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For the relativistic Hamiltonian system, a new type of Lie symmetrical non-Noether conserved quantities are given.

On the basis of the theory of invariance of differential equations under infinitesimal transformations, and introducing

special infinitesimal transformations for ¢, and p,, we construct the determining equations of Lie symmetrical trans-

formations of the system, which only depend on the canonical variables. A set of non-Noether conserved quantities are

directly obtained from the Lie symmetries of the system. An example is given to illustrate the application of the results.
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1. Introduction

The conservation laws for a dynamical system
play an important role in the fields of mathematics,
mechanics and physics. There are three main sym-
metrical methods used to seek the conserved quan-
tity of the dynamical system: Noether symmetry, Lie
symmetry and Mei’s form invariance (or Mei symme-
try). The Noether symmetry is an invariance of the
Hamilton’s action under the infinitesimal transforma-
tions of groups.l!! The Lie symmetry is an invariance
of differential equations under the infinitesimal trans-
formation of groups.2l The Mei symmetry is one of
the equations of motion under the infinitesimal trans-
formations of groups. It is different from the Noether
symmetry and the Lie symmetry and can also lead to

a conserved quantity under certain conditions.!3 ¢!

In 1979, Lutzky applied Lie’s theory to the dif-
ferential equations of motion for a mechanical sys-
tem, and studied Lie symmetries and conserved quan-
tities of a dynamical system.[?! In recent 20 years, re-
searchers developed the method of Lie symmetry, and
obtained many important results, e.g. Researchers [7—

27]. In general, the Lie symmetry of a dynamical

system does not always imply the conserved quan-
tity, it can lead to a conserved quantity only un-
der certain conditions. There are two main methods
used to seek the Lie symmetrical conserved quantities.
Onel®7-22] ig based on the Noether symmetries, and
the other(2>=27] is directly based on the Lie symme-

tries of the system.

The dynamics of a Hamiltonian system has
been extensively applied to the field of modern
physics.[2829] In 1989, Lil?®—31 studied the Noether
symmetrical theorems of a Hamiltonian system in
phase space and their applications. Later, Meil'?] and
Zhang!?6:2"] gave the Lie symmetrical theorems of the
Rela-

tivistic analytical mechanics is an important aspect

classical Hamiltonian system in phase space.

with the modern development in the field of theo-
retical physics. Since 1987, we have constructed the
theory of analytical mechanics for the relativistic sys-
tem, and given its basic theoretical frame.[*2=37 This
paper studies the Lie symmetrical non-Noether con-
served quantities of the relativistic Hamiltonian sys-
tem in phase space. A new method for obtaining con-
served quantities from Lie symmetries of the system

is given. On the basis of the theory of invariance of
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differential equations under infinitesimal transforma-
tions of groups, and introducing infinitesimal trans-
formations for ¢, and p,, we construct the determin-
ing equations of Lie symmetrical transformations of
the system, which only depend on the canonical vari-
ables. A set of non-Noether conserved quantities are
directly obtained from the Lie symmetries of the rel-
ativistic Hamiltonian system. An example is given to

illustrate the application of the results.
2. A set of Lie symmetrical de-
termining equations of the rel-

ativistic Hamiltonian systems

Here we study a relativistic Hamiltonian system,

and its equations of motion can be written asl®?!

OH* oH*
- - _ —1.... 1
qs ap. y Ds Bq. (3 ) an)’ ( )
where
y . . OL*
H'(t,45:05) = Pods — L%, Py = 5o,

S

L*(tﬂqsﬂq.s) :T* _V’ V:V(qs)’

N
T = 3 moe?(1 -1 - #2/e2),
i=1

and (g,,p,) are the canonical variables.

The equations of motion of the relativistic nonsin-
gular Lagrangian system can be written in the canon-
ical forms under the Legendre transformation. All of
them are the relativistic Lagrangian system, the rel-
ativistic holonomic conservative system, the relativis-
tic holonomic system in which the generalized forces
have a generalized potential and the systems of inverse
problem of the relativistic Lagrangian mechanics, so
their equations of motion can be always written in the
Hamiltonian canonical form of Egs.(1).

Equations (1) can be expressed as follows

qs = gs(taqkapk)a 135 = hs(taqkapk)v

(S)k:]-a"'vn)' (3)

We introduce the special infinitesimal transformations

for ¢, and p,
t=t, q;(t") = q,(t) + Ags,

p(t") = p,(t) + Ap,. (4)

Their expanding forms are
t* = t7 q: = qs + 5£S(t7 qupk)v

p: = DPs +€ns(t)qk7pk)a
(s,k:l,---,n), (5)

where £, and 7, are called generators of ¢, and p, re-
spectively under the infinitesimal transformations (5),
and ¢ is a small parameter. We introduce an infinites-

imal transformation vector of the generator

0
op,’

)
XO =g — 40, (6)
dq,

and its first extension reads
0

.9
XM =xO 4 Z 4p —. 7
€s T (7)

From the theory of invariance of differential equa-
tion under infinitesimal transformations, we know that
the invariance of Egs.(3) under the infinitesimal trans-

formations (5) is
£ =X,

(s=1,---,n). (8)

Egs. (8) are called the Lie symmetrical determining

i, = X (h,),

equations of the relativistic Hamiltonian system. If
the generators &, and 7, of the infinitesimal transfor-
mations (5) satisfy the determining Egs.(8), then the
transformations (5) are called Lie symmetrical trans-
formations.
Theorem 1. For the relativistic Hamiltonian
system (1), if the generators &, and 7, of the in-
finitesimal transformations (5) satisfy the determin-
ing Egs.(8), then the corresponding symmetries are

Lie symmetries of the system.

3.A set of Lie

non-Noether conserved quan-

symmetrical

tities of relativistic Hamilto-

nian systems

We now obtain directly the conserved quantities
from the Lie symmetries of the relativistic Hamilto-
nian system.

Theorem 2. For the relativistic Hamiltonian
system (1), if the generators £, and n, of the in-
finitesimal transformations (5) satisfy the determining
Eqgs.(8), and there is a function A(g,, p,) satisfying the
following condition

10

N 5g A9+ 555 () =0 ©)

10
A Op,
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then the system has the Lie symmetrical non-Noether

conserved quantities as follows:

d = % 0 (A&) + ;\ais (An,) = constant.  (10)
In fact,
4 _d 100\, L d(100)  10),
dt — dt \ \ dg, xap, )™ T Xag, >
1 8/\ d 8§ d 877
- — = 11
3 ap, T dqs  dt Jp, )

From Egs.(3) and (6), the determining Egs.(8) can be

written in the form

3gs 393
8pk ’
h oh

Ns :gka_qs +7lkﬁ (kaszlaan)a (12)
k k

§€k

so we have

9f, _ 9,9y, O 99 9%g, . 9%g,
dq,  0q,0q, = 0q, Op,  ~F0q.0q, *0p.dq,
on, 0&, Oh, Om, Oh, d%h, 9%h,
= 3 + mg, .
dOp,  Op,9q,  Op, Op, 9q,,9p, Op,,0p,
(13)
Noticing
dag, 9%, d%¢, L d%¢,
dt dq,  0q,9q,°" = dq,0p, " dq,0t’
dan, 9, 91, &n,
dt dp, ~ 9p,dq, "  dp,dp, ©  dp,ot’
;. O¢ o o
— S S h S
&s aquk ap, kT ot
. on on on
= 13 5h s 14
Ns 3qk9k+ op, kTt ot (14)
we have
96,  d oL,  0& 0g, 0K Ok
aqs B dt aqs aqk 6qs apk aqs ’
i, _ dom,  9n, dg, _On,dh, (15)
8ps B dt 8ps 8qk aps apk 8ps

Substituting Eqgs.(13) into Eqgs.(15), we obtain

d 9, On, 0g, O&, Oh, 0?9, 0%g,

- =t =+, + 1 )

dt aqs 8qs 8pk apk 8qs 8q]caqs apkaqs

d on, 08¢, 0h, On,dg, Le 0?h, n 0?h,

4 = 5. a. —aA. a_ n

dtdp, ~ 9p, g, 9q, Op, “F0q0p, " Bpkt?ps)
16

Substituting Eqs.(12) and (16) into Eq.(11), we can

obtain
d® d /19X d /10X
L v [ E ey )
t dt\ \Jq, dt \ A 9p,
10X 0 1o}
+ 3 <§k& + My, gs>
A dq, dq,, op,,
n 1 0\ <£ Oh, 8hs>
l PRt R
Adp, \"*dq, = *op,
0%g 0%h
+ =&+ = ¢
aqkaqs k quaps k
9? 0?h,
+ e s (17)
3pk3qs 3pk8ps

From the condition (9), we have

&g, 9h,
9q,0q,  9Op,0q,,
_i<la_/\> _ 10X 9y,
9, \Xdq, )%~ Xaq, b,
1 0\ 1 O\ Oh
RERTE\NY v A,
0%g, 0?h,
9q,0p,,  Op,Op;
B 0 (10X 10X 9y,
~ " ap, \Xdg, )% Xaq, 9,
Lo (1on), _1avon o
0q,, \ A Op, A Op, Op,,
Noticing
0 (10X ¢ = 0 (10X ¢
aqk )\aqs 9rSs = aqk /\3qs 9sSk>
o (10X 0 [(10)
aqk 2 8]73 9x"s 8pk A 8(13 9sMk>
o (10X o (10X
— = h & =—| = h
op, (o) 94, (Yo, e
O (10X o (10X
—(==—|h — = h 20
Ip;, </\ 3ps> K o, </\3 > Mo (20)
and substituting Eqgs.(18),(19)and (20) into Eq.(17),
we obtain
do
e 0, i.e., @ = constant. (21)

From theorem 2, we can obtain an important de-
duction.

Deduction For the relativistic Hamiltonian sys-
tem (1), if the generators £, and 7, of the infinitesimal
transformations (5) satisfy the determining Egs.(8)

and the following condition

dg. Oh
s s 922
dq, * op, (22)
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then the system has the Lie symmetrical non-Noether

conserved quantities as follows

_ o0&,  0n,

@ =
dq,  Op,

= constant. (23)

4. Example

As an example, we study the Lie symmetries and
conserved quantities of a relativistic vibrator, of which

the Lagrangian is

1
L* = moc?(1 — /1 —¢2/c?) — §kq2, (24)

where k=constant. We have

oL* . —1/2 .
P= g =mo(l=¢*/) . (25)
Noticing
(me®)? = (moc®)? + (cp)?, (26)
2 2 /.2
pz 2= ! /20 27 (27)
mge 1-¢?%/c
we have
2
* 2 p L s
H* = mye < 1+m3021>+2kq’ (28)
_OH* 2p - p? —1/2
9= dp  mg m2c? ’
OH*
h=-— = —kq. 29
94 q (29)

If we introduce the infinitesimal transformations

(5), then the determining Eqs.(8) give

. 2 2
5=—<1+ r

mg mgc?

—-3/2
) m, 77 = _kEJ (30)

and the above equations have the following solutions

£ =lipe ¥, p=eT, (31)

2 p2 —3/4
=4/—11 . 32
v kmy ( + m802> (32)

From theorem 1, we know that the generators (31)

where

correspond to the Lie symmetry of the system un-
der the infinitesimal transformations (5). Substituting

Egs.(29) into the condition (9), we can obtain

1 2 1/2
A= 5akq2 + 2amqc? <1 + pT> + b,

mgc?
(a,b = constant). (33)
From theorem 2, we obtain the following conserved
quantity
: 1 ipgt
¢ = (g — ihg)—e '"¥" = constant. (34)
®

Obviously, @ is the non-Noether conserved quantity of
the system. Noticing A # constant, the system does
not have the conserved quantity as &'.

Under the classical approximation ¢, < ¢, we
have m ~ mg,p = mq and p?/m2c®> ~ 0. For the
L*, choosing the former two terms of the power-series

expression of 1/1 — ¢?/c? with respect to ¢/c we can

obtain

1 1
L*~L=-mq¢*— —k¢® 35
5" — Sk, (35)
* 1 .2 1 2
H zH:qu +§kq. (36)

Therefore, in this example we obtain the Lie symme-
tries and the conserved quantities of the classical vi-

brator.
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