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With the help of a known Lie algebra, two new high order Lie algebras are constructed. It is remarkable that they

have different constructing approaches. The first Lie algebra is constructed by the definition of integrable couplings,

the second one by an extension of Lie algebra. Then by making use of Tu scheme, a generalized AKNS hierarchy and

another new hierarchy are obtained. As a reduction case of the first hierarchy, a kind of coupled KdV equation is

presented. As a reduction case of the second one, a new coupled Schrédinger equation is given.
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1. Introduction

Seeking for integrable system (referring to Lax
integrability or Liouville integrability) has been an
important problem in solitary theory.!] Tu found a
straightforward, efficient method which is called Tu-
model to obtain integrable hierarchies of equations,
such as the AKNS hierarchy, AC hierarchy, KN hier-
archy, etc. In order that the hierarchies with multiple
potential functions be obtained, Guo obtained a few
interesting results by definition of gradation for the

bases of Lie algebra A, 123

In this paper, we expand
a basis of an existing Lie algebra A; to two new high
order Lie algebras. The first Lie algebra is established
by the method of integrable couplings, the second one
by a direct extension method of Lie algebra. As their
application, a generalized AKNS hierarchy and an-
other new integrable hierarchy are obtained, respec-
tively. As reduction cases of the two hierarchies, a
coupled KdV system and a new coupled Schrodinger

equation are presented, respectively.
2.The method of integrable cou-
plings

The definition of integrable couplings appeared in

Ref.[4]. By making use of it, expanding integrable sys-
tems of some known systems were obtained.>=7 Let

us consider a known Lie algebra /il[l]

o O
S =

—_= O
o O

[h,e] = 2e,
[h7 f] = _2f7
e, f] = h. (1)

Now we expand it into the following set of 3 x 3 ma-

trices:

0 1 0
e2=1|10 0 0|,
0 0 O
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0 0 O then a loop algebra is obtained.
es=|1 0 0 In terms of Eq.(3), we consider
0 0 O by =Ud,
00 1 ¢ =(41,¢2)",
ea=| 00 0 |, A¢ =0,
0O 0 O U:7€1(1)+U162(0)+UQ63(0)
00 0 + U364(0) + U465(0). (4)
=10 0 1 s Again set V = Z (amer(—m) + bpea(—m) +
0 0 m=0
cmes(—m) +deqa(—m) + fre5(—m)), solving the ad-
le1, e2] = 2es joint equation
Ve, =[U, V], 5
[e1, e3] = —2e3, [U.V] (5)
[e2, €3] = eq, yields that
e1,eq4] = ey,
le1, e4] 4 bit = — lbmz — W,
[61765] = —é€s, 2
[62,64] = 0, Cm+1 :5cma: — U2Qm,
[62,65] = éy4, Amz =U1Cm — u2bm;
[es,eq] = e5, dmt1 = — dma + U1 frn — UG, — Ugby,,
[63, 65] = 0, fm+1 :.fmw - u2dm + U3Cm, — U4Qop,s
[e4, 5] = 0. (2) ag =0 = constant # 0,
Let by =co = do = fo = 0. (6)
5 n -~
o — Zaieiv Set Vf_ ) = Z (amer(n—m)+byea(n—m)+ces(n—
= m=0
5 m)+dmes(n—m)+ fres(n—m)), v — )\"V—V_,(_"),
b= Z biei, then Eq.(5) can be written as
i=1

where a;, b;, ¢; are all constants or functions, then we
have [[a,b],c] + [[b,c],a] + [[¢,a],b] = O, i.e., Jacobi
identity holds. Therefore, Eq.(2) is a Lie algebra.

Furthermore, let

ei(n) = e A",

[ei(m), e;(n)] = [es, e;]A™"™,
dege;(n)=n, 1<14, j<5, (3)
(51 0 -2
Ug 2 0
utn = =
us 0 0
Uy 0 0

_= o O O

vy v =v® o v™. @)

It is easy to calculate that

:2bn+182(0) — 26n+163(0) + dn+1€4(0) — fn+1e5(0).
Note V(™) = V_ﬁn), then the zero-curvature equation
U, — V™ +[U,v™ =0 (8)

determines the following system:

0 Cn41
0 bn
Tl = UG (9)
-1 fn+1
0 dn+1
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From Eq.(6), we find that

1
—58 + u28’1u1

u18_1u1

1
58— u16_1u2 0 0

—u28*1u2 0 0

Gpi1 = G, = LG,.
—us + ’U,4671U1 —’U,4371UQ -0 U2
u33_1u1 Ug — U38_1U2 —Uuj 1o}
Thus Eq.(9) can be rewritten as 3) Jacobi identity:
" B X, Y], 2] + [V, 21, X] + [ Z,X], Y] = 0.
Uz n n /Bul
ut, = u =JL"Gy = JL Bu - (10) Therefore, A} _; is a Lie algebra. When Q is
3 4
taken as a unit matrix, Eq.(12) reduces to [X,Y] =
Uy ﬂ’LL3

in

Taking uz = ug = 0 in Eq.(10) gives rise to the well-
known AKNS hierarchy,

U u
w, = ' _grn | ) (11)
Uz Bu1
tn
where

0 -2
J = ,

2 0

—%6 + up0 g —u0 1y
L =
1
ula_lul 58 - u18_1u2

In particular, taking n =3, uy = u, us =1, g =
4 in Eq.(10), a coupled KdV equation is obtained as
follows:

Ut =Ugppr — OUU,,
ust :4u3zzz - 6’U/U/3z - SUIUS + 3“22“4 + Guzu4z7

Uyt =4Uggrr — Ugls — 2Ulyg.

3. A direct extension method

Let A271 = gl(’l’L,C) = {(xij)an|a:ij S C},

where C denotes a set of complex numbers. For a
given ) € Ay _,, we define an operation
[X,Y]=XQY -YQX, VX, YeA ,. (12

It is easy to verify that [X,Y] satisfies

1) shew-symmetry:
[X> Y] = _[Ya X]a
2) bilinear:

[aX + Y, Z] = alX, Z] + b]Y, Z|;

XY — Y X. Hence, the Lie algebra A} _ is an exten-
sion of the Lie algebra A,, .

For the sake of convenience, we only consider the

following case:

Taking
0 1
Q= :
-1 0
we expand Eq.(1) into
1 0
h = ,
0 -1
0 1
€ = )
0 0
0 0
f= :
1 0
1 0
p= . (13)
0 1

In terms of Eq.(12), we have

[h,e] = p,

[h, f] = p,

[h,p] = 2(e + f),

le, f1 =0,

le,p] = —h,

[f,p] = —h. (14)

Obviously, Egs.(13), (14) consist of a Lie algebra,

which is an extension form of Lie algebra Eq.(1).
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Let then ¢+ = @i, gives rise to
. UiQe + UQV Qe = VoQp + VQUQy,
h(n) =hX\*"t1,
[Ue = Vo + (UQV = VQU)|Qp = 0.
e(n) =eX?",
p(n) =pA2nt1, Since ¢ is arbitrary, we have
_ 2n
f(n) =FA7", U, —V,+[U,V]=0. (16)
[A(m), e(n)] =p(m + n), Wo aleo call B . .
e also ca .(16) the zero-curvature equation. Evo-
[h(m), £(n)] =p(m + ), . a(19) the “
lution equation determined by Eq.(16) is also called
hm).p(n)] =2(e(m +n+ 1)+ fom +n 1), e
le(m), f(n)] =0, Specially, we take
[e(m), p(n)] = = h(m + n), N
(), p(w)] = — h(m + ), v= | @ o
deg h(n) =degp(n) =2n +1, s (=a+7)
deg e(n) =deg f(n) = 2n (15) = e(1) + gh(0) + rp(0) + s(e(0) + £(0)),
A b
v (a+¢)
then Eq.(15) is a loop algebra. 0 (—a+c)A
Lot = ah(0) + be(0) + ¢p(0),
solving
=UQp, AX=0, Ve =[U,V], (17)
wr =V Qop, yields that
Cm+1 = — Qmg + Tbm - 2SCm,
Am+1 = — Cma + qu - 2sam7
bmz :2q0m+1 - 2'r‘a'm-‘,-l = _2qamz + 27‘sz - 4q50m + 47‘3am,
ag=co =0, bp=a, c=ar, a=aq, b =0,
Co = — ag, — 2asr, ax = —ar; — 2aqs,
b2 :ZOK(QTE - QzT) + 2as(q -r )
a3 =0Qze + a(sr), + 20¢%r, — 20qq,r + 2aqs(q® — r?) + 2asr, + 2aqs?,
C3 =0Tss + (q8)s + 2aqrr, — 20r2q, + 2ars(q2 — 1“2) + 2asq, + 20837 (18)
A direct calculation gives that
—V+(Z) +[U, V{"] = an41p(0) + n11h(0) + (2ran 41 — 2qeni1)(e(0) + (0)).
Taking V(") = , then from Eq.(16), we have
1
q —Cn+1 —Cnt1 0 D) 0 2,41
1
Ug, = | r = —Qpi1 = —Qpi1 = —3 0 O 2¢n41 =JGn. (19
s . 2qCp+1 — 2TAp 41 bz 0 0 & by,
From Eq.(18), we find that
—2q0 g0 — 25 —0+2q0 1rd —2q
Gn = -0 —2r071¢qd 2r071r0—2s 2r07rd | Gn1 = LG,_1.
—207140 20~ 1rd -2
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Thus, Eq.(19) can be written as

q 2aq
w, = | r =JL"Gy=JL" | 2ar (20)
S «

tn

Taking n = 2 in Eq.(20), we obtain a new coupled

Schrodinger equation as

— a(gs)s — 2aqrr, + 2012,

dt, = — QTgy
—2ars(q® — r?) — 2asq, — 287,
Tty = — 0Gae — a(s7), — 20¢%1, + 20qq,T

—2aqs(q® — r?) — 2asr, — 20qs?,

St, :2a(q7‘m — qmmT) + 2a3z(q2 - T2)
+ 4as(qqe — rra).

Remarks

In this paper, two methods for expanding known
Lie algebra are presented. Specially, the second
method is proposed first. But there exist open prob-
lems. The two hierarchies (10) and (20) obtained in
this paper are integrable only in Lax sense. How do we
verify they are integrable in the Liouville sense? How
do we obtain their Hamiltonian structures? These

questions are worth while studying in the future.
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