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This paper concentrates on studying the Lie symmetries and conserved quantities of controllable nonholonomic

dynamical systems. Based on the infinitesimal transformation, we establish the Lie symmetric determining equations

and restrictive equations and give three definitions of Lie symmetries before the structure equations and conserved

quantities of the Lie symmetries are obtained. Then we make a study of the inverse problems. Finally, an example is

presented for illustrating the results.
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1. Introduction

The symmetric principle is one of the key issues
in mathematics and physics. Research on the con-
served quantities of mechanical and physical systems
not only has important mathematical significance, but
also show profound physical essence. Two of the mod-
ern methods of studying on the conserved quantities
of mechanical systems and physical systems are the
Noether method™ and the Lie method. Li?l stud-
ied Noether symmetries of the classical and the quan-
tum constrained systems. Meil3] studied Noether sym-
metries of Birkhoffian systems. Noether symmetries
of nonholonomic systems have been studied by many
authors.[*~9 The approach of Lie symmetries was set
up in the 19th century, but its applications in me-
chanics had not started until 1979.11 In recent years,
many results have been obtained in the studies of
the Lie method.[''=22] Lately, Meil?3! studied Noether
symmetries as well as Lie symmetries of a variety of
constrained mechanical systems, and obtained rela-
tionships between the Noether symmetries and Lie
symmetries, and also between the symmetries and the
conserved quantities. Along with the development of
sciences and technologies, the control system theory
becomes more and more important.!?4?5 This paper

studies the Lie symmetries of the controllable non-

holonomic systems, including both direct and inverse

problems.
2.Equations of motion of the
controllable nonholonomic dy-

namical systems

Consider a system composed of N particles, and
the mass of a particle is m;(i = 1,---,N). The con-
figuration of the system can be expressed by n gener-
alized coordinates g,(s = 1,--+,n). We assume that
this system is subjected to m holonomic constraints

of the form

fP(anurvt) =0
(p:17"'am;i:17"'7N;lr:17"'7p)? (1)

and g nonholonomic constraints of the form

1/),6(qs,qs,ur,’dr,t)=0 (ﬁ=1,---,g), (2)

where u,.(r =1, -+, p) are controlled parameters. The
motion of the mechanical system is controlled by us-
ing the controlling parameters u,, which are impor-
tant for a mechanical system. In the case of ideal con-
straints, the d’Alembert—Lagrangian principle of the
constrained system can be expressed in the following

http://www.iop.org/journals/cp
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form in generalized coordinates
d oT oT
ym——— = 6g, =0 (s=1,---,n). (3
(@- o+ 50 )ia =0 (=L @
For nonholonomic systems, ¢, are not indepen-
dent of each other, and they have to be constrained by
the Chetaev conditions in Eq.(3), which are expressed

as follows:

({;&5(13:0 (s:]-;:naﬁ:]-avg) (4)
ds
From Eqgs.(3) and (4),

Routh equations of the controllable nonholonomic sys-

we can obtain the

tem with the usual Lagrange multiplier method as
follows:[26:27]
d o oT 0Yp

ST g, a2 5
atoq, oq, T, (5)

Equations (5) are different from the usual equa-
tions of non-controllable nonholonomic systems, be-
cause there are control parameters and their deriva-
tives with respect to time in the opposing force of
constraint. To control the motions of the systems by
controlling the opposing forces of the constraint in the
controlled theory, we can control w,(t) for the pur-
pose of practical realization. We first obtain the con-
strained multiplier A\g by using Eqgs.(2), (4) and (5),
and then substitute it into Eq.(5) to obtain an explicit

fOI'In[27]
G + At (k,m; 8)did,,
:Asll{ <%—2“ - gf:)qk +Qs
- % * g—zj - %qk Aﬁ%}, (6)
where
e

Suppose that the controllable parameters u, are
dependent only on time, i.e., v, = u,.(t)(r =1,---,p),
then differentiating Eq.(2) with respect to ¢ yields
0y .. 09, 0y .. 0

. 0%y Wy 9 g (s
“ g, 4T B " Ba, T Tt (8)

We obtain the constrained multiplier A\g by substitut-
ing Eq.(6) into Eq.(8). Substituting Ag into Eq.(5)
leads to
(.js :as(QaiLuraiLradrat)- (9)
3.Direct problems of Lie sym-
metry in controllable nonholo-

nomic dynamical systems

3.1.Infinitesimal transformations and deter-
mining equations of Lie symmetries in con-

trollable nonholonomic dynamical systems

‘We first introduce infinitesimal transformations in

terms of time and generalized coordinates

(10)

{ t. =t+ E{O(taqa q)7
as(t) = q,(t) +e&s(t, q. 9),

where ¢ is a small parameter, and £, and £, are in-
finitesimal generators. We again introduce the vector
of generators X(O), X(l), X @ 23] Then based on the
invariance of the differential Egs. (9) under the in-

finitesimal transformation (10), if and only if

X(2) [qs - as(t7 q’ (.Lu‘r‘aa‘r‘;/u'f‘)”és:as = 07 (11)

we can have

fs _4550 _250055 :X(l)(as) (S - 1,"',71). (12)

Egs. (12) are called the determining equations of
Lie symmetries when the generators &, and &,(s =
1.-.

,++-,n) satisfy the infinitesimal transformation (10).

3.2.Three definitions of Lie symmetries for
controllable nonholonomic dynamical sys-
tems

Definition 1 Transformations (10) are called
Lie symmetric transformations corresponding to the
controllable holonomic systems when the infinitesimal
generators £y and &, satisfy the determining Egs. (12).

For the nonholonomic systems, the constrained
Egs. (2) also retain the form of invariance after the

infinitesimal transformation (10), i.e.
X(l) (¢ﬂ(q, Q7 Uy, ur: t)) =0

(ﬂzl,"',g;’l"zl,',p). (13)

Egs. (13) are called restrictive equations of control-
lable nonholonomic constraints in Lie symmetries.

Definition 2 Transformations (10) are called
weak Lie symmetric transformations corresponding to
the controllable nonholonomic systems when the in-
finitesimal generators £y and &, satisfy both the de-
termining Eqgs. (12) and the restrictive Egs. (13).

To obtain Egs.(5), we exploit the Chetaev condi-
tion (7) which applies restrictions to dgs,

(qu = Aqs — qut = 5(55 - q‘sgo)a (14)
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and substitute Eq.(14) into Eq.(4), then

9s

aqs(gs_qsgo):() (ﬁzlaagﬂszlvan)

(15)
Egs. (15) are called supplementary restrictive equa-
tions.

Definition 3 Transformations (10) are called
strong Lie symmetric transformations corresponding
to the controllable nonholonomic systems when the
infinitesimal generators £, and &, satisfy the deter-
mining Eqs. (12), the restrictive Egs. (13) and the
supplementary restrictive Egs. (15).

3.3.Lie symmetrical structural equations and
conserved quantities in the controllable

nonholonomic dynamical systems

Theorem 1 If the infinitesimal transformation
generators &y and &, satisfy the determining Egs. (12),
and if the function G = G(t, q, q, u,, ) satisfies the

following equation

: oL oL .
(1) iy i —
Lfo + X (L) + 8UT urﬁo + 811T UT&) + G 0, (16)
there will be a conserved quantity corresponding to
the Lie symmetries for the controllable holonomic sys-

tem, i.e.

oL
9q

I=L&+ (&s — ¢,&0) + G = constant.,  (17)

S

where L =T — V is the Lagrangian of the system.
Proof:
d oL

ar . :
= =L&+ Ly + ———
q “Hot Lot g g,

oL [ : .. .
+ 9 <§S - qsgo - qs§0>
4qs
oL oL oL

(gs - q‘sgo)

~Léo — b0 = g6 = e (6~ dido)
oL oL
- 8—ur1lr§0 - 8—ﬂrﬁrfo - Q5 (& — d,%0)

Eq. (16) is called the structural equation for the con-
trollable holonomic system.

Theorem 2 If the infinitesimal transformation
generators &y and &, satisfy both the determining Eqs.
(12) and restrictive Egs. (13), and if there exists a
function G = G(t, q, q, u, u,) satisfying the structural
Eq. (16), there will be a conserved quantity (17) cor-
responding to the weak Lie symmetries for the con-

trollable nonholonomic system.

Theorem 3 If the infinitesimal transformation
generators &, and &, satisfy the determining Egs.
(12), restrictive Egs. (13) and supplementary re-
(15), and if there is a function G =
(16),

then there will be a conserved quantity (17) corre-

strictive Egs.

G(t,q,q,u,,u,) satisfying the structural Eq.

sponding to the strong Lie symmetries for the con-

trollable nonholonomic system.

4.The inverse problem of the
Lie symmetries for control-
lable nonholonomic dynamical

systems

Finding Lie symmetries from the given conserved
quantities is called the inverse problem, which can be
solved by the following steps.

Firstly, we find out the corresponding Lie symme-
tries from the known conserved quantities. Suppose
that there exist conserved quantities in the control-

lable nonholonomic system
I=1(tq,q,ur, )= constant., (18)

then we have

dI o1 oI, oI, OI . oI
= +5—u-+

ab _of of . o, K i, =0. (19
a — a@ T aq. % ag 4 au, M au, (19)

Multiply Egs.(5) by

€, =& — dyéo, (20)

then summing up for s leads to

<Q;’ — Q.+ Aﬁ%>. (21)

Adding the two sides of Egs.(20) and (21), expanding
the resulting equation, and letting the coefficients of

the terms including g, to be zero, we have

£ =hakm—) 22
“ 4, (22)
where o021
ES hT:(ssr,hs = =~ - 23
- “ 94,04, =
Let the conserved quantity in Eq.(17) equal to
Eq.(18), i.e.,

oL

L&+ €6, +G =1, (24)
04
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and then we can obtain generators &, and &, from
Eqgs.(22) and (24). & and & are Noether symmetries
of Egs.(5).

Secondly, substituting generators £, and & into
Eqgs.(12), (17) and (15), we can determine the Lie sym-
metries.

Theorem 4 If the infinitesimal transformation
generators &y and &, determined by Egs.(22) and (24)
satisfy the determining Eqgs. (12), the symmetry is
called Lie symmetries for the controllable holonomic
system; if generators &, and &, also satisfy restric-
tive Egs. (13), then the symmetry is called weak Lie
symmetries for the controllable nonholonomic system.
Furthermore, if generators &, and &, satisfy the sup-
plementary restrictive Egs. (15), then the symmetry
is called strong Lie symmetries for the controllable

nonholonomic system.
5. Example

Supposing that the configuration of the system
can be specified with the generalized coordinates ¢

and ¢,, its Lagrange function is

1,., .
L =53 +d3) — ka, (25)

and the constrained equation is

f=dp—u(t)g =0, (26)

where u(t) is the controllable parameter. The system
is a holonomic one when the controllable parameter
u(t) does not include time ¢, and u(t) is neither a
linear function with respect to time t. If the momen-
tum along the generalized coordinate gy of the sys-
tem is conservational when the controllable parameter
u(t) — 0, i.e., it is a conservative holonomic system,
which is very important in physics. The system ex-
pressed by Eqs.(25) and (26) is a nonholonomic sys-
tem in the ordinary case.

To study the Lie symmetry of the system, we first
study the direct problem of the Lie symmetries. The

equations of motion of the system are as follows
G = —Au, go=A—k. (27)
From Egs.(26) and (27), we obtain
A = (k4 uug,) /(1 + u?). (28)
Substituting it into Eqs.(27) yields

ku + uig, _ uigy — ku®

1 I u2 ) q2 = 1 + ug (29)

G =

Then substituting Egs.(29) into the determining Egs.
(16), we obtain

gl - Q1§0 - 260 <_1—1—7uQ>

. k(1 —u?)u wii . w1 —wu?),
‘50( (1+U2)2 - 1+U2q1_ (1+U2)2 q1>

. Lo us
+(&1 — Q1§0)1+—u27
. e . uuql ku?
_ _9 _
&2 — 4260 fo<1+u2 1+u2>
_¢ ulh . n u? .
— G0 1 +U2q1 (1 +u2)2q1

wu? 2kun
T+ u?)2 7 (1 +2)?

GRS

30

Equation (30) has the following solutions o
§o=0, & =0, &=1, (31)

=0, &L =1, & =0, (32)

=0, &L=1 &=1, (33)

=0, & =1 & =t, (34)

=0, & =0, &=t (35)

They have Lie symmetries corresponding to the con-
trollable holonomic system.
By substituting generators &, and &, into

Eqgs.(13), we have
—igy€o — (& — drbo)ut (€2 — Go€0) =0. (36)

The generators (34) and (35) do not satisfy restric-
tive Eq. (36), so there are no weak Lie symmetries in
the controllable nonholonomic system. Whereas the
generators (31), (32) and (34) satisfy restrictive Egs.
(36), so there are weak Lie symmetries for the non-
holonomic system. From Egs.(16) and (17) we obtain
gauge functions and conserved quantities for the gen-
erators (31), (32) and (34) as follows

Gy =kt, I;=g,+ kt = constant., (37)
Gp =0, I, =g, = constant., (38)
G; =kt, I;=4q; + g, + kt = constant. (39)

They are the gauge functions and conserved quantities
for weak Lie symmetries of Eqgs.(25) and (26), i.e., they

are usual gauge functions and conserved quantities of
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the Lie symmetries. Under the infinitesimal transfor-
mations (31), (32) and (33), some conclusions can be
obtained: form (37) expresses that the momentum is
not conservative along the generalized coordinates g,,
form (38) indicates that the momentum is conserva-
tive along the generalized coordinates ¢;, and form
(39) expresses that the momenta of the system is not
conservative.

Substituting constraint (26) into Eqgs.(15), we ob-
tain

—u(t)(§1 — d1) + (&2 — ¢2) =0 (40)

Eq. (40) cannot be satisfied when substituting the
generators (31), (32) and (34) into Eq.(40), so the
symmetries are just weak Lie symmetries.

Now we study the inverse problem. Suppose the

system has a conserved quantity

I =g, +q, + kt. (41)

Substituting Eq.(41) into Eqgs.(22) and (24) leads to

21:17 22:17

Léo + 41&1 + doba + G = ¢y + ¢y + kt, (42)
and then
o = %(kt—G)a §1=1+¢ 80, & =1+G60. (43)
Substituting Egs.(39) into Egs.(43), we obtain
& =1 (44)

The generators (44) satisfy the restrictive Eqgs. (36),
but they do not satisfy the supplementary restrictive
Eq. (40), so the symmetry (44) is weak Lie symme-

tries, not strong Lie symmetries.
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