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The periodic wave solutions expressed by Jacobi elliptic functions for the generalized Nizhnik—Novikov—Veselov

equation are obtained using the F-expansion method proposed recently. In the limiting cases, the solitary wave solutions
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1. Introduction

Many phenomena in physics and other fields are
often described by nonlinear partial differential equa-
tions (PDEs). When we want to understand the phys-
ical mechanism of natural phenomenon described by
nonlinear PDE, exact solutions for the nonlinear PDE
have to be explored, thus the methods for deriving
exact solutions for the governing equation have to
be developed. Exploring exact solutions of nonlin-
ear PDEs has become one of most important top-
ics in mathematical physics. In the recent years,
a number of powerful methods have been proposed,
namely the inverse scattering method,[!! Hirota’s bi-
linear method,!?! Bicklund transformation method,?!
Darboux transformation method,!? Miura transfor-
mation method,!®! Hyperbolic function method,*"]
truncated expansion method,! formally variable sep-
aration approach,!” rank analysis technique,® homo-
geneous balance method,[®~15 and the method based

on the cubic nonlinear Klein-Gordon equation.!®!

Recently, the Jacobi function me-

thod*7~22] has been proposed, and has been paid at-

elliptic

tention by some researchers (see Ref.[23-25]). Fan!?4
and Chen[®®! extended the Jacobi elliptic function

method and used the methods to derive multiple trav-
elling wave solutions for a group of nonlinear evolution
equations.

In this paper, we apply the F-expansion method
put forward recently to derive the periodic wave so-
lutions expressed by Jacobi elliptic functions for the

generalized Nizhnik—Novikov—Veselov equations/26—30]

Up + QUggy + Dllyyy + gy + du,

— 3a(uv), — 3b(uw), =0, (1)
Uy = Uy, (2)
Uy = Wy, (3)

where a and b are non-zero constants, and ¢ and d are
arbitrary constants.

This paper is organized as follows: in the next
section, we briefly describe what is the F-expansion
method, and how to use it to find the periodic wave
solutions of a nonlinear wave equation(s) in mathe-
matical physics. In section 3, we use F-expansion
method to find the periodic wave solutions expressed
by various Jacobi elliptic functions for the generalized
Nizhnik—Novikov—Veselov equation as an example. In

the limiting cases, the solitary wave solutions and the
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other type of travelling wave solutions are also ob-
tained. At last, in section 4, our conclusions are sum-

marized.
2. Description of F-expansion
method

We consider the nonlinear wave equation for
u(z,t)

J=0. (4)

@(’U,, Ugy Uty Uz, Uzt , Utt, Uzzas, * *

In general, the left-hand side of Eq.(4) is a polyno-
mial in u and its various derivatives. The F-expansion
method for solving Eq.(4) proceeds in the following
four steps:

(i) Look for travelling wave solutions of Eq.(4) by
taking

u(z,t) = u(§), §&=ka+wmt+ o, (5)

where k,w are nonzero constants to be determined
later, & is an arbitrary real constant.
Substituting (5) into Eq.(4) yields an ODE for

u(§),

& (u, ku', wu k2 kwu! oy’ k3 -

)=0. (6
where

, du() " dzu(f) 7 d3u(£)

u = u = u = etc.

dé— ) d£2 ) d£3 ) )

(ii) Suppose that u(£) can be expressed by a finite
power series of F(§) :

u(€) = anF"(€), an #0, (7)

where ag,aq,---,an are constants to be determined
later, F'(§) satisfies the first-order nonlinear ODE

F?(¢) = PF* + QF? + R, (8)

in which P, @, R are real constants, integer N in (7)
can be determined by considering homogeneous bal-
ance between the nonlinear term(s) with the highest-
order derivatives of u(§) in Eq.(6). Substituting (7)
into ODE (6) and using ODE (8) simultaneously, the
left-hand side of Eq.(6) becomes a polynomial for
F(e).
yields a set of algebraic equations for a1, aq, - -
(and possibly k).

(iii) With the aid of Mathematica or Maple,
obtained

Setting coefficients of the polynomial to zero

‘,aN,wW,

solving the algebraic equations above,

ap,a1, - -,ay and w (possibly k) can be expressed by
P,Q, R. Substituting these results into F-expansion
(7), a general form of travelling wave solution of Eq.(4)
can be obtained.

(iv) Choosing properly (P, @, R) in ODE (8), the
corresponding solution F'(§) of ODE (8) is one of
Jacobi elliptic functions. Substituting the values of
(P,Q, R) and the corresponding Jacobi elliptic func-
tion F(§) chosen from the Appendix into the general
form of travelling wave solution, a periodic wave so-
lution expressed by a Jacobi elliptic function can be

obtained.
3. Periodic wave solutions for
the generalized Nizhnik—

Novikov—Veselov equation

In this section, we apply the F-expansion method
to derive the periodic wave solutions for the famous
generalized NNV Egs. (1)—(3).

Suppose the travelling wave solutions for Eqgs.(1)-
(3) is of the form

E=kx +ly+yt+ &, 9)

where k, [, are constants to be determined later, and
&o is an arbitrary constant.
Inserting (9) into Eqs.(1)—(3) yields ODEs

(v + ck + dl)u’ + (ak® + bl*)u"
— 3ak(u'v + wv') — 3bl(v'w + vw') =0, (10)

ku' =1, (11)
' = kw'. (12)
Integrating (11), (12) once yields the relations between
u and v, w:
k
v = TU, (13)
: (19
w= —u.
k

Substituting (13),(14) into Eq.(10) yields ODE in
u(§),

(v + ck + dl)u’ + (ak® + bl3)u’
3 3
- wuu’ =0. (15)

Considering the balance between «"” with uu' in

Eq.(15), we suppose that u(£) can be expressed by

u=oag+aF+ayF? ay#0, (16)
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where aq, a1, ag are constants to be determined later,
F(¢) is a solution of ODE (8).

Inserting (16) into Eq.(15), and considering
Eq.(8) simultaneously, the left-hand side of the
Setting the

coefficients of the polynomial to zero yields a set of

Eq.(15) becomes a polynomial for F(§).

algebraic equations:

6(ak® + bI3)

F3:  24P(ak®4bl%)as— 7 203 =0, (17)
6(ak® + bl3
F?: 6P(ak® +bl®)oy — % 3ayay =0,
(18)

6(ak?® 4 b3
F: 8Q(ak®+bl%)ay — % (o + 2apaz)

+2(y+ck +dl)ay =0, (19)
6(ak® + bid)

kl
X apay + (y+ck+d)a; =0.  (20)

FO: Q(ak® +bl®)ay —

Solving the algebraic Egs. (17)—(20), we have the so-

lutions

o] = 0, (21)
oy = 2Pk, (22)
3 3
¥ = —4Q(ak3 + bls) —ck—dl+ Wa (23)

where k, [, ag are arbitrary constants.
Substituting (21)—(23) into (13), (14) and (16),
we obtain the general travelling wave solutions of

Egs.(1)—(3):

u = ag + 2PKIF?(¢), (24)
v = %[ao + 2PkIF?(¢)], (25)
w = é[ao + 2PkIF?(¢)], (26)

where

&=k +ly+ { — 4Q(ak3 + blg)

6ag (ak® + bl3)

ek —dl
¢ + Kl

]t +&, (27)

and k,l, ag, &0, are arbitrary constants.
From the first line of the Appendix, it is easy to

see that the Jacobi sn-function

F(¢) =sn¢ (28)
is a solution for Eq.(8) with
P =m?,

Q=—-(1+m?), R=1 (29)

Inserting (28), (29) into (24)—(27), the periodic

wave solutions of Egs.(1)—(3) are derived as follows:

ug = o + 2m2klsn?&y, (30)
k 277212

vy = 7[040 + 2m®klsn“&y ], (31)
! 20702

wy = E[ag + 2m*klsn®& ], (32)

where

& =kx + ly + [4(1 +m?)(ak® + bl®)

6o (ak® + bl3)

ek —dl
¢ + Kl

vt @
and k, [, ag, &y, are arbitrary constants.

In the limiting case when m — 1, sn{ — tanh¢;
thus (30)—(33) become the solitary wave solutions of

Egs.(1)-(3):

Uy = o + 2kl — 2klsech®¢ys, (34)
k 2

vi = 7lao + 2kl = 2klsech®1y], (35)
l 2

wiy = 7-low + 2kI — 2kisech?yy], (36)

where

&1 =kz +ly + {8((114:3 + bl®)

6ar(ak® + bl3)

ek —dl
¢ + Kl

]t +&, (37)

and k, [, a1, &g, are arbitrary constants.
From the second line of the Appendix, it is obvi-

ous that the Jacobi cn-function
F(§) = en (38)
is a solution of Eq.(8) with
P=-m? Q=2m*>-1, R=1-m?  (39)

Inserting (28),(29) into (24)-(27), the periodic

wave solutions to Eqs.(1)—(3) are derived as follows:

ug = g — 2m2klen?és, (40)
k 2 2

vy = T[ao —2m~klcn&s], (41)
! 2 2

wy = —[ap — 2m klen®Es), (42)

k
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where where
& =k + ly + {4(1 —2m?)(ak® + bl) ¢ =k + ly + [4(1 — m?)(ak® + bl®)
6ag (ak:3 + blg) 6 k3 4+ b3
— ok —di+ 2 o, (43) —ck—dl+—a0(akl+ )}t—}-ﬁg.
and k,l, g, &, are arbitrary constants.

In the limiting case when m — 1, nc€ —sech, ug = g + 2kl(m? — 1)nd’*&,
thus (40)—(43) become the solitary wave solutions of Vg = ﬁ[ag 4 2KI(m? — 1)nd%€),
Egs.(1)-(3), ll

_ ¢ 2 2
Us1 = o — 2klsech?Ea1, (44) e =% [wo + 2U(m” = 1)nd"¢e],
k where
Vo1 = 7[(10 — 2k‘lsech2521], (45)
I =kx +1 +[4m2—2 ak® + bl®
Way = E[Oéo — 2klsech®¢a1], (46) “ Y ( . )
3 3
where del-{—%}t-l—fg.
&o1 =k + ly + [ — 4(ak® + bl®)
s , wy = ag + 2k1(1 — m?)sc?éy,
6o (ak® 4 bl?) k
—ck —dl + — t+&, (47) vy = T[ao + 2kl(1 — m?)sc?&q],
and k,!, oo, &o are arbitrary constants. wy = é[ao + 2Uk(1 — m2)sc2&],

In terms of the relationships listed in the Ap-
pendix, the other periodic wave solutions expressed where
by the Jacobi elliptic functions for Egs.(1)—(3) can be ) 5 s
obtained as follows: &r =kz + 1y + [4(m — 2)(ak” + b%)

= ap — 2kldn?&s, 6o (ak® + bl
ta = a0 = 2RI —ck—dl+—a0(akl+ )}H&).
V3 = 7[&0 - 2kldn2§3],
! 2 _ 2 2\ 12
w3 = E[O&o — 2kldn 63], ug = ag — 2kim (1 -m )Sd 587
k
where vg = 7[(10 — 2kim? (1 — m?)sd?&,
l
& =kz +ly + [4(m2 — 2)(ak® + bl®) wg = E[ao — 2kIm?(1 — m?)sd?&],
6 k3 + 013 where
—ck—dl+ %]H—{o.
_ 9.2 3 3
ws = g + 2Ukns?E,, &8 =kx + ly + {4(1 2m*)(ak” 4 bl°)
k 3 3
Vg = 7[0(04—2“61’152&4], *Ck*dl-f- W}tﬁ_é‘o
l
wy = E[ao + 2lkns?¢,],
where ug = o + 2kcs?&,
k
vy = —|ag + 2lkcs?Ey),
&4 =kz + ly + [4(m2 +1)(ak® + bl®) ? ll[ 0 o]
= - 2lkcs? &
6ag(ak? + bl wo = plao+ o)
—ck—dl—l—M:‘t—i—fO. k
kl where

us = ag + 2kI(1 — m?)nc?¢s,

k
vs = T[Oto + 2kl(1 — m*)nc’és),
l
ws = 7 [ao + 20k(1 — m*)nc*és),

&9 =kx + ly + [4(m2 — 2)(ak® + bl®)

6 (ak® + bl3)

ek —dl
¢ + Kl

}t‘l‘fo-
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u1p = ag + 2lkds®10,
k
vi0 = 7o + 2kds &),

l
wio = E[ao + 2lkds®£ 1),

where

&10 =kx +ly + [4(1 —2m?)(ak® + bl®)

6o (ak® + bl3)

—ck —dl
c + %l

:|t+£07

and k,l, oo, &, are arbitrary constants.

In the limiting case when m — 1,
U31 = Ug1 = Oy — 2le€Ch2§21,

k
var = va1 = Tlao — 2klsech®¢y1],

w3y = W1 = é[ao — 2klsech®&y],
Ug1 = g + 2lkcoth2£41,
vy = ?[ao + 2lkcoth?,1],
L
k

wyy = —[ag + 2lkcoth?&44),

where

a1 =k + 1y + [S(ak?’ + bl%)

6 (ak® + bl3)

ek —dl
¢ + Kl

i+

Uy = uig1 = o + 2lkesch®éyy,

k
gy = Vygy = T[ao + 2lkesch?ég1],
l
k

we1 = wip1 = [ + 2lkcsch2§91],

where

€o1 =kz +ly + [— 4(ak® + bl®)

6o (ak® + bl3)

ek —dl
¢ + Kl

i+

In the limiting case when m — 0,
Ugy = Ug2 = o + 2lkesc®Eyy,

k
Vig = Vigz = T[OZO + Qchsczlez]a

l
Wyo = W12 = E[ao + ZlkCSC2£42]7

where

bar =ka + 1y + [4(ak3 + bl?)

6o (ak? + bl3)

ek —dl
¢ + Kl

i+

Us2 = o + 21]{78602652,

k
Vs = 7[0[0 + 21ksec2552]7

l

Weg = E[ao + 2lksec®Ess],

where

Eso =kx + 1y + {4(&]@3 + bl®)

6a (ak3 + bl3)

—ck —dl
c + il

i+

Uy = o + Zlktan2§72,

k
V7o = T[O{o + 2lktan2§72],

l
Wey = E[ao + 2lktan2£72]a

where

Ero =kx + 1y + { — 8(ak® + bl®)

6arg (ak® + bl®)

— ek —dl
¢ + Kl

i+

Uge = Q + 2”€C0t2£92,

Vg = —[ao + QlkCOtQé-gQ],

L
k

o~

Wgo = [0[0 + ZlkCOtzfgz],

where

€92 =kx + ly + { — 8(ak® + bl*)

6cg(ak3 + bl3)

— ek —dl
¢ + il

e

4. Conclusion

In this paper, we apply F-expansion method to
derive the periodic wave solutions of the generalized
Nizhnik—Novikov—Veselov equation, and in the limit-
ing case, the solitary wave solutions and the other type
of travelling wave solutions are obtained. From the ap-
plications of F-expansion method, it is obvious that
F-expansion method is one of the most powerful tools
for finding the periodic wave solutions (especially ex-
pressed by the Jacobi elliptic functions) for nonlinear
PDEs, and is one of the most useful extension of the
Jacobi elliptic function expansion method. Applica-
tion of F-expansion method to other PDE is to be

introduced later.
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Appendix
Relations between values of (R, Q, R) and corresponding F(¢) in ODE F'2 = PF* 4+ QF? + R.
P Q R F?2=PF*+QF+R F(¢)
m? —(1+m2) 1 F'2 = (1—F2)(1—m2F2) sné
—m?2 2m? — 1 1—m?2 F2 = (1—F2)(m2F? +1-m?) cné
—1 2 —m? m2 —1 F?2=(1-F?)(F?+m?-1) dn¢
1 —(1+m?) m? F'?2 = (1 - F?)(m? — F?) nsé=(sn¢) !
1—m? 2m? — 1 —m? F2 = (1 - F?)[(m? — 1)F?2 — m?] ncé=(cné¢) 1
m? —1 2 — m? —1 F2=(1—F)[(1—-m2F?-1] ndé=(dn¢) !
1—m? 2 —m? 1 F? = (1+ F?)[(1 — m?)F? + 1] scg=3§
cn
—m2(1 — m?) 2m? — 1 1 F? = (1+m?F?)[(m? — 1)F? + 1] sd5=§—“§
n
cné
1 2 —m? 1—m? F2 = (14 F2)[F? + (1 — m?)] csf:—5
sn.
2 2 2 r2 2 2\ 2 2 dng
1 2m? — 1 —m?(1 —m?) F'? = (m? + F?)[F? + (m? — 1)] ds§=—E
sn.
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