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1. Introduction

Many phenomena in physics and other �elds are

often described by nonlinear partial di�erential equa-

tions (PDEs). When we want to understand the phys-

ical mechanism of natural phenomenon described by

nonlinear PDE, exact solutions for the nonlinear PDE

have to be explored, thus the methods for deriving

exact solutions for the governing equation have to

be developed. Exploring exact solutions of nonlin-

ear PDEs has become one of most important top-

ics in mathematical physics. In the recent years,

a number of powerful methods have been proposed,

namely the inverse scattering method,[1] Hirota's bi-

linear method,[2] B�acklund transformation method,[2]

Darboux transformation method,[2] Miura transfor-

mation method,[3] Hyperbolic function method,[4;5]

truncated expansion method,[6] formally variable sep-

aration approach,[7] rank analysis technique,[8] homo-

geneous balance method,[9�15] and the method based

on the cubic nonlinear Klein{Gordon equation.[16]

Recently, the Jacobi elliptic function me-

thod[17�22] has been proposed, and has been paid at-

tention by some researchers (see Ref.[23{25]). Fan[24]

and Chen[25] extended the Jacobi elliptic function

method and used the methods to derive multiple trav-

elling wave solutions for a group of nonlinear evolution

equations.

In this paper, we apply the F -expansion method

put forward recently to derive the periodic wave so-

lutions expressed by Jacobi elliptic functions for the

generalized Nizhnik{Novikov{Veselov equations[26�30]

ut + auxxx + buyyy + cux + duy

� 3a(uv)x � 3b(uw)y = 0; (1)

ux = vy; (2)

uy = wx; (3)

where a and b are non-zero constants, and c and d are

arbitrary constants.

This paper is organized as follows: in the next

section, we brie
y describe what is the F -expansion

method, and how to use it to �nd the periodic wave

solutions of a nonlinear wave equation(s) in mathe-

matical physics. In section 3, we use F -expansion

method to �nd the periodic wave solutions expressed

by various Jacobi elliptic functions for the generalized

Nizhnik{Novikov{Veselov equation as an example. In

the limiting cases, the solitary wave solutions and the

�Project supported by the Natural Science Foundation of Henan Province, China (Grant No 0111050200) and the Natural Science

Foundation of Education Committee of Henan Province, China (Grant No 2000110008).

http://www.iop.org/journals/cp



826 Zhang Jin-Liang et al Vol. 12

other type of travelling wave solutions are also ob-

tained. At last, in section 4, our conclusions are sum-

marized.

2. Description of F -expansion

method
We consider the nonlinear wave equation for

u(x; t)

�(u; ux; ut; uxx; uxt; utt; uxxx; � � �) = 0: (4)

In general, the left-hand side of Eq.(4) is a polyno-

mial in u and its various derivatives. The F -expansion

method for solving Eq.(4) proceeds in the following

four steps:

(i) Look for travelling wave solutions of Eq.(4) by

taking

u(x; t) = u(�); � = kx +$t+ �0; (5)

where k;$ are nonzero constants to be determined

later, �0 is an arbitrary real constant.

Substituting (5) into Eq.(4) yields an ODE for

u(�);

�(u; ku0;$u0; k2u00; k$u00;$2u00; k3u000; � � �) = 0; (6)

where

u0 =
du(�)

d�
; u00 =

d2u(�)

d�2
; u000 =

d3u(�)

d�3
; ; etc:

(ii) Suppose that u(�) can be expressed by a �nite

power series of F (�) :

u(�) =

NX
n=0

anF
n(�); aN 6= 0; (7)

where a0; a1; � � � ; aN are constants to be determined

later, F (�) satis�es the �rst-order nonlinear ODE

F 02(�) = PF 4 +QF 2 +R; (8)

in which P;Q;R are real constants, integer N in (7)

can be determined by considering homogeneous bal-

ance between the nonlinear term(s) with the highest-

order derivatives of u(�) in Eq.(6). Substituting (7)

into ODE (6) and using ODE (8) simultaneously, the

left-hand side of Eq.(6) becomes a polynomial for

F (�). Setting coeÆcients of the polynomial to zero

yields a set of algebraic equations for a1; a1; � � � ; aN ;$,

(and possibly k).

(iii) With the aid of Mathematica or Maple,

solving the algebraic equations obtained above,

a0; a1; � � � ; aN and $ (possibly k) can be expressed by

P;Q;R. Substituting these results into F -expansion

(7), a general form of travelling wave solution of Eq.(4)

can be obtained.

(iv) Choosing properly (P;Q;R) in ODE (8), the

corresponding solution F (�) of ODE (8) is one of

Jacobi elliptic functions. Substituting the values of

(P;Q;R) and the corresponding Jacobi elliptic func-

tion F (�) chosen from the Appendix into the general

form of travelling wave solution, a periodic wave so-

lution expressed by a Jacobi elliptic function can be

obtained.

3. Periodic wave solutions for

the generalized Nizhnik{

Novikov{Veselov equation

In this section, we apply the F -expansion method

to derive the periodic wave solutions for the famous

generalized NNV Eqs. (1){(3).

Suppose the travelling wave solutions for Eqs.(1){

(3) is of the form

u = u(�); v = v(�); w = w(�);

� = kx+ ly + 
t+ �0; (9)

where k; l; 
 are constants to be determined later, and

�0 is an arbitrary constant.

Inserting (9) into Eqs.(1){(3) yields ODEs

(
 + ck + dl)u0 + (ak3 + bl3)u000

� 3ak(u0v + uv0)� 3bl(u0w + uw0) = 0; (10)

ku0 = lv0; (11)

lu0 = kw0: (12)

Integrating (11), (12) once yields the relations between

u and v;w:

v =
k

l
u; (13)

w =
l

k
u: (14)

Substituting (13),(14) into Eq.(10) yields ODE in

u(�),

(
 + ck + dl)u0 + (ak3 + bl3)u000

�
6(ak3 + bl3)

kl
uu0 = 0: (15)

Considering the balance between u000 with uu0 in

Eq.(15), we suppose that u(�) can be expressed by

u = �0 + a1F + �2F
2; a2 6= 0; (16)
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where �0; �1; �2 are constants to be determined later,

F (�) is a solution of ODE (8).

Inserting (16) into Eq.(15), and considering

Eq.(8) simultaneously, the left-hand side of the

Eq.(15) becomes a polynomial for F (�). Setting the

coeÆcients of the polynomial to zero yields a set of

algebraic equations:

F 3 : 24P (ak3+bl3)�2�
6(ak3 + bl3)

kl
�2�2

2 = 0; (17)

F 2 : 6P (ak3 + bl3)�1 �
6(ak3 + bl3)

kl
� 3�1�2 = 0;

(18)

F : 8Q(ak3 + bl3)�2 �
6(ak3 + bl3)

kl
� (�2

1 + 2�0�2)

+ 2(
 + ck + dl)�2 = 0; (19)

F 0 : Q(ak3 + bl3)�1 �
6(ak3 + bl3)

kl

� �0�1 + (
 + ck + dl)�1 = 0: (20)

Solving the algebraic Eqs. (17){(20), we have the so-

lutions

�1 = 0; (21)

�2 = 2Pkl; (22)


 = �4Q(ak3+ bl3)� ck� dl+
6�0(ak

3 + bl3)

kl
; (23)

where k; l; �0 are arbitrary constants.

Substituting (21){(23) into (13), (14) and (16),

we obtain the general travelling wave solutions of

Eqs.(1){(3):

u = �0 + 2PklF 2(�); (24)

v =
k

l
[�0 + 2PklF 2(�)]; (25)

w =
l

k
[�0 + 2PklF 2(�)]; (26)

where

� =kx + ly +

�
� 4Q(ak3 + bl3)

� ck � dl +
6�0(ak

3 + bl3)

kl

�
t+ �0; (27)

and k; l; �0; �0, are arbitrary constants.

From the �rst line of the Appendix, it is easy to

see that the Jacobi sn-function

F (�) = sn� (28)

is a solution for Eq.(8) with

P = m2; Q = �(1 +m2); R = 1: (29)

Inserting (28), (29) into (24){(27), the periodic

wave solutions of Eqs.(1){(3) are derived as follows:

u1 = �0 + 2m2klsn2�1; (30)

v1 =
k

l
[�0 + 2m2klsn2�1]; (31)

w1 =
l

k
[�0 + 2m2klsn2�1]; (32)

where

�1 =kx+ ly +

�
4(1 +m2)(ak3 + bl3)

� ck � dl +
6�0(ak

3 + bl3)

kl

�
t+ �0; (33)

and k; l; �0; �0, are arbitrary constants.

In the limiting case when m ! 1, sn� ! tanh �;

thus (30){(33) become the solitary wave solutions of

Eqs.(1){(3):

u11 = �0 + 2kl � 2klsech2�11; (34)

v11 =
k

l
[�0 + 2kl � 2klsech2�11]; (35)

w11 =
l

k
[�0 + 2kl � 2klsech2�11]; (36)

where

�11 =kx+ ly +

�
8(ak3 + bl3)

� ck � dl +
6�0(ak

3 + bl3)

kl

�
t+ �0; (37)

and k; l; �1; �0, are arbitrary constants.

From the second line of the Appendix, it is obvi-

ous that the Jacobi cn-function

F (�) = cn� (38)

is a solution of Eq.(8) with

P = �m2; Q = 2m2 � 1; R = 1�m2: (39)

Inserting (28),(29) into (24){(27), the periodic

wave solutions to Eqs.(1){(3) are derived as follows:

u2 = �0 � 2m2klcn2�2; (40)

v2 =
k

l
[�0 � 2m2klcn2�2]; (41)

w2 =
l

k
[�0 � 2m2klcn2�2]; (42)
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where

�2 =kx+ ly +

�
4(1� 2m2)(ak3 + bl3)

� ck � dl +
6�0(ak

3 + bl3)

kl

�
t+ �0; (43)

and k; l; �0; �0, are arbitrary constants.

In the limiting case when m ! 1, nc� !sech�,

thus (40){(43) become the solitary wave solutions of

Eqs.(1){(3),

u21 = �0 � 2klsech2�21; (44)

v21 =
k

l
[�0 � 2klsech2�21]; (45)

w21 =
l

k
[�0 � 2klsech2�21]; (46)

where

�21 =kx+ ly +

�
� 4(ak3 + bl3)

� ck � dl +
6�0(ak

3 + bl3)

kl

�
t+ �0; (47)

and k; l; �0; �0 are arbitrary constants.

In terms of the relationships listed in the Ap-

pendix, the other periodic wave solutions expressed

by the Jacobi elliptic functions for Eqs.(1){(3) can be

obtained as follows:8>>><
>>>:

u3 = �0 � 2kldn2�3;

v3 =
k

l
[�0 � 2kldn2�3];

w3 =
l

k
[�0 � 2kldn2�3];

where

�3 =kx+ ly +

�
4(m2 � 2)(ak3 + bl3)

� ck � dl +
6�0(ak

3 + bl3)

kl

�
t+ �0:

8>>><
>>>:

u4 = �0 + 2lkns2�4;

v4 =
k

l
[�0 + 2lkns2�4];

w4 =
l

k
[�0 + 2lkns2�4];

where

�4 =kx+ ly +

�
4(m2 + 1)(ak3 + bl3)

� ck � dl +
6�0(ak

3 + bl3)

kl

�
t+ �0:

8>>><
>>>:

u5 = �0 + 2kl(1�m2)nc2�5;

v5 =
k

l
[�0 + 2kl(1�m2)nc2�5];

w5 =
l

k
[�0 + 2lk(1�m2)nc2�5];

where

�5 =kx+ ly +

�
4(1�m2)(ak3 + bl3)

� ck � dl +
6�0(ak

3 + bl3)

kl

�
t+ �0:

8>>><
>>>:

u6 = �0 + 2kl(m2 � 1)nd2�6;

v6 =
k

l
[�0 + 2kl(m2 � 1)nd2�6];

w6 =
l

k
[�0 + 2lk(m2 � 1)nd2�6];

where

�6 =kx+ ly +

�
4(m2 � 2)(ak3 + bl3)

� ck � dl +
6�0(ak

3 + bl3)

kl

�
t+ �0:

8>>><
>>>:

u7 = �0 + 2kl(1�m2)sc2�7;

v7 =
k

l
[�0 + 2kl(1�m2)sc2�7];

w7 =
l

k
[�0 + 2lk(1�m2)sc2�7];

where

�7 =kx+ ly +

�
4(m2 � 2)(ak3 + bl3)

� ck � dl +
6�0(ak

3 + bl3)

kl

�
t+ �0:

8>>><
>>>:

u8 = �0 � 2klm2(1�m2)sd2�8;

v8 =
k

l
[�0 � 2klm2(1�m2)sd2�8];

w8 =
l

k
[�0 � 2klm2(1�m2)sd2�8];

where

�8 =kx+ ly +

�
4(1� 2m2)(ak3 + bl3)

� ck � dl +
6�0(ak

3 + bl3)

kl

�
t+ �0:

8>>><
>>>:

u9 = �0 + 2lkcs2�9;

v9 =
k

l
[�0 + 2lkcs2�9];

w9 =
l

k
[�0 + 2lkcs2�9];

where

�9 =kx+ ly +

�
4(m2 � 2)(ak3 + bl3)

� ck � dl +
6�0(ak

3 + bl3)

kl

�
t+ �0:



No. 8 The periodic wave solutions for the generalized... 829

8>>><
>>>:

u10 = �0 + 2lkds2�10;

v10 =
k

l
[�0 + 2lkds2�10];

w10 =
l

k
[�0 + 2lkds2�10];

where

�10 =kx+ ly +

�
4(1� 2m2)(ak3 + bl3)

� ck � dl +
6�0(ak

3 + bl3)

kl

�
t+ �0;

and k; l; �0; �0, are arbitrary constants.

In the limiting case when m! 1,

8>>><
>>>:

u31 = u21 = �0 � 2klsech2�21;

v31 = v21 =
k

l
[�0 � 2klsech2�21];

w31 = w21 =
l

k
[�0 � 2klsech2�21];

8>>><
>>>:

u41 = �0 + 2lkcoth2�41;

v41 =
k

l
[�0 + 2lkcoth2�41];

w41 =
l

k
[�0 + 2lkcoth2�41];

where

�41 =kx+ ly +

�
8(ak3 + bl3)

� ck � dl +
6�0(ak

3 + bl3)

kl

�
t+ �0:

8>>><
>>>:

u91 = u101 = �0 + 2lkcsch2�91;

v91 = v101 =
k

l
[�0 + 2lkcsch2�91];

w91 = w101 =
l

k
[�0 + 2lkcsch2�91];

where

�91 =kx+ ly +

�
� 4(ak3 + bl3)

� ck � dl +
6�0(ak

3 + bl3)

kl

�
t+ �0:

In the limiting case when m! 0,

8>>><
>>>:

u42 = u102 = �0 + 2lkcsc2�42;

v42 = v102 =
k

l
[�0 + 2lkcsc2�42];

w42 = w102 =
l

k
[�0 + 2lkcsc2�42];

where

�42 =kx+ ly +

�
4(ak3 + bl3)

� ck � dl +
6�0(ak

3 + bl3)

kl

�
t+ �0:

8>>><
>>>:

u52 = �0 + 2lksec2�52;

v52 =
k

l
[�0 + 2lksec2�52];

w52 =
l

k
[�0 + 2lksec2�52];

where

�52 =kx+ ly +

�
4(ak3 + bl3)

� ck � dl +
6�0(ak

3 + bl3)

kl

�
t+ �0:

8>>><
>>>:

u72 = �0 + 2lktan2�72;

v72 =
k

l
[�0 + 2lktan2�72];

w72 =
l

k
[�0 + 2lktan2�72];

where

�72 =kx+ ly +

�
� 8(ak3 + bl3)

� ck � dl +
6�0(ak

3 + bl3)

kl

�
t+ �0:

8>>><
>>>:

u92 = �0 + 2lkcot2�92;

v92 =
k

l
[�0 + 2lkcot2�92];

w92 =
l

k
[�0 + 2lkcot2�92];

where

�92 =kx+ ly +

�
� 8(ak3 + bl3)

� ck � dl +
6�0(ak

3 + bl3)

kl

�
t+ �0:

4. Conclusion

In this paper, we apply F -expansion method to

derive the periodic wave solutions of the generalized

Nizhnik{Novikov{Veselov equation, and in the limit-

ing case, the solitary wave solutions and the other type

of travelling wave solutions are obtained. From the ap-

plications of F -expansion method, it is obvious that

F -expansion method is one of the most powerful tools

for �nding the periodic wave solutions (especially ex-

pressed by the Jacobi elliptic functions) for nonlinear

PDEs, and is one of the most useful extension of the

Jacobi elliptic function expansion method. Applica-

tion of F -expansion method to other PDE is to be

introduced later.
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Appendix

Relations between values of (R;Q;R) and corresponding F (�) in ODE F 02 = PF 4 +QF 2 +R.

P Q R F 02 = PF 4 +QF +R F (�)

m2 �(1 +m2) 1 F 02 = (1� F 2)(1�m2F 2) sn�

�m2 2m2 � 1 1�m2 F 02 = (1� F 2)(m2F 2 + 1�m2) cn�

�1 2�m2 m2 � 1 F 02 = (1� F 2)(F 2 +m2 � 1) dn�

1 �(1 +m2) m2 F 02 = (1� F 2)(m2 � F 2) ns�=(sn�)�1

1�m2 2m2 � 1 �m2 F 02 = (1� F 2)[(m2 � 1)F 2 �m2] nc�=(cn�)�1

m2 � 1 2�m2 �1 F 02 = (1� F 2)[(1�m2)F 2 � 1] nd�=(dn�)�1

1�m2 2�m2 1 F 02 = (1 + F 2)[(1�m2)F 2 + 1] sc�=
sn�

cn�

�m2(1�m2) 2m2 � 1 1 F 02 = (1 +m2F 2)[(m2 � 1)F 2 + 1] sd�=
sn�

dn�

1 2�m2 1�m2 F 02 = (1 + F 2)[F 2 + (1�m2)] cs�=
cn�

sn�

1 2m2 � 1 �m2(1�m2) F 02 = (m2 + F 2)[F 2 + (m2 � 1)] ds�=
dn�

sn�

|||||||||||||||||||||||||||
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