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Based on the computerized symbolic system Maple and a Riccati equation, a Riccati equation expansion method is

presented by a general ansatz. Compared with most of the existing tanh methods, the extended tanh-function method,

the modi�ed extended tanh-function method and generalized hyperbolic-function method, the proposed method is more

powerful. By use of the method, we not only can successfully recover the previously known formal solutions but also

construct new and more general formal solutions for some nonlinear di�erential equations. Making use of the method,

we study the Bogoyavlenskii's generalized breaking soliton equation and obtain rich new families of the exact solutions,

including the non-travelling wave and coeÆcient functions' soliton-like solutions, singular soliton-like solutions, periodic

form solutions.
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1. Introduction

Since the soliton phenomenon was �rst observed

by Scott Russell in 1834 and KdV equation was solved

by the inverse scattering method by Gardner et al

in 1967,[1] the study of solutions and the related is-

sue of the construction of solution to a wide range

of nonlinear evolution equations (NEEs) has become

one of the most exciting and extremely active ar-

eas of research. Many e�ective methods have been

presented, such as, Darboux transformation, Cole{

Hopf transformation, Hirota method[2], B�acklund

transformation[2;3], Painlev�e method,[2;4;5] homoge-

neous balance method,[6�13] tanh method,[14;15] and

the generalized hyperbolic-function method.[16;17] Di-

rect searching for exact solutions of NEEs has become

more and more attractive,[4�30] on the one hand, due

to their occurrence in many �elds of science, in physics

as well as in chemistry or biology and the interest-

ing features and rich variety of their solutions, on the

other hand, due to the availability of computer sys-

tems like Maple or Mathematica which allow us to

perform some complicated and tedious algebraic cal-

culation and di�erential calculation on a computer, at

the same time, help us to �nd new exact solutions of

NEEs.

One of the most e�ective straightforward meth-

ods is to construct exact solutions of NEEs is

tanh method.[14;15] Recently, Fan[18] has proposed

an extended tanh-function method. More recently,

Fan,[19;20] Yan[21] and Chen et al
[22�26] further de-

veloped this idea and made it much more lucid and

straightforward for a class of NEEs. Most recently,

Elwakil et al
[27] modi�ed the extended tanh-function

method and obtained some new exact solutions. On

the other hand, Gao and Tian[16] presented a gener-

alized hyperbolic-function method by introducing co-

eÆcient functions. As we know, when using the di-

rect method, the choice of an appropriate ansatz is of

great importance. In this paper, based on the above

works,[14�27] by introducing a more general ansatz

than the ansatz in the above methods, we present a

�Project supported by the National Natural Science Foundation of China (Grant No 10072013), and the State Key Development

Programme for Basic Research of China (Grant No G1998030600).
yE-mail: chenyong@dlut.edu.cn

http://www.iop.org/journals/cp



No. 9 Generalized Riccati equation expansion method and ... 941

generalized Riccati equation expansion method. Then

we choose the Bogoyavlenskii's generalized breaking

soliton equation to illustrate our algorithm and ob-

tain new families of exact solutions, including the non-

travelling wave and the soliton-like solutions of the

coeÆcient functions, singular soliton-like solutions, as

well as the periodic form solutions.

2. The generalized Riccati equa-

tion expansion method

We now establish the generalized Riccati equation

expansion method as follows

(A) For a given nonlinear partial di�erential equa-

tion (NPDE) with one physical �eld u in three vari-

ables (x; y; t), we have

H(u; ut; ux; uy ; uxx; uxt; uxy ; uyt; � � �) = 0: (1)

We express the solutions of the NPDE by the new

more general ansatz

u(x; y; t) =f +

mX
i=1

[gi�
i(�)

+ hi�
i�1(�)

p
R+ �2(�) + ki�

�i(�)];(2)

where m is an integer to be determined by balanc-

ing the highest-order derivative terms with the non-

linear terms in Eq.(1), R is a real constant, while

f = f(x; y; t), gi = gi(x; y; t), hi = hi(x; y; t), ki =

ki(x; y; t) (i = 1; � � � ;m), � = �(x; y; t) are all di�eren-

tiable functions, and �(�) satis�es

d�(�)

d�
= R+ �2(�): (3)

(B) Substituting Eq.(2) along with Eq.(3) into

Eq.(1), multiplying the most simple common denom-

inator in the obtained system, and setting the co-

eÆcients of �j(�)(
p
R+ �2(�))n (j = 0; 1; � � �; n =

0; 1) (Note: here �i(�) denotes i power of �(�) and

(
p
R+ �2(�))n denotes n power of

p
R+ �2(�)) to

zero, we obtain a set of over-determined partial di�er-

ential equations with regard to di�erentiable functions

f , gi, hi, ki (i = 1; � � � ;m) and �.

(C) Solving the over-determined partial di�eren-

tial equations, we would end up with the explicit ex-

pressions for f , gi, hi, ki (i = 1; � � � ;m) and � or the

constrains among them.

(D) It is well known that the general solutions of

Riccati Eq. (3) are

a) When R < 0,

�(�) =

(
�
p
�R tanh(

p
�R�);

�
p
�R coth(

p
�R�);

(4)

b) When R = 0,

�(�) = �1

�
; (5)

c) When R > 0,

�(�) =

(p
R tan(

p
R�);

�
p
R cot(

p
R�):

(6)

Thus, according to Eqs.(2), (4){(6) and the con-

clusions in (C), we obtain many general solutions of

Eq.(1).

Remarks

(1) Generalization

The method proposed here is more general than

the generalized hyperbolic-function method,[16] tanh

method,[14;15] extended tanh-function method,[18]

modi�ed extended tanh-function method.[27] Firstly,

compared with the extended tanh-function by Fan,[18]

the improved tanh-function method by Yan[21] as well

as the modi�ed extended tanh-function method by

Elwakil,[27] the restriction on �(x; y; t) as merely a lin-

ear function of x; y; t and the restriction on the co-

eÆcients f , gi, hi, ki(i = 1; � � � ;m) as constants are

removed. Secondly, compared with the generalized

hyperbolic-function method,[16] we cannot only recov-

ered the exact solutions for a given NPDE which are

the superposition of di�erent power of the sech� func-

tion, tanh� function or their combinations, but also

we can, with no extra e�ort, �nd other new and more

general types of solutions, such as singular soliton-like

solutions, coth-type solutions and periodic form solu-

tions, tan-type solutions, and combinations of these

types of function, even rational solutions, etc. More

importantly, we can add terms ki�
�i(�) in the new

ansatz (2), so more types of solutions would be ex-

pected for some equations.

(2) Feasibility

For the generalization of the ansatz, naturally

more complicated computation is expected than ever

before. Even if the availability of computer symbolic

systems like Maple or Mathematica allow us to per-

form the complicated and tedious algebraic calcula-

tion and di�erentiation on a computer, in general it is

very diÆcult, sometimes impossible, to solve the set of

over-determined partial di�erential equations in (B).

As the calculation goes on, in order to greatly simplify

the work or make the work feasible, we often choose
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special function forms for f , gi, hi, ki (i = 1; � � � ;m)

and �, on a trial-and-error basis.

3. Bogoyavlenskii's generalized

breaking soliton equation

In this section, by use of the generalized Ric-

cati equation expansion method, we investigate

the Bogoyavlenskii's generalized breaking soliton

equation,[16;31;32]

(uxt � 4uxuxy � 2uyuxx + uxxxy)x = ��2uyyy; (7)

where the Bogoyavlenskii parameter �2 is real.

The Bogoyavlenskii's generalized breaking soliton

equation describes the (2+1)-dimensional interaction

of Riemann wave propagation with the long-wave

propagation.[28] By balancing the highest-order con-

tributions from both the linear and nonlinear terms

in Eq.(7), we obtain m = 1 in Eq.(2). Therefore, we

assume the solutions of Eq.(7) in the following form

u(x; y; t) = f + g�(�) + h
p
R+ �2(�) + k��1(�); (8)

where f = f(y; t), g = g(y; t), h = h(y; t), k = k(y; t)

and � = xp+ q (p is a constant and q = q(y; t)) are all

di�erential functions, and �(�) satis�es Eq.(3).

Substituting Eq.(8) along with Eq.(3) into Eq.(7),

multiplying �(�)6
p
R+ �(�)2 in the obtained system,

then setting the coeÆcients of �(�)n(R + �(�)2)j=2

(j = 0; 1; n = 0; 1; 2; � � �) in the obtained system of

partial di�erential equation to zero, we can deduce

the following set of over-determined partial di�eren-

tial equations with respect to the unknown deriva-

tive functions f , g, h, k and q (Note: in this paper,

gy =
@g(y; t)

@y
, and so on.)

�R(8p3gR2hy � 5p4hyR
2 + 6p3gyhR

2

� 3�2qyqyyhR� 12p3kRhy

� p2htR+ 2Rp3kyh� 3�2q2yhyR� �2hyyy) = 0; (9)

241p4qyhR
2 + 11p2qthR+ 11�2q3yhR

+ �2qyyyh+ 3�2qyhyy + 3�2qyyhy

� 22p3fyhR� 252p3gR2qyh+ 66p3kRqyh = 0; (10)

52p4hyR + 8p3khy + 2p2ht + 6�2q2yhy

� 68p3gyhR� 72p3gRhy + 6�2qyqyyh = 0; (11)

� 6h(2p3fy � 50p4qyR� p2qt

+ 51p3gRqy � �2q3y � 6p3kqy) = 0; (12)

12p3kRhy + 9�2qyqyyhR� 42p3gyhR
2

+ �2hyyy + 3p2htR+ 9�2q2yhyR

+ 33p4hyR
2 � 48p3gR2hy = 0; (13)

48p3gqykR + 136p4qygR
2 + 8p2qtgR+ 3�2qygyy

� 84p3g2R2qy + 8�2q3ygR � 16p3fygR

+ �2qyyyg � 60p3h2qyR
2 + 3�2qyygy = 0; (14)

� 2R2(4Rp3gky � 20p4kyR� 3kgyyqy�
2

� 3�2q2yky � p2kt � 28p3kky) = 0; (15)

40p4gyR+ 2p2gt + 6�2qyqyyg � 52p3hyhR

+ 6�2q2ygy + 8p3kgy � 56p3gRgy = 0; (16)

R(48p3gR2qyk � 136p4qykR
2 + 16p3fykR

� 84p3k2qyR� 8p2qtkR� 8�2q3ykR

� 3�2qykyy � 3�2gyyky � �2qyyyk) = 0; (17)

6kR3(�22p3kqy + 6p3gRqy � 40p4qyR

� �2q3y + 2p3fy � p2qt) = 0; (18)

24p3kRky + 16p4kyR
2 + 6�2q2ykyR+ �2kyyy

� 8p3gR2ky + 2p2ktR+ 6�2qygyykR = 0; (19)

� 6p3h2qyR
3 � 2�2q3ykR � 12p3g2R3qy

+ �2fyyy + 2�2q3ygR
2 + 24p3gR2qyk

+ 2p2qtgR
2 � 2p2qtkR + 3�2qygyyR

� 3�2qykyy � 3�2gyyky � 12p3k2qyR

� �2qyyyk + �2qyyygR� 4p3fygR
2

� 16p4qykR
2 + 16p4qygR

3

+ 3�2gyygyR+ 4p3fykR = 0; (20)

16p4gyR
2 � 24p3gR2gy + 6�2qyqyygR� 20p3hyhR

2

+ �2gyyy + 6�2q2ygyR+ 8p3kRgy + 2p2gtR = 0; (21)

240p4qygR� 12p3fyg � 114p3h2qyR+ 6�2q3yg

+ 6p2qtg + 36p3kqyg � 132p3g2Rqy = 0; (22)

R(�66p3gR2qyh+ 61p4qyhR
2 + 36p3kRqyh

+ 5p2qthR+ 5�2q3yhR� 10p3fyhR

+ �2qyyyh+ 3�2gyyhy + 3�2qyhyy) = 0; (23)
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8p3R3ky(3Rp+ 4k) = 0; (24)

18p3kR3qyh = 0; (25)

2p3R3(�kyh+ 10hyk) = 0; (26)

�8p3(�3gyp+ 4hyh+ 4gyg) = 0; (27)

�60p3qy(g2 � 2pg + h2) = 0; (28)

�120qyhp3(�p+ g) = 0; (29)

�60kp3R4qy(2Rp+ k) = 0; (30)

�8p3(�3hyp+ 4hyg + 4gyh) = 0; (31)

12p3hqykR
4 = 0; (32)

12p3hykR
4 = 0: (33)

Using the powerful PDE tools package of Maple, solv-

ing the set of partial di�erential Eqs. (9){(33), we can

obtain the following results. (Note: in the follow-

ing Fi(t) (i = 1; � � � ; 5) denote arbitrary di�erentiable

functions with respect to t and F 0
i (t) =

@Fi(t)

@t
.)

Case 1

q = F3(t)y + F4(t); g = p; h = p;

f =
1

4p
F 0
3(t)y

2 +

�
� 1

2
pF3(t)R+

1

2p
F 0
4(t)

+
1

2p3
�2F 3

3 (t)

�
y + F5(t); k = 0: (34)

g = p; f =
1

4p
F 0
1(t)y

2 +

�
� 1

2
pF1(t)R+

1

2p
F 0
2(t)

+
1

2p3
�2F 3

1 (t)

�
y + F5(t);

h = �p; q = F1(t)y + F2(t); k = 0: (35)

Case 2

h = 0; k = �2Rp; g = 2p; q = F1(t)y + F2(t);

f =
1

4p
F 0
1(t)y

2 +

�
1

2p3
�2F 3

1 (t)� 8pF1(t)R

+
1

2p
F 0
2(t)

�
y + F3(t): (36)

Case 3

h = 0; k = �2Rp; q = F1(t)y + F2(t); g = 0;

f =
1

4p
F 0
1(t)y

2 +

�
� 2pF1(t)R+

1

2p3
�2F1(t)

3

+
1

2p
F 0
2(t)

�
y + F3(t): (37)

f =
1

4p
F 0
1(t)y

2 +

�
� 2pF1(t)R+

1

2p3
�2F 3

1 (t)

+
1

2p
F 0
2(t)

�
y + F3(t);

h = 0; g = 2p; q = F1(t)y + F2(t); k = 0: (38)

Case 4

f =
1

2p
F 0
1(t)y + F2(t); g = C2; h = C1;

k = �3

4
Rp; q = F1(t): (39)

f =
1

2p
F 0
1(t)y + F2(t); g = C3;

k = C1; q = F1(t); h = C2: (40)

From Eqs.(8), (4), (6) and (34){(40), we can ob-

tain the following solutions for Bogoyavlenskii's gen-

eralized breaking soliton equation.

Case A

u11 = f +p
p
�R[tanh(

p
�R�)� isech(

p
�R�)]; (41)

u12 = f + p
p
�R[coth(

p
�R�)� csch(

p
�R�)]; (42)

u13 = f + p
p
R[tan(

p
R�)� sec(

p
R�)]; (43)

u14 = f + p
p
R[cot(

p
R�)� csc(

p
R�)]; (44)

where f is determined by Eqs.(34) and (35), and

� = xp+ F1(t)y + F2(t).

Case B

u21 = f � 2p
p
�R[tanh(

p
�R�) + coth(

p
�R�)];

R < 0; (45)

u22 = f�2p
p
R[tan(

p
R�)+cot(

p
R�)]; R > 0; (46)

where f is determined by Eq.(36), and � = xp +

F1(t)y + F2(t).

Case C

u31 = f � 2p
p
�R tanh(

p
�R�); R < 0; (47)

u32 = f � 2p
p
�R coth(

p
�R�); R < 0; (48)

u33 = f � 2p
p
R tan(

p
R�); R > 0; (49)

u34 = f � 2p
p
R tanh(

p
R�); R > 0; (50)

where f is determined by Eqs.(27) and (28), and

� = xp+ F1(t)y + F2(t).



944 Chen Yong et al Vol. 12

Case D

u41 =f � g
p
�R tanh(

p
�R�)

� h
p
Rsech(

p
�R�)

� kp�R coth(
p
�R�); R < 0; (51)

u42 =f � g
p
�R coth(

p
�R�)

� h
p
�Rcsch(

p
�R�)

� kp�R tanh(
p
�R�); R < 0; (52)

u43 =f � g
p
R tan(

p
R�)� h

p
Rsec(

p
R�)

� kp
R
cot(

p
R�); R > 0; (53)

u44 =f � g
p
�R cot(

p
R�)� h

p
Rcsc(

p
R�)

� kp
R
tan(

p
R�); R > 0; (54)

where f , g, h, k are determined by Eqs.(39) and (40),

and � = xp+ F1(t).

The physical interest of the above solutions lies

in the fact that they describe certain soliton-like sur-

face waves. From the resulting Eqs. (41){(44), we

know that because of the entrance of the arbitrary

functions, the Bogoyavlenskii's generalized breaking

soliton equation possesses quite abundant localized

soliton structures. The richness of the soliton struc-

tures caused by arbitrary functions may be a univer-

sal phenomenon in high dimensions. Because of the

wide applications of the soliton theory in real physics,

more about these high-dimensional localized solutions

is worthy of studying further.

4. Conclusions

In summary, based on the computerized sym-

bolic computation, by introducing a new more gen-

eral ansatz than the ansatz in the extended tanh-

function method, modi�ed extended tanh-function

method, and generalized hyperbolic-function method,

we have proposed a generalized Riccati equation ex-

pansion method to search for exact solutions of NEEs

and implemented in computerized symbolic system

Maple. Making use of our method and with the aid

of Maple, we study the Bogoyavlenskii's generalized

breaking soliton equation and obtain new families of

the exact solutions. In our obtained exact solutions

the restriction on �(x; y; t) as merely a linear func-

tion of x; y; t, and the restriction on the coeÆcients

f , gi, hi, ki (i = 1; � � � ;m) as constants are removed

and, with no extra e�ect, the singular solitonic solu-

tion and periodic form solutions, even rational solu-

tions could be obtained. We think that the method

presented in this paper is not just only the extension

from the mathematical point of view, but hope that

the solutions obtained by the method will lead to more

deeper and more comprehensive understanding of the

complex structures resulting from the NEEs. To make

the work feasible, how to choose the forms for f , gi,

hi, ki (i = 1; � � � ;m) and � in the ansatz would be

the key step in the computation of our method. The

method, proposed in this paper for single equation,

may be extended to �nd exact solutions of coupled

equations.

|||||||||||||||||||||||||||
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