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This paper presents a new theory for calculating the transport of high-energy photons and their secondary charged

particles. We call this new algorithm characteristic line method, which is completely analytic. Using this new method we

cannot only accurately calculate the transport behaviour of energetic photons, but also precisely describes the transport

behaviour and energy deposition of secondary electrons, photoelectrons, Compton recoil electrons and positron—electron

pairs. Its calculation efficiency is much higher than that of the Monte Carlo method. The theory can be directly

applied to layered media situation and obtain a pencil-beam-modelled solution. Therefore, it may be applied to clinical

applications for radiation therapy.
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1. Introduction

Of late years the investigation on photon trans-

port becomes a hot point in medical physics
community.[! Historically, photon transport investi-
gation started from the period of the discovery of
x-rays. During that period some classical theories
and algorithms for photon diffusion in planet atmo-

2-4] Later, the need for nu-

sphere were developed.
clear power and nuclear technology largely promoted
the investigation on photon transport theory and al-
gorithms. The moment method and Monte Carlo sim-
ulation were developed during this period.>=9 Espe-
cially, the Monte Carlo method was greatly developed
during this period.l1%!1 Since the publication of the
ICRU Report 24 in 1976, international medical physics
community has understood that the rigorous dose con-
trol in radiation therapy is necessary. According to
ICRU Report 24, the total dose error for radiation
therapy should be limited to within 5%, which means
the error of photon dose calculation should be within
2-3%. This is a very rigorous requirement, because
no theory or algorithm can meet the difficult require-
ment in the 1970s. Since ICRU Report 24 was pub-

lished, it cannot be said that the task has been com-

pletely solved now; however, great progress has still
been made. Among these developments the progress
of Monte Carlo method is notable due to the extremely
enhancing of computer performance. In spite of this,
much progress has still been made. The C/S method
based on Monte Carlo calculation has made a break-
through in clinical applications of radio-therapeutic
technology.[''=1% Recently, Siantar et all'®! by using
a parallel computer with 16 CPUs, have made the
Monte Carlo method directly applicable to clinical ra-
diotherapy.

This paper includes five sections: the second sec-
tion describes photon theories; the third section deals
with theories on secondary electron transport and en-
ergy deposition, and algorithms as well; a good num-
ber of calculation results are given in the fourth sec-
tion, which show the validity and precision of our
present theory; a brief summary is presented in the

last section.
2.The transport of high-energy
photons in homogeneous slab

media

2.1. The transport equation for photons
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Under the condition of one-dimensional slab ge-

ometry the transport equation for photons reads

ON
— =—XY(E)N E
w2~ B(E)N (@)
Eq
—|—/du'/dE'N(ac,/,L',E')K(E',E;u~u')
4m E

+ 5(2)3(E — Eo)s(1 - p)/2r, (1)

where N(z,p,E) is the distribution function of
photons, also called differential fluence of photons,
N(z,p, E)dsdudE represents the number of photons
at the depth of x with energy between F and F +dF,
and directions between u and u+dwu passing through a
small area ds perpendicular to u direction, and X' (E)
is the mass attenuation coefficient of photons with en-
ergy E, which is given by

2(8) = S lovn + Zoc o), (2)
where N4 is Avogadro constant, A is the atomic
weight of the medium, Z is the atomic number, opg
is the total cross section of photoelectric effect, opaj,
is the total cross section of electron pairs. k(E, E';u -
u')dE’'du’ denotes the transition probability of a pho-
ton passing through a medium with a unit mass thick-
ness, its energy varying from E to E' — E'+dE' and

directions varying from u to w — u’ + du’; obviously,
kE(E,E';u-u)
Nu,Z
:LUC(E,E%(

me? mc?

E’ —?—1—1—““’)/271'

(3)

Eq. (1) is the photon transport equation. The pho-
ton beam can be decomposed into uncollided photon
beam N single scattered photon beam N() and

multiple scattered photon beam N (™). So we have

N=NO 4 NO 4 N (4)

Substituting Eq.(4) into Eq.(1), we obtain equa-
tions which N(©_ N1 and N(™) satisfy. They are,

exp[— X (Ey)z] — exp[— X (E)z/ )
[exp[ £ (Eo)(d — )] — exp[-Z(E)(d — z) /4] (9)

N (2,4, E) = H(E, u, Eo)
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respectively,
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2.2. Un-collided photons’ differential fluence

The un-collided photons’ differential fluence is de-
termined by Eq.(5).

simple. That is the damped exponential law. Con-

The solution to Eq.(5) is very

sidering that the incident photons are mono-energetic

and mono-directional, we have

N©) (z, 1, E)
=§(E — Eo)d(1 — p)exp(—X(Ep)x)/2m,  (8)

where Y (Ep) is the mass attenuation coefficient of the

photons with the initial energy Fjy.

2.3. Single scattered photons’ differential flu-

ence

The uncollided photons suffer one time of Comp-
ton scattering at the place z, the scattered photons by
electrons being called single scattered photons. The
transport process of these single scattered photons is
described by Eq.(6). The second term of the right-
hand side of Eq.(6) is the single scattered photon

source. By simple calculations we have

pz0,

exp[ % (Fo)d] n<0,
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H(EvuaEO) =

2.4. Multiple scattered photons’ differential

fluence

Multiple scattered photons result from two cases:
one case is that through Compton scattering, single
scattered photons become secondary scattered ones,
which are brought into multiple scattered photons;
another is that through Compton scattering multiple
scattered photons which undergo Compton scattering
again, still belong to multiple scattered photons. So
the third and second terms on the right-hand side in
Eq.(7) refer to the above-mentioned two kinds of mul-
tiple scattered photon source, respectively. To solve
Eq.(7) we need to define the boundary and the initial

conditions. The initial condition is

Nz, 4, Bp) = 0. (11)

The boundary conditions are

N0, 4, E) =0 p>0, (12)

N™(d u, E)=0 pu<0. (13)

Eq. (7) is, in fact, an ordinary differential equation,
although it is in form an integral-differential equa-
tion. This is because, when we are to calculate the
differential fluence of photons with energy E at var-
ious depths, we have already obtained the differen-
tial fluence of photons with energy higher than F at
various points in space. This means that the source
terms are already known. In order to make it clear,
we use S (z, u, E) and S (z, u, E) to represent the

T

(10)

contribution of single scattered photons to multiple
scattered photon sources and the contribution of mul-
tiple scattered photons to multiple scattered photon

sources, respectively, i.e.,
SN (z,p, B)

Eq
:/ du'/ dE'NY (z, 4, E"YK(E', E;u - u'), (14)
47 E

S (z,p, E)

Eq
:/ du'/ dE'N(m)(a:,;L', EK(E',E;u -u').(15)
47 E

Now we start to solve Eq.(7) using the character-
istic line method. Assume that n + 1 directions are
chosen, each directional cosine is a root of a Legendre

polynomials of (n + 1) order, which satisfies

Poii(ps) =0, i=1,--,n+1. (16)
So the discretized Eq.(9) for photon transport is

rewritten as
“’—ax
=3(E)N"™(x, i, E)

+S(1)(waulaE)+S(m)($’ulaE) (17)

Taking the

boundary conditions (12) and (13) into account, we

Eq. (17) can be directly integrated.

have

dz’ —J(FE —
/ ; [SM (2’ i, E) + S(m)(x',ui,E)]exp[W} pi > 0;
N (2, i, B) = { °, (18)
dx’ —Y(E)|z—12'
P SV (2, us, E) + 8™ (2, s, E)]exp [%] i < 0.

SW(x, i, Ey,) and S™)(z, u;, Ex) can be figured out
through Nl(l)(;c,E') and Nl(m) (z,E'). And then
N (z, u;, Ey) and Nl(m)(:v,E'k) can be found out.
So we can further calculate the differential fluence and

its harmonic moment of photons with energy Fj cor-

responding to the next energy point Ej ;1. Repeating
the above calculation procedure, we can obtain photon
differential fluence at all energy points and all various
depths.
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3.The transport behaviour of
secondary electrons produced
by interactions between pho-

tons and atoms

3.1. Secondary electron sources produced by

photon interactions

There occur three kinds of secondary elec-
tron sources due to photon interactions: photoelec-
tron source Qphoto(, 1, E), Compton recoil electron
source Q.(z,u, E) and positron—electron pair source

Qpair(ma H, E)

electron source is Q(z, u, E), we have

Assuming that the total secondary

Q(xa 122 E) :Qphoto(xa 122 E) + Qc(xa Ky E)
+ Qpair(xuu’vE)' (19)
For photoelectron source, we have
Qphoto(wa 122 E)
Na
zjaphoto(E)N(xalj’vE)v Ek < Ea (20)

Uphoto(E7El;u ! ul)
~NOphoto(E)S(E' — E + Ei)6(1 —uw-u')/2m, (21)

where FEj, is the binding energy of k-shell electrons,
Ophoto 18 the total cross section of photoelectrons. For

Compton recoil electron source, we have

€L, /J’) Z Ql (w E) (22)
1=0
where Qf(z, E) is equal to
7 NuZd
“(z,E) = dp A2 S0
Gwr- 4z
E+4/E24+2Emgc2
2
1+ molc
x P | —L~ | Ny(z, E'). (23)
14 2moc?
E

Finally, for positron—electron pair source we have

dQUpair dapair
= 6(0— <0 2
aran ~ar ‘- <0>)/m
ngpair

NaT (1 — p)/2m. (24)
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Qpair(waﬂaE)
= (204+1)
:Z Pi(p)
=0 4T
Eo N
X/ Ao'palr(E E)Nl(w E)dEl ( )
E+2mgc? A
and

Qg—air (ZZT My E)

Y O gy [T Mg B

=0 471' E+2mgc? A

+ 2moc?®)Ny(z, E')dE'. (26)

3.2. The transport and energy deposition of
secondary electrons

Assuming that the differential fluence of sec-
ondary electrons is N¢(z, i, E'), then using P,, approx-

imation, we have

WNi (e, B).  (27)

~
(==}

The spherical harmonic moment Ny (z, E) satisfies the
following equation
ONo(E) | 1 ONG,  ONE,
l+1 l
o8 a1l TV e e
= — p(B)N} + Q.

(28)

The initial and boundary conditions are as follows:

Ni(z,Ey) =0, 1=0,1,---,m; (29)
Ne(ovuiaE):Oa 7:20’17"'7”7 ui > 05 (30)
Ne(d,p;, E)=0, i=0,1,---,n, p;<0. (31)

By using Lax—Wendroff scheme to solve Eqs.(28)-
(31), we finally obtain the spectra of electrons at vari-
ous depths N§(z, E) and their spherical harmonic mo-

ments of each order.
4. Calculation results

In this section we give some typical results ob-
tained by using our new algorithm. These results not
only involve a comparison between the earlier results
and our calculated results, but also consider the prac-
tical goal for developing this new algorithm, namely,

applying it to clinical radiotherapy.

4.1. Calculation results of photon energy-
fluence
For photon transport, the photon energy-fluence

is a more important and more often used transport
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quantity than photon fluence. By definition, photon

energy-fluence is
Eo
I(z) = [ Ny(z,E)EdE.

0

(32)

Having calculated the photon energy spectra
No(z, E) by using the theory presented in this pa-
per, photon energy-fluence I(x) can be worked out.
Figure 1 illustrates the energy-fluence distributions
of 1.0MeV photons in Be, H,O, Cu and Pb. Figure
2 shows the energy-fluence distributions of 10.0MeV
photons in Be, H,O, Al, Cu and Pb. For comparison,
we have used MCNP Monte Carlo code to calculate
the energy-fluence distributions of photons with the
same energies in the same media as above. It can be
seen that the results calculated by using the charac-
teristic line method are in good agreement with those
calculated by using the MCNP Monte Carlo method.
Therefore, the new method can meet the need of med-

ical applications in accuracy.

g
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Fig.1. Energy fluence for 1.0MeV photon in difference

Dots are the results calculated by MCNP, lines

are our calculation results.
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Fig.2. Energy fluence for 10MeV photon in difference me-
dia. Dots are the results calculated by MCNP, lines are

our calculation results.

4.2. The energy deposition of photons in slab

media

In so far as radiotherapy, the energy deposition
distribution of high-energy photons in water or hu-
man body is a transport quantity which is followed
with most interest. By definition, the energy deposi-
tion of photons at a certain point (i.e. absorbed dose)
is

D(z) = 70N§(x, E) <1E> dE, (33)

T

where (dE/dz)r is the total stopping power. Figure
3 shows the energy deposition distribution of photons
with 1, 2, 3MeV energies in water. Figure 4 shows the
energy deposition distribution of photons with 10MeV
in water, Be, Al. From Figs.3 and 4 it can be seen that
the absorbed dose distributions given by the charac-
teristic line method are in good agreement with that

given by the MCNP Monte Carlo method.

008 —T——— T
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Fig.3. Energy deposition of photons with 1, 2, 3MeV
energies in water. Dots are the results calculated by

MCNP, lines are our calculation results.
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Fig.4. Energy deposition distribution of 10MeV pho-
ton in water, Be and Al Dots are the results calculated

by MCNP, lines are our calculation results.
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4.3. The efficiency of calculation

Compared with MNCP Monte Carlo method, an
important advantage of our new theory and algo-
rithms is its high calculation efficiency. This fact pro-
vides a good prospect for applying the method to clin-
ical practice in radiotherapy. For this purpose we have

made a systematical comparison. In order to make a

reasonable comparison, we take the incident photon
number to be 100,000 for Monte Carlo method, while
taking the depth mesh to be 50, energy grid to be 50
and characteristic direction number to be 12 for the
characteristic method. Calculations were conducted
on the same PC machine with a 133MHz CPU. The

computed results are listed in Table 1.

Table 1. A comparison of calculation time between the characteristic method and the MCNP method.

Method Energy E/MeV Calculation time t/s

MCNP4A 1 11817

2 23452

3 29901

5 77399

10 105753
Characteristic method 1 15
Only photon transport 2 15
3 15
5 15
10 15
Characteristic method 1 16
(photon transport and 16
secondary electron transport) 3 16
5 16
10 16

As can be seen from Table 1, for photons with
different energies (1MeV-10MeV), the characteristic
method is 10> — 10* times faster than the MCNP
method. Calculation results clearly indicate that the

newly developed photon transport theory is a very ef-
ficient algorithm, which is hopeful to find clinical ap-

plications in radiation therapy.
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