value, which means that the two-mode coherent

�elds are disentangled from the atom. This point can

be quantitatively interpreted by using Eqs.(12) and

(18). Under a strong �eld (both n1 and n2 are very

large), after a straightforward calculation, we can ob-

tain �+ � 1 and �� � 0 in this case. The system

state j FAi can be expressed in the form

j FAi = j +
F i 
 j +

Ai: (20)

Obviously, this is a disentangled direct product state.

Therefore, S(�F) is equal to zero. When gt = (2n �
1)�, the value of S(�F) tends to 1, which means that

the DEAF is very large. This can also be explained

from Eqs.(12) and (18). The state vector of the system

can be written, by using the above-mentioned condi-

tion, as

j	FAi � 1p
2
(j +

F ij +
Ai+ j �F ij �Ai): (21)

This state is just the EPR (Einstein{Podolsky{Rosen)

entanglement state and applied widely in quantum in-

formation (QI) processing.

Furthermore, we discuss the e�ects of atomic co-

herence on S(�F). In Figs 1(b){(d), we take the

atomic distribution angle � = �=2 and the relative

phase � = �=2, �=4 and 0. It is obvious that the

amplitude of vibration of the DEFA decreases mono-

tonically with �. In Figs 1(b) and (c) when � = �=2

and �=4, respectively, it can be shown that the time
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evolution of S(�F) are similar to Fig.1(a). While in

Fig.1(d), when � = 0, it can be seen that the value

of S(�F) becomes very small during the time evolu-

tion. Our results also show that when both n1 and

n2 are very large (the strong �eld condition), S(�F)

tends to its zero value in the time evolution process,

which means that DEFA is very small(see Fig.2).

4. The entanglement between

the two-mode coherent �elds

The above results show that the Hamiltonian

given by Eq.(1) leads to the entanglement between the

two-mode coherent �elds and the atom, so that the

state of the two-mode coherent �elds may evolve into

a mixed state. In this case, the degree of the entangle-

ment between the two-mode coherent �elds cannot be

measured by the reduced entropy. However, the rel-

ative entropy of the entanglement is a good measure

for the degree of the entanglement of two subsystems

in the mixed state, which is de�ned as[11]

ER(�) = main�2DS(�jj�); (22)

where S(�jj�) = Tr[�(log2 � � log2 �)] is the relative

entropy. The minimum is taken over D, the set of

all disentangled states. For a pure state, the relative

entropy of the entanglement reduces to the reduced

entropy of the entanglement, while for a mixed state,

it is usually diÆcult to calculate the relative entropy of

the entanglement except for some speci�c states. Re-

cently, the following theorem on the relative entropy of

the entanglement has been proved,[18;19] and it turns

out to be quite suitable for the present analysis.

For a quantum state in two subsystems described

by a density matrix

� =
X
n1;n2

an1;n2 j�n1�n1ih�n2�n2 j; (23)

the relative entropy of the entanglement is given by

ER(�) = �
X
n

an;n log2 an;n + Tr(� log2 �); (24)

and the disentangled state �� that minimizes the quan-

tum relative entropy S(�jj��) is
�� =

X
n

an;nj�n�nih�n�nj; (25)

where j�ni and j�ni are orthonormal states of each

subsystem. It should be noted that the density oper-

ator of Eq.(11) can take the form of Eq.(25)

�F =
X
n

an;njn; nihn; nj; (26)

where an;n = hn; nj�Fjn; ni. Hence, the relative en-

tropy of the entanglement of the state Eq.(11) is writ-

ten as

ER(�F) =�
X
n

an;n log2 an;n � S(�F)

=�
X
n

an;n log2 an;n

+ �+ log2 �
+ + �� log2 �

�: (27)

Consequently, it is possible to compute numerically

the relative entropy of the entanglement given by

Eq.(27). The time evolutions of the relative entropy of

the entanglement ER(�F) are shown by using the solid

line in Figs 1 and 2, which re
ect the time evolution of

the degree of the entanglement between the two-mode

coherent �elds (DETMCF). The DETMCF increases

monotonically with the relative entropy. Comparing

the solid line with the dotted line in the Figs 1(a){(d),

we can �nd that the time evolution of the DETMCF

is just the opposite to DEFA. That is, when the latter

increases with time, the former decreases with time.

This comes from the fact that DEFA can impair the

DETMCF due to the atom interacting with the two-

mode coherent �elds. In particular, when � = 0,

n1 = n2, and gt =
2n� 1

2
�, it can be obtained that

�+ = 1 and �� = 0. The states of the system can be

written in a direct form as formula (21), which means

that the two-mode coherent �elds and the atom are

disentangled. At the same time, Eq.(13) can be fur-

ther reduced to

j Fi =
p
2

1X
n=0

F (2n+ 1)F (2n+ 1)(�1)n+1

� (cos(�=2)j2n+ 1; 2n+ 1i
� i sin(�=2)j2n; 2ni): (28)

Obviously, when � = 0 or �, the two-mode coher-

ent �elds are in the states with an odd or even photon

number, respectively,

j Fi =
p
2

1X
n=0

F (2n+ 1)F (2n+ 1)(�1)n+1

� j2n+ 1; 2n + 1i (� = 0);

j Fi =i
p
2

1X
n=0

F (2n+ 1)F (2n+ 1)(�1)n

� j2n; 2ni (� = �): (29)
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When � = �=2; the maximal entangled state between

the two-mode �elds can be produced. That is

j Fi =
1X
n=0

F (2n+ 1)F (2n+ 1)(�1)n+1

� (j2n+ 1; 2n + 1i � ij2n; 2ni): (30)

The states given by Eqs.(29) and (30) have been

applied widely in QI processing. Our result further

shows that under the condition of a strong �eld (both

n1 and n2 are very large) and when the atom is in a

coherent trapping state, the maximal entangled state

between the two-mode coherent �elds, which is inde-

pendent of the evolution time, can be obtained, as

shown in Fig.2.

5. Conclusion

In conclusion, we have investigated the entangled

states in the two-mode coherent �elds interacting with

a two-level atom via the two-photon transition. We

discuss the quantum entanglement between the two-

mode coherent �elds and the two-level atom by using

the quantum reduced entropy and that between the

two-mode coherent �elds by using the quantum rel-

ative entropy. Our results show that three types of

entangled states can be prepared via the two-mode co-

herent �elds interacting with a two-level atom. First,

when the atom is initially in an excited state(� = 0),

by choosing the evolution time gt = (2n � 1)�, the

maximal entangled state between the two-mode co-

herent �elds and the atom can be produced. Sec-

ond, when the atom is initially in a coherent trap-

ping state(namely � = �=2, � = 0) and at times

gt =
2n� 1

2
�, the two-mode coherent �elds and the

atom are disentangled, thus the maximal entangled

state between the two-mode �elds can be obtained.

Finally, under the conditions of a strong �eld (both n1
and n2 are very large) and when the atom is initially

in a coherent trapping state, the maximal entangled

state between the two-mode coherent �elds, which is

independent of the evolution time, can be prepared.

Our results are important for experimental realization

of the preparation of entangled states.

|||||||||||||||||||||||||||
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