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Absolute band gaps can be created by lifting the degeneracy in the bands of a photonic crystal. To calculate the

band structure of a complicated photonic crystal generated by e.g. symmetry breaking, general forms of all possible

linear operations are presented in terms of matrices and a procedure to combine these operations is given. Other forms

of linear operations (such as the addition, subtraction, and translation transforms) are also presented to obtain an

explicit expression for the Fourier coeÆcient of the dielectric function in the plane-wave expansion method. With the

present method, band structures for various complicated photonic crystals (related through these linear operations) can

be obtained easily and quickly. As a numerical example, a large absolute band gap for a complicated photonic crystal

structure of GaAs is found in the high region of normalized frequency.
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1. Introduction

Photonic crystals, which are in a periodic ar-

rangement of dielectric or metallic materials, have at-

tracted wide attention recently in both physics and

engineering communities in view of their unique abil-

ity to control light propagation.[1�5] Many potential

applications of photonic crystals rely on their pho-

tonic band gaps (PBGs). Thus, it is of great in-

terest to design photonic crystals with an absolute

band gap (as large as possible), particularly, for a

given dielectric material. An absolute PBG in a two-

dimensional case requires an overlap of the band gaps

for the E- and H-polarizations. It is shown in previ-

ous work that degeneracy exists for simple cylinders

in a two-dimensional lattice.[6;7] Absolute band gaps

can be created by lifting the degeneracy. There are

two ways to lift the degeneracy. One is to break the

structure symmetry.[8�10] For example, the addition

of a rod with a di�erent size into the lattice unit cell

can enlarge the absolute band gap.[10] The other is to

change the dielectric distribution without breaking the

symmetry.[11] In any way, it may result in a photonic

crystal with a complicated dielectric distribution.

It is well known that the plane-wave expansion

method (see e.g. Refs.[6,7,12,13]) is very useful in ob-

taining the band structures and studying the proper-

ties of photonic crystals. Fourier expansions of dielec-

tric functions are required in the plane-wave expan-

sion method. An explicit expression for the Fourier

expansion coeÆcients of a dielectric function is de-

sirable since a numerical Fourier transform is time-

consuming and not e�ective in accuracy. However, it

is not straightforward to obtain an explicit expression

for the Fourier coeÆcients of the dielectric function for

a complicated photonic crystal. Some speci�c exam-

ples were given very recently to simplify the calcula-

tion of the Fourier coeÆcients by linear operation.[14]

This paper presents our independent work in a more

general form including all the possible linear trans-

forms which can be expressed in terms of matrices

(we call it the �rst kind of linear transform). Rota-

tion, scaling and re
ection mentioned in Ref.[14] are

only speci�c examples of our matrix expression. In an

actual problem these fundamental transforms will ap-

pear more likely in a combined form. For this reason,

we introduce a procedure to combine a series of linear

transforms in the present paper. The veri�cation of

the matrix expression and the procedure are given in

an elegant way. With the present general form, we can
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conclude that the Fourier coeÆcients of a desired pho-

tonic crystal, which is obtained from a linear rotation

in the real space, can be expressed by a corresponding

rotation of the reciprocal vectors. This is still valid

even when the linear rotation is not a unitary trans-

form. In addition, we also include in the present paper

the second kind of linear transform (such as the trans-

lation, addition, and subtraction transforms), which

has no equivalent matrix expression. Note that the

subtraction transform is not mentioned in Ref.[14].

It is expected that those linear operators of the

two kinds can be used to generate complicated struc-

tures with large absolute band gaps. For example,

both the chessboard lattice[15] and oblique elliptical

pores[16;17] can open an absolute band gap when ap-

propriate parameters are chosen (these structures can

be obtained easily through the linear operations con-

sidered in the present paper). With the present gen-

eral form of linear operations, band structures for vari-

ous complicated photonic crystals can be obtained eas-

ily and quickly. As a numerical example, we construct

a photonic crystal which cannot only demonstrate the

validity of linear transform but also has a relatively big

forbidden band located in a high region of normalized

frequency in the corresponding band structure.

2.General expressions for

Fourier coeÆcients under

linear operations

We consider a photonic crystal with dielectric

function �(r). From Maxwell's equations one can ob-

tain the following eigenvalue equation

r� [��1(r)(r�H)] =
!2

c2
H: (1)

In the plane-wave expansion method, H and ��1(r)

are expanded as

H(r) =
X
G

HG exp[i(k +G) � r]; (2)

��1(r) =
X
G

���1(G)exp(iG � r); (3)

where G is the reciprocal lattice vector, and k is a

Bloch wavevector.

For a two-component photonic crystal, one can

write �(r) in a unit cell in the following form:

�(r) = �1 +�(r)(�2 � �1); (4)

where �1, �2 are the permittivities for the background

and inclusion media, respectively, and the step func-

tion �(r) describes the shape of the inclusion in the

unit cell. To extend the integral of Fourier transform

in a unit lattice to the whole space without changing

the integral value, we extend the function �(r) to the

whole space by setting its value to be 0 outside the

unit lattice, i.e.,

�(r) =

8>><
>>:

1; if r is inside the inclusion medium

S of a reference unit cell;

0; otherwise:

(5)

The corresponding ���1(G) is given by the following

integral:

��1(G) =

Z
cell

��1(r)exp(�iG � r) dr

=

Z
cell

��1
1 exp(�iG � r) dr + 1

Vcell

Z
S

(��1
2 � ��1

1 )exp(�iG � r) dr

=

8<
:
f � ��1

2 + (1� f)� ��1
1 ; G = 0;

(��1
2 � ��1

1 )
1

Vcell

Z +1

�1

�(r)exp(�iG � r) dr; G 6= 0;
(6)

where f =
VS
Vcell

is the �lling fraction, i.e., the fraction

of the total volume Vcell occupied by the volume VS of

the component �2 in the unit cell.

The linear operations considered in the present

paper can be separated into two kinds. A linear oper-

ator of the �rst kind acts on the position vector r and

can be expressed by a constant matrix. Linear oper-

ations of the second kind include translating, adding,

etc., and they cannot be expressed by matrices.

2.1. Linear operations of the �rst kind

We assume that the linear operator T is a con-

stant full rank matrix in a Cartesian coordinate sys-

tem and is independent of time and position. Then
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we have

�T (r) =�(Tr)

=�1 +�(Tr)(�2 � �1): (7)

The corresponding �lling fraction is fT = f jT�1j,

where T�1 is the inverse of T and jT�1j is the de-

terminant of T�1. Let T̂ denote the corresponding

operator acting on the Fourier coeÆcients in the G

space. The Fourier coeÆcient for the transformed di-

electric function becomes (cf. Eq.(6))

��1
T (G) �T̂ ���1(G)

=

8<
:
fT � ��1

2 + (1� fT )� ��1
1 ; G = 0;

(��1
2 � ��1

1 )
1

Vcell

Z +1

�1

�(Tr)exp(�iG � r) dr; G 6= 0;

=

8<
:
fT � ��1

2 + (1� fT )� ��1
1 ; G = 0;

(��1
2 � ��1

1 )
1

Vcell
jT�1j

Z +1

�1

�(r0)exp[�i ((T�1)TG) � r0] dr0; G 6= 0;

=

(
jT�1jf � ��1

2 + (1� jT�1jf)� ��1
1 ; G = 0;

jT�1j���1((T�1)TG); G 6= 0:
(8)

The above equation gives the relation between the op-

erator T̂ in the G space and the corresponding oper-

ator T in the r space. From this equation, one can

see that the Fourier coeÆcient of ��1
T (r) can be ob-

tained from ���1(G) by rotating its reciprocal lattice

vector G to (T�1)TG. Note that in the above proce-

dure the lattice remains the same. If one wants to put

the inclusions in a di�erent lattice such as a triangular

lattice, the reciprocal lattice vector G in an orthogo-

nal lattice should be replaced by G0 in the triangular

lattice.

To make the paper more instructive, we illustrate

the above linear operations and other linear operations

with an interesting example in the two-dimensional

(2D) case. We wish to transform the photonic crystal

with a unit cell in a square lattice (the lattice con-

stant is a) of Fig.1(a) to a photonic crystal with a

unit cell of Fig.1(b) by a series of linear transforms.

For this example, two simple operators of the �rst kind

are needed, namely, the stretching operator Ts(R1; R2)

(which stretches the inclusion R1 times along the x-

axis direction and R2 times along the y-axis direction)

and the rotation operator Tr(�) (which rotates the in-

clusion with an angle of � in the clockwise direction).

These two linear operators have the following forms in

a 2D spatial coordinate system,

Ts(R1; R2) =

0
B@

1

R1
0

0
1

R2

1
CA ;

Tr(�) =

0
@ cos(��) � sin(��)

sin(��) cos(��)

1
A :

Fig.1. An example for illustrating the linear opera-

tions. (a) A unit cell of a simple photonic crystal with

a unit square rod as the inclusion. (b) A unit cell of

a complicated photonic crystal, whose band structure

can be obtained easily from the Fourier coeÆcient for

Fig.1(a) through a series of linear operations.

For a chessboard with equal side length c, we can

set R1 = R2 = c and � = �=4. The chessboard can

be easily obtained from a simple unit square �s(r) by

two consecutive operations Ts and Tr, i.e.,

�c(r) = �s(Tcr) = �s(TsTrr); (9)

where

Tc(c) =

0
B@

1

c
0

0
1

c

1
CA�

0
@ cos(��=4) � sin(��=4)

sin(��=4) cos(��=4)

1
A

=

0
B@ cos(�=4)

1

c
sin(�=4)

1

c

� sin(�=4)
1

c
cos(�=4)

1

c

1
CA :

When performing a series of linear operations of the

�rst kind on the unit cell in a physical order of T1,
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then T2, � � � and �nally Tn, one should represent the

associated matrix with T = T1T2 � � � Tn (attention

should be paid to the reverse order of the matrices).

This is because �(1)(r) = �(T1r); �
(2)(r) = �(1)(T2r) =

�(T1(T2r)) = �(T1T2r), � � � Note that linear operators
expressed by matrices act on the unit cell only through

acting on position vector r.

One can easily �nd the following explicit Fourier

coeÆcient for a square lattice of unit square inclusions,

��1
s (G)

=

8><
>:

f � ��1
2 + (1� f)� ��1

1 ; G = 0;

(��1
2 � ��1

1 )f
sin(Gx=2)

Gx=2

sin(Gy=2)

Gy=2
; G 6= 0;

(10)

where f = 1=a2. Thus, it follows from Eq.(8) that

��1
c (G) � T̂c��

�1
s (G)

=

8><
>:

c2f � ��1
2 + (1� c2f)� ��1

1 ; G = 0;

(��1
2 � ��1

1 )c2f
sin(GT

x =2)

GT
x =2

sin(GT
y =2)

GT
y =2

; G 6= 0;

(11)

whereGT � GT
x x̂+G

T
y ŷ = (T�1

c (c))TG =

�p
2

2
cGx+

p
2

2
cGy

�
x̂+

�
�
p
2

2
cGx +

p
2

2
cGy

�
ŷ.

In order to transform the photonic crystal of

Fig.1(a) to the photonic crystal of Fig.1(b), several

linear operations of the second kind are required.

2.2. Linear operators of the second kind

Unlike the linear operators (of the �rst kind) Ts

and Tc, the linear operators of the second kind do not

take matrix forms. Thus Eq.(8) is not suitable any

longer. In the following, two examples are given to

obtain the Fourier coeÆcients expression under the

operators of the second kind.

Consider the adding operation. Since Fourier

transform is a linear transform, Fourier coeÆcients

can be added directly to describe the Fourier trans-

form for additive objects. For two photonic crystals

with the same lattice, we can de�ne the following

adding operation (denoted by �).

�a(r) = �1(r) + �2(r); (12)

��1
a (G) � ���1

1 (G)� ���1
2 (G)

=

8<
: f � ��1

2 + (1� f)� ��1
1 ; G = 0;

���1
1 (G) + ���1

2 (G); G 6= 0;
(13)

where f is the �lling fraction of the new photonic crys-

tal. If the inclusions of the two photonic crystals have

no overlapping part, one has f = f1 + f2, where f1

and f2 are the �lling fractions for the two photonic

crystals (to be added together).

If one chooses �02 = �1 � �2 for the inclusion

medium and �01 = 0 for the background medium, one

can obtain a negative chessboard. Thus, we de�ne the

following negative linear operation (denoted by Tn),

�n(r) = Tn(�(r)) =�
0

1 +�(r)(�
0

2 � �01)

=0 +�(r)(�1 � �2); (14)

��1
n (G) � T̂n(��

�1(G))

=

8>>>><
>>>>:

f � (��1
1 � ��1

2 ); G = 0;

(��1
1 � ��1

2 )
1

Vcell

�
Z +1

�1

�(r)exp(�iG � r) dr; G 6= 0:

(15)

When we add a negative chessboard to an object, the

object loses the chessboard part.

The �nal operator to be discussed is the translat-

ing operator (denoted by Tt), which gives the Fourier

coeÆcients for �(r ��r). According to the properties

of Fourier transform, we have

�0(r) = Tt(�(r)) = �(r ��r); (16)

�0�1(G) �T̂t(�r)(���1(G))

=���1(G)exp(iG ��r): (17)

3.Numerical results

It is obvious that the unit cell of Fig.1(b) (i.e.,

Fig.2(d)) can be obtained by adding together the three

unit cells given by Figs.2(a)�2(c). Therefore, starting
from the explicit Fourier coeÆcient ��1

s (G) for a sim-

ple photonic crystal with a unit square inclusion (cf.

Eq. (10)), we obtain the following explicit Fourier co-

eÆcient ���1(G) for the photonic crystal with a unit

cell of Fig.2(d) through a series of linear operations

��1(G) =T̂t(�r)(T̂c(c)�
�1
s (G))� T̂s(b; b)��

�1
s (G)� T̂n(T̂c(c)��

�1
s (G)); (18)

=

8><
>:
f � ��1

2 + (1� f)� ��1
1 ; G = 0;

(��1
2 � ��1

1 )

 
f
sin(Gxb=2)

Gxb=2

sin(Gyb=2)

Gyb=2
+ c2=a2

sin(GT
x =2)

GT
x =2

sin(GT
y =2)

GT
y =2

� (S � 1)

!
; G 6= 0;

(19)
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where f = b2=a2 � c2=a2 + c2=a2 = b2=a2; S =

exp(�iG � �r), and T̂s(b; b) is related to Ts(b; b)

through Eq.(8). Note that there are three additive

terms on the right-hand side of Eq.(18). The �rst, sec-

ond and third additive terms correspond to the unit

cells of Fig.2(b), Fig.2(a) and Fig.2(c), respectively.

Fig.2. Series of linear operations required for obtaining

the unit cell of Fig.1(b) from a unit cell of a unit square

rod. The transformed unit cell corresponds to (a) linear

operation Ts(b; b); (b) linear operation Tt(�r)Tc(c) with

�r = (a=2; a=2); (c) linear operation TnTc(c); (d) the con-

secutive additive operation of (a), (b) and (c).

Fig.3. The image of the numerical inverse Fourier

transform of the data given by expression (19).

For numerical calculation, we choose �1 = 1,

�2 = 11:4 (the relative permittivity for GaAs), b =

0:6a; c = 0:24a; f = 0:36;�r = (a=2; a=2). In order to

check numerically whether the explicit expression (19)

really corresponds to Fourier transform of a unit cell

of Fig.1(b), we take a numerical inverse Fourier trans-

form of the data given by expression (19). A total of

20 lattice reciprocal vectors and 100 � 100 mesh grid

points are used to obtain the inverse Fourier transform

(cf. Eq.(3)). The numerical results (i.e., the image of

the unit cell) are presented in Fig.3, where one sees

that the image is indeed the unit cell of Fig.1(b) that

we wish to have (the small ripples in Fig.3 are mainly

due to errors of numerical inverse Fourier transform).

Note that one does not need to perform any numerical

Fourier transform or its inverse in the calculation of

the band structure of the photonic crystal.

The explicit Fourier coeÆcients given by Eq.(19)

are used to calculate the band structure of the pho-

tonic crystal with a unit cell of Fig.1(b). 961 plane

waves are used in the plane-wave expansion method

and the calculated band structures are shown in Fig.4.

The band structures for the E- and H-polarizations

are given by the solid and dashed curves, respec-

tively. From this �gure, one sees that a large abso-

lute band gap with �! = 0:048(2�c0=a) is created

around ! = 1:048(2�c0=a), where c0 is the speed of

light in vacuum. We know that a square lattice of

square GaAs rods with the same �lling fraction (i.e.,

the side length b = 0:6a) does not have any abso-

lute band gap. It has been shown that the maximum

complete band gap for a square lattice of air holes

in GaAs is 0:0188(2�c0=a).
[10] The absolute band gap

found in the present paper is nearly 2.6 times larger

than that maximum gap value, and is also about 37%

larger than the maximum gap value (0:035(2�c0=a))

for a square lattice of anisotropic inclusions.[18] What

is more interesting is that the present absolute band

gap is in a quite high frequency region. For a spe-

ci�c application a photonic device works at a �xed

frequency or in a �xed frequency range (e.g., a wave-

length around 1.55�m is used in modern optical com-

munication). On the other hand, one knows that it

is easier to fabricate a photonic device with a larger

size (i.e., with a larger lattice constant a for a PBG

device). For a given �lling fraction, the feature scales

with the lattice constant a. Therefore, for two di�er-

ent photonic crystals possessing absolute band gaps

of similar width, it is easier to fabricate one with the

absolute band gap occurring at the higher normalized

frequency !(a=2�c0) (corresponding to a larger value

of a).
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Fig.4. The band structure for the complicated photonic crystal shown in Fig.1(b). Explicit expres-

sion (19) for Fourier coeÆcients is used in the plane-wave expansion method. The band structures

for the TE- and TM-mode are given by the solid and dashed curves, respectively.

4.Conclusions

In summary, linear operations have been divided

into two categories in the present paper depending

on whether they can be expressed in terms of matri-

ces. We have presented the general forms of linear

operators which can be expressed in terms of matri-

ces as well as three kinds of linear operators which

cannot be expressed with matrices. With the present

method, band structures for various complicated pho-

tonic crystals (related through these linear operators)

can be obtained easily and quickly. To �nd a man-

ufacturable photonic crystal with a large absolute

band gap in the desired frequency region, one usu-

ally needs to perform many calculations with a con-

ventional method.[10] With the help of the explicit ex-

pression for the Fourier coeÆcient ���1(G) derived in

the present paper, the parameters for the introduced

linear operations can be optimized quickly to obtain

an optimal design of photonic crystals. As a numeri-

cal example, a large absolute band gap for a compli-

cated photonic crystal of square lattice of GaAs inclu-

sions has been found in a high region of the normalized

frequency.

|||||||||||||||||||||||||||
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