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We study the dynamics of a trapped ion placed at an antinode of the standing wave inside a high �nesse cavity

with consideration of the second sideband excitation between the ionic internal levels and the light �eld. We investigate

the entanglement of the three subsystems embodying the ionic internal levels, the vibrational mode of the ion and the

cavity �eld.
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1. Introduction

In recent years, much attention has been attracted

by trapped ions manipulated by laser beams, due

to not only the fundamental interest of physics in-

volved but also some potential applications, such as

the preparation of nonclassical states of the vibra-

tional motion of ions,[1] precision spectroscopy,[2] and

quantum computation.[3] The laser �elds interacting

with the trapped ions are usually treated as classi-

cal. However, the quantization of the laser �eld brings

about more possibilities. The system of trapped ions

placed inside a high �nesse cavity makes the prob-

lem more interesting and more complicated because

it involves three quantum degrees of freedom, namely,

the ionic internal levels, the vibrational mode of the

ion and the light �eld of the cavity. A number rele-

vant papers has been noted in the literature, for exam-

ple, the investigation of the nonclassical e�ects of the

trapped ions,[4] the schemes for generating motional

Schr�odinger cat states,[5] the transfer of coherence be-

tween the motional states and light,[6] and even the

proposition of quantum logic gate.[7] Even though, fur-

ther work on the dynamics of ionic inversion of the sys-

tem is still needed because experimental observation

of these collapses and revivals provides a novel means

of measuring the statistics of the quantum motion of

the ion, and thus of detecting nonclassical states of

motion.[8] In Ref.[4], the authors studied mainly the

full quantum system in �rst-order Lamb{Dicke ap-

proximation. We found, however, that it is inade-

quate to consider only the �rst-order approximation

in some cases. In this paper, we explore the dynamics

of the system of the trapped ion placed at an antin-

ode of the standing wave within a cavity, in which

the second-order Lamb{Dicke approximation must be

considered. We also investigate the entanglement of

the ionic internal levels, the ionic vibrational mode,

and the cavity �eld.

2.Dynamics of the system

Consider a system with a single two-level trapped

ion placed inside a cavity that supports a single-mode

quantized radiation �eld with frequency !a. For a

standing wave travelling in the x direction, the Hamil-

tonian of the system is given by (�h = 1)[4;9]

H =!aa
+a+ �b+b+

1

2
!0�z

+ g(a+ + a)(�� + �+) sin[�(b
+ + b) + �]; (1)

where � is the Lamb{Dicke parameter, b+ and b are

the creation and destruction operators of the centre
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of mass of vibrational motion mode of the ion. � ac-

counts for the relative position of the centre of mass

of the ion to the standing wave. � denotes the vi-

brational frequency and !0 is the transition frequency

between the internal electronic states jei and jgi. a+
and a are the creation and the destruction operators

of the single mode �eld. The coupling parameter g is

directly proportional to the ion-radiation interaction

strength. �+, �� and �z are the familiar pseudo-spin

operators for the ion.

If we take � = �=2 (i.e., the ion is centred at an

antinode of the standing wave), the interaction Hamil-

tonian will become

Hi = g(a+ + a)(�� + �+) cos[�(b
+ + b)]: (2)

In the Lamb{Dicke limit(� � 1), it is not enough

to expand the trigonometric function term up to �rst

order in �. An expansion up to second order in � be-

comes necessary, and we expand the cosine in Eq.(2)

and obtain

cos[�(b+ + b)] � 1� 1

2
�2(b+ + b)2: (3)

If the light �eld is tuned to the second red vibrational

sideband, i.e., !a = !o � 2�, after applying the rotat-

ing wave approximation and discarding the rapidly os-

cillating terms, we obtain the interaction Hamiltonian

of Jaynes{Cumming-like type in interaction picture:

HI
i =

1

2
�2g(b+2a+�� + b2a�+): (4)

Similarly, if the light �eld is tuned to the second blue

vibrational sideband (!a = !o + 2�), we have

HI
i =

1

2
�2g(b+2a+�+ + b2a��); (5)

an \anti-Jaynes{Cummings-like" type. In our work,

we only consider the �rst case.

The evolution operator associated with the

Hamiltonian (4) is given by

U(t) =Cm+2;n+1jeihej+ Cm;njgihgj
� iDm+2;n+1b

2ajeihgj
� ib+2a+Dm+2;n+1jgihej; (6)

where

Cm+2;n+1

=cos

�
1

2
�2
p
(b+b+ 2)(b+b+ 1)(a+a+ 1)gt

�
; (7)

Cm;n = cos

�
1

2
�2
p
b+b(b+b� 1)a+agt

�
; (8)

and
Dm+2;n+1

=

sin

�
1

2
�2
p
(b+b+ 2)(b+b+ 1)(a+a+ 1)gt

�
p
(b+b+ 2)(b+b+ 1)(a+a+ 1)

: (9)

We assume now the initial state of the ion-�eld

system to be described by the state vector

j	(0)i = j	(0)ia 
 j	(0)ib 
 j	(0)ii
=
X
n

anjnia 

X
m

bmjmib 
 jeii; (10)

i.e., the cavity �eld is initially prepared in a super-

position of number(Fock) state
P

n anjnin, the ionic

vibrational centre-of-mass motion prepared in a stateP
m bmjmib, and the ionic internal levels prepared in

the excited state jeii. The state vector of the system
at any time t is

j	(t)i =U(t)j	(0)i
=
X
m;n

bman[cos(
m;nt)jmibjniajeii

� i sin(
m;nt)jm+ 2ibjn+ 1iajgii]; (11)

where the generalized Rabi frequency 
m;n is given by

the relation


m;n =
1

2
�2g
p
(m+ 2)(m+ 1)(n+ 1): (12)

From Eq.(11), we obtain the ionic population inver-

sion of the system including the three subsystems

Wi(t) = h	(t)j�zj	(t)i
=

1

2

X
m;n

janj2jbmj2 cos(2
m;nt): (13)

3.The entanglement parameter

In order to distinguish between pure states and

statistical mixtures of the system including the three

subsystems (i.e., the trapped ion, the vibrational

mode and the cavity �eld), we investigate the time

evolution of the entanglement parameter. For a par-

ticular subsystem described by the reduced density

matrix �x = Trfy 6=xg� (� is the density matrix of the

whole system, x, y denotes the three respective sub-

systems), the entanglement parameter associated with

linear entropy[10] is

Spur
x (t) = 1� Trxf�2x(t)g: (14)

The parameter, also called \purity parameter",[11]

measures the deviation of an actual state from a pure
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state. The deviation of its value from zero expresses a

loss of the state purity, i.e., for a pure state Spur
x = 0,

and is positive otherwise. Note that the entanglement

parameter is a lower bound for von Neumann entropy

Sx = �Trxf�x ln �xg, i.e. Spur
x � Sx. Here, we use

the parameter Spur
x as an appropriate measure of the

entanglement between the three quantum- mechanical

subsystems involved in the dynamics.

The density of the whole system described by

Eq.(11) is

�(t) = j	(t)ih	(t)j: (15)

For simplicity, we only give here the reduced density

matrix �i of the trapped ion:

�i(t) = Trfa;bgf�g =
2
4 �11(t) �12(t)

�21(t) �22(t)

3
5 ; (16)

where

�11(t) =
X
m;n

janj2jbmj2 cos2(
m;nt);

�22(t) =1� �11(t);

�12(t) =
X
m;n

a�n+1anbm+2bm

� cos(
m+2;n+1t) sin(
m;nt);

�21(t) =�
�
12(t) (17)

with 
m;n de�ned by Eq.(12). Thus, the entangle-

ment parameter Spur
i is

Spur
i (t) = 1� �+2

i � ��2
i ; (18)

��i being the eigenvalues of the reduced density ma-

trices �i(t).

4.Numerical calculation and dis-

cussion
Case 1 We �rst assume the cavity �eld initially

in the coherent state j�ia, the vibrational mode pre-

pared in the Fock state jMib, i.e., in Eq.(11), an =

exp(�j�j2=2)�n=pn!, bm = ÆM;m. The expression for

the state vector j (t)i can be written as

j	(t)i = = e�
j�j2

2

X
n

�np
n!

� [cos(
M
p
n+ 1t)jniajMibjeii

� i sin(
M
p
n+ 1t)jn+ 1iajM + 2ibjgii];

(19)

where 
M =
1

2
�2g
p
(M + 2)(M + 1).

In Fig.1 we plot the time evolution of dynam-

ical properties of the system with M = 8; j�j2 =

64; � = 0:05. Fig.1(a) shows the time evolution

of Wi(t). Obviously, the constancy of the initial

parameter M of the vibrational mode makes the

ionic inversion Wi(t)(oscillating at Rabi frequencies


M

p
n+ 1) to exhibit the characteristic pattern of

JCM.[12] The corresponding revival time is T
(1)
R �

4�
p
�n=�2g

p
(M + 2)(M + 1), with �n = j�j2 being the

mean excitation number of the cavity �eld.

Figure 1(b) shows the time evolution of the entan-

glement parameter Spur
a . The value of Spur

a is almost

equal to zero at one-half of the revival time T
(1)
R , which

indicates that the cavity �eld is in a pure superposi-

tion state composed of two coherent-like states (the

so-called Schr�odinger cat states[13]). Noting that un-

der this condition the entanglement parameter Spur
i

and Spur
b evolve identically (see Fig.1(c)), they are all

equal to the maximum value 1=2 at
1

2
T
(1)
R . It shows

at this time the generation of the Bell-like state of

the ionic internal states and the vibrational states,

i.e., j i;bi = (1=
p
2)(jMibjeii + jM + 2ibjgii). Dur-

ing the revival time the entanglement parameters Spur
a

and Spur
b display an additional local minimum which

never falls to zero. This corresponds to the partial re-

construction of the initial vibrational mode and cavity

�eld.

Case 2 If we take the cavity �eld initially in a

Fock state jNia, the vibrational mode prepared in

the coherent state j�ib, i.e., in Eq.(11), an = ÆN;n,

bm = exp(�j�j2=2)�m=pm!, the expression for the

state vector j (t)i can be written as

j	(t)i =e� j�j2

2

X
m

�mp
m!

� [cos(
N
p
(m+ 2)(m+ 1)t)

� jmibjNiajeii
� i sin(
N

p
(m+ 2)(m+ 1)t)

� jm+ 2ibjN + 1iajgii] (20)

with 
N =
1

2
�2g
p
(N + 1).
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Fig.1. The time evolution of the dynamical properties with M = 8; j�j2 = 64; � = 0:05. (a) The ionic

inversion Wi(t); (b) The entanglement parameter Sa(t); (c) The entanglement parameters Si(t); Sb(t).

Figure 2 shows the time evolution of the dy-

namical properties under this condition with j�j2 =

8; N = 64; � = 0:05. Due to no 
uctuations

of the photon number N in the cavity �eld, the

collapses-revival e�ect of the inversion Wi(t) (beat-

ing at Rabi frequencies 
N
p
(m+ 2)(m+ 1)) are sim-

ilar to that in two-photon JCM.[12;14] This is illus-

trated in Fig.2(a) with the corresponding revival time

T
(2)
R � 2�=�2g

p
(N + 1). The time evolution of the

entanglement parameter Spur
b is shown in Fig.2(b). It

shows that the Spur
b is close to zero at

1

4
T
(2)
R and

3

4
T
(2)
R , i.e., Schr�odinger-cat-like states in the vibra-

tional mode are established. At the revival time T
(2)
R

the value of Spur
b tends to zero, which means that the

vibrational mode is disentangled to the initial pure

state.

On the other hand, the entropies Spur
i and Spur

a

in this case are equal to 1/2 in between two revival

times(see Fig.2(c)). This indicates that the degree of

mutual entanglement between the cavity mode and

the ionic internal levels is maximal. At the revival

times, however, the values of Spur
i and Spur

a are almost

equal to zero. One �nds that at these times the three

quantum subsystems are disentangled to pure states.

It means the reconstruction of the initial vibrational

mode and the cavity �eld.

Case 3 Now consider both the cavity light �eld

and the vibrational mode are initially prepared in co-

herent states. Given the cavity mode in coherent state

j�i, � = exp(�j�j2=2)�n=pn!; the vibrational mode

in j�i, � = exp(�j�j2=2)�m=pm!, then at time t, the

state vector of the whole system Eq.(11) can be rewrit-

ten as

j	(t)i =e�(
j�j2

2
+

j�j2

2
)
X
m;n

�n�mp
m!n!

� [cos(
m;nt)jmibjniajeii
� i sin(
m;nt)jm+ 2ibjn+ 1iajgii]; (21)



No. 7 In
uence of second sideband excitation on the ... 757

Fig.2. The time evolution of the dynamical properties with j�j2 = 8; N = 64; � = 0:05.

(a) The ionic inversion Wi(t); (b) The entanglement parameter Sb(t); (c) The entanglement

parameters Si(t); Sa(t).

the ionic inversion is

Wi(t) = e�(j�j2+j�j2)
X
m;n

j�j2nj�j2m
m!n!

cos(2
m;nt):

(22)

Due to the double coherent summation of terms

oscillating at generalized Rabi frequencies 
m;n =
1

2
�2g
p
(m+ 2)(m+ 1)(n+ 1), we expect the double

structures in the inversion. That is, the dynamics of

the population inversion predicted by Eq.(22) may be

interpreted in terms of two families of revival times.

The revival time associated with the �eld is

T aR �
4�
p
�n

�2g( �m+ 3=2)
; (23)

which depends on �m = j�j2 and �n = j�j2, the mean

excitation number of the centre-of-mass motion and

the cavity �eld, respectively. On the other hand, after

performing the summation over m in above equation,

we obtain another expression of Eq.(22)

Wi(t) = e�j�j
2
X
n

�n

n!
wn(t); (24)

with

wn(t) =exp

�
� 2 �m sin2

�
1

2
�2g

p
n+ 1t

��

� cos

�
�m sin(�2g

p
n+ 1t) +

3

2
�2g

p
n+ 1t

�
:

(25)

Thus the revival time associated with the vibrational

mode is

T bR �
2�

�2g
p
(�n+ 1)

; (26)

depending only on �n. Considering �n � �m, then

T aR � T bR, the \rapid revivals" corresponding to T bR in

the ionic inversion Wi(t) are modulated by the \long"

revival time T aR. We show this modulation of rapid re-

vivals in the time evolution of Wi(t) in Fig.3(a), with

the initial parameters given as j�j2 = 64; j�j2 = 8, and

� = 0:05. In Fig.3(b) we plot the time evolution of the

entanglement parameter Spur
i . The parameter Spur

i ,

describing the entanglement between the ionic inter-

nal state and the two coherent modes (the vibrational

mode and the cavity �eld), evolves to its minimum at

times (2k + 1)T bR=4; k = 0; 1; 2 � � �. When �m; �n ! 1,

the �rst minimal value

�
at

1

4
T bR

�
is almost equal to
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zero, which means that at this time a pure superpo-

sition of the ionic internal levels is generated. Due

to the complexity of the system, we cannot obtain

the respective time evolution of the entanglement pa-

rameter Spur
a and Spur

b . However, we can obtain the

information of the coupled system of the vibrational

mode and the cavity �eld from the entanglement pa-

rameter Spur
i ; for instance, at

1

4
T bR the coupled system

is in a macroscopic superposition | the two mode

Schr�odinger-cat-like states.

In conclusion, we investigated the dynamics of a

trapped ion placed at an antinode of the standing wave

inside a high �nesse cavity with consideration of the

second sideband excitation between the ionic internal

levels and the light �eld. In the Lamb{Dicke approx-

imation (here up to the second order) it shows that

the ionic population inversion as a function of time ex-

hibits di�erent structures of beats depending on the

initial preparation of the cavity �eld and the vibra-

tional motion of the trapped ion. We also analysed the

entanglement between the trapped ion, the vibrational

mode and the cavity �eld by using the entanglement

parameter (associated with linear entropy). It shows

that under particular conditions we can reconstruct

the initial vibrational mode and the cavity �eld, or

prepare the two mode Schr�odinger-cat-like states be-

tween the vibrational mode and the cavity �eld in this

system.

Fig.3. The time evolution of the dynamical properties

with j�j2 = 64; j�j2 = 8; � = 0:05. (a) The ionic inver-

sion Wi(t); (b) The entanglement parameter Si(t).
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