Vol 12 No 8, August 2003
1009-1963/2003/12(08) /0831-05

Chinese Physics

© 2003 Chin. Phys. Soc.
and IOP Publishing Ltd

The calculating formula for radial matrix elements
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A universal practical formula is given for calculating an integral which includes two confluent hypergeometric

functions, power and exponential functions; then by means of this formula, the expressions of the radial matrix elements

for a relativistic harmonic oscillator are given.
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1. Introduction

In the study and application of the quantum me-
chanics, it is an important and onerous task to cal-
culate the matrix elements of various operators when
the wavefunction was given. To reveal the properties
of a quantum system that has a spherical symmetric
potential, it is indispensable to calculate radial ma-
trix elements with various powers. Hydrogen atom
and isotropic harmonic oscillator, which have a central
potential field, are typical examples. Some classical
papers have given a few formulae, with some specific
condition, for calculating the matrix element of a ra-
dial operator of a non-relativistic hydrogen atom.['?]
Because the wavefunctions of hydrogen atoms and
isotropic harmonic oscillators include combination of
the confluent hypergeometric function, power and ex-
ponential functions, the calculation of radial matrix
elements for a central potential field often involves
a very complex integral whether in non-relativistic
or relativistic quantum mechanics. At present, even
though we can use powerful mathematical software,
such as Mathematica or Matlab packages, it will take
much time or is too difficult to complete the computa-
tion for calculating radial matrix elements with higher
powers. So it is necessary to look for not only univer-
sal but also practical formulae for calculating radial
matrix elements either in non-relativistic or relativis-
tic quantum mechanics. In recent years, there have

been some studies on calculating radial matrix ele-

ments both in non-relativistic and relativistic quan-
tum mechanics.>~7 Houl®% has given formulae to
calculate radial matrix elements of a relativistic hy-
drogen atom and a non-relativistic isotropic harmonic
oscillator. Chenl®~"! obtained recurrence formulae for
radial matrix elements of an isotropic harmonic oscil-
lator and a ring-shaped non-spherical harmonic oscil-
lator. On the other hand, we have recently obtained
not only the normalized s-wave but also the complete
non s-wave wavefunction of a relativistic harmonic
oscillator.l8] Obviously, it is now necessary to calcu-
late the radial matrix elements of a relativistic har-
monic oscillator. In the present paper, we first give
a formula to calculate the integrals that include two
confluent hypergeometric functions, exponential and
power functions. This formula can always be used to
calculate on a computer. In the next two sections, we
give the formula to calculate radial matrix elements
of a relativistic harmonic oscillator either in Klein—

Gordon or Dirac theory.

2. A universal formula to cal-
culate the integral including
two confluent hypergeomet-
ric functions, and exponential

and power functions

Landaul'! gave a recurrence formula to calculate

http://www.iop.org/journals/cp



832 Qiang Wen-Chao

Vol. 12

the following integral,
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where F' represents the confluent hypergeometric func-
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tion F[(a,7,2],/%% s and p are positive integers.
Though Eq.(1) is powerful in calculating a great deal

of integrals, that resemble in form
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but when k = k' or v = 7' and w are not positive inte-
gers, Eq.(1) is not applicable. In Ref.[3] is also given
a formula which can calculate integral (2), but the pa-
rameters of which are not symmetric about F'(«v, 7, kz)
and F(o/,7,k'2).
calculate integral (2). Defining

Here we give another formula to
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where ny and ny are non-negative integers, substitut-
ing the series expression of the confluent hypergeomet-

ric function
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into Eq.(3), and noticing that when « are non-positive
integers, according to the definition of Pochhammer
symbol,l®! the terms with n > —a are zero in Eq.(4),
we can express Eq.(3) as
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Using the integral formula
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Though formula (7) contains two finite summations,
it can not only always be executed on a computer,
but also the time it takes is far less than that for di-
rectly calculating integral (3). Moreover, integral (3)
will sometimes be too complicated to complete. It
will be seen that if we use formula (7) to calculate the
radial matrix elements, w will often be non-negative
integers or semi-integers. When w is a non-negative

integer, because
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dw
% d)\_ﬂ]A*(Ql+42+1). (9)

Similarly when w is a semi-integer and larger than or

equal to —1/2, we have
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Formulae (9) and (11) can be combined as one formula
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In the above formula, §=0 or § = 1/2 when w is a
non-negative integer or a semi-integer and larger than
or equal to —1/2 respectively.

In quantum mechanics, one usually needs calcu-

lating the integral
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This integral can easily be expressed as

i (0) = 5 (5 ). (1)
3. The radial matrix elements
of a relativistic isotropic har-
monic oscillator in Klein—
Gordon theory
In Ref.[8] we have obtained the radial wavefunc-

tion of a relativistic isotropic harmonic oscillator with

equal scalar potential and vector potential (A = ¢ =1)
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where Fla,~,z] is the confluent hypergeometric

function,®]

Qp = (3 + 2l)/87 ﬂn,l = k(En,l + N)v (16)

where k is the elastic coefficient, F,; and p are the
energy and rest mass of a harmonic oscillator respec-

tively. The radial matrix elements are

(nl,l1|r“’|n2,12>
:/ r“”rzR;"Ll lan2szr
o ,
2a 2
_ ﬂnljlllﬁnz,llzz
2ot 10 (4 )T (4ay,)
" \/F(nl + 4oy, ) (ne + 4ay,)

’I’Ll!’I’LQ!

oo
% / o 55 Brita tBnz 0 )7’2,',,11+l2+w+2
0

ﬂn Iy 2
xF(—n1,4o¢ll, S
V2

ﬁn lo 2
X F<—n2,4al , —=2r% | dr. (17)
2 \/5

Using formulae (13) and (14) and simplifying, we ob-
tain
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Because [y, l5, can only take integers, when w is a non-
negative integer or a semi-integer and larger than or

equal to —1/2, (nq,1l1|r"|ns,l3) can also be written as
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In Eq.(19), for brevity, s = (I + Iz + w + 1) /2.

4. The radial matrix elements
of a relativistic isotropic har-
monic oscillator in Dirac the-
ory

In Dirac theory, the wavefunction of a relativistic
isotropic harmonic oscillator, with equal scalar poten-

tial and vector potential, is (A = ¢ = 1)[8]
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In the above formulae, n, K,l,m are quantum num-
bers, E, k and p are energy and rest mass of a har-
monic oscillator respectively. The radial matrix ele-

ments are
<n1,K1,ll,m1|rw|n2,K2,l2,m2>
_ / TG G Kotam, Sin 0dgd0dr. (27)

It is easy to prove
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Substituting formulae (20)—(25) into Eq.(27) and sim-

plifying give the expression of radial matrix elements
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5. Conclusion

In the above sections we have given the complete
formulae of radial matrix elements of a relativistic
isotropic harmonic oscillator. Formulae given here
have well executed in the Mathematica 4.0 software
package. Additionally, formulae (7), (12) and (14) can
also be used to calculate the radial matrix elements of
relativistic or non- relativistic hydrogen atoms as well

as other quantum system of central potential field.
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