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A general dispersion equation of a partially filled plasma corrugated waveguide immersed in a finite magnetic field

is presented. When the guiding magnet By — co or 0, this equation can be reduced to the results obtained in previous

works.
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1. Introduction

One of the very promising schemes for gener-
ating high-power microwave pulses is based on the
interaction of an intense relativistic electron beam
(IREB) with the slow electromagnetic wave in a rip-
pled wall waveguide.!=8] Such a beam can be trans-
ported through a waveguide if the electron space
charge is neutralized. Neutralization can be arranged
by filling the system with the plasma which is denser in
comparison with the beam. The use of a background
plasma in a backward wave oscillator (BWO) or trav-
elling wave tube (TWT)P~11 can increase the space
charge limiting current by a factor (1—n;/n.); n;/n.
is the number density of the background plasma nor-
malized to the number density in the electron beam.

As is known, the TM and TE modes are always
coupled to form the HE and EH hybrid modes in a
Thus the field

expressions and dispersion relations are complicated.

magnetized plasma-filled waveguide.

Moreover, when the effect of ion-channel is consid-
ered, the dispersion relations are far more compli-
cated. During the beam head propagating through
the plasma, it continuously expels the plasma elec-
trons from the beam volume, leaving the relatively
immobile ions fixed to provide focusing for the remain-
der of the beam. These un-neutralized ions occupy a

1/2
)

cylindrical volume of radius R; = Ry (np/np) and
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this is the so-called “ion-channel”.”]

In this paper, a more general dispersion relation
is obtained by taking into account a finite external

magnetic field and the effect of ion-channel.

2.Basic equations

We consider an infinitely long axisymmetric

corrugated-wall waveguide as shown in Fig.1.

pla.sma

i ] ion-channel [

ion-channel

Fig.1.

soidally corrugated slow-wave structure with a per-

The uniform magnetized plasma-filled sinu-

fectly conducting inner wall. The ion-channel effect is

taken into account.

The metal wall is assumed to be perfectly con-
ducting. The wall radius R(z) varies according to the
relation R(z) = a + bcos(koz), where a is the average
radius, b is the corrugation amplitude, ky = 27/2,
and zq is the axial length of the corrugation period. A
solid IREB of density n;, and radius R, propagates
through the waveguide, which is loaded completely
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with a cold magnetized collisionless plasma column
of uniform density n,. The dielectric tensor of the

magnetized plasma is given by [1]

€1 j€2 0

=g —jez e1r 0 |, (1)
0 0 €3
where e; = l—wg/(w2—w§), €9 = —w}%wf [w(w?—w?)],

g3 =1-— wg/wz; and wp, = (npez/mosg)l/2 is the elec-
tron plasma frequency, w. = eBg/my is the electron
cyclotron frequency, and w is the angular frequency
of the electromagnetic wave, j is the unit imaginary
number, mq is the static mass. By is the axial mag-
netic field. ep is the dielectric constant, and r; is the
radius of ion-channel.

For every model, there are many space harmonic
waves in the corrugated waveguide. The phase con-

stant is expressed as[1—9]

2
kz,n:kz+ﬂ

(n=0,41,42,---).  (2)
20

For the corrugated waveguide, the field compo-
nents should be expanded into space harmonics ac-

cording to Floquet’s theorem, e.g.

E. =) E..explj(wt — k. nz +mb)],

" (3)
H, = Z H, nexplj(wt — k. ,z + mb)],

{ EZJL = Al:nJm(pl,nr) + A27nJm(p2,nr)’

Hz,n - Al,nhl,nJm(pl,nT) + AZ,nhZ,nJm(pQ,nr)v
(4)
E., and H,, must satisfy the following equa-
tions that are obtained from Maxwell equations and

Eq.(1)M]

> (V3iE.m+anE.y)

n

= Z <anz,n +jwﬂ0‘]z,n -

jkz,n
by, ).
, (5)
> (VAH. n+cnH-p)

= Z <dnEz,n - (V X J)z - ﬂpn>7
n €o

where
Vi =V?—08%/02%, an=(kKe1 — k2, )es/en,

k?* =w?/c?, b, =ik, ,whoea/el,

e = —kZ, +k*(e] —£3)/en,

d, = —jk‘z,nWEo€2€3/€1a (6)

E,., Ey, H, and Hy have the same forms and can be

expressed as the following with £, ,,.

OF. .
or

)

1 aHzn
Em=—[jkz,nKi + wpoh? T2 ]

or

n

1 OF 0H
By, = — .kz nkz zmn . K2 zZmn
0, D. [J L7 R + Jwho "o } )
1 0H
Hrn - _ k2 z,n s 2 2 z,n
s Dn WEpEyg z,n or J z,n " n or ’
1 ) 9 2 0FE, » 20H,
He’":Fn —jweo(e1 K, —e2ky) o +kznky |’
where D, = K% — kg, K2 = kin — kZ%eq, k; = k?e,
€2 = —j&g.
From Eq.(5) we can see that TE and TM modes

This
coupling generates the hybrid HE and EH modes. J,

are coupled; they cannot exist independently.

and p are electron-beam-current density and charge
density respectively. By using the electronic kinetic
equation and contiguous equation, they can be ex-

pressed as follows with E,

: 2
Jweowy

E
Yo (w - kz,nvo) s

2

Pn = kz,ng,n/wa
where

wp = (Nbez/mgeo)l/2

is the electronic frequency of IREB, and vg is the z
axial velocity of IREB.

In the case without IREB, there are J,,=0,
pn=0, and a, b,, ¢, and d,, are changed into a,g, bno,
Cnos dno; H.o and E,qg are the fields without IREB.

Thus we havel!+?]
viEZO + anOEZO = bnOHZO; (7)

viHZO + cnOHzO = anEZO' (8)

3. “Cold” dispersion equations

From Eqgs.(7) and (8) we can obtain the field com-
ponents in each region as follows:
For region I (plasma region, r; < |r| < R(z)), we

have

EL, =A10J0(py ) + A2nNo(py 1)
+ A37"J0 (pZ,nT) + A47nN0 (pQ,nT)v (9)

H!, =[A1J0(py ) + A2.nNo(py ,7)]h1n
+ [A3,nJ0(p2,nT) + A4,TLN0(p2,nT)]h27TL' (10)
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For region II (ion-channel region, 0 < |r| < 7y),

all electrons are expelled from this region, so we have
(11)
(12)

Egn = AS,nJO(kc,nr)v

Hgn = AG,nJO(kc,nT)7

1
(P1,2)3L=2—61[—k3,n(51 +e2) + k*(e1e3 + €] — €3)]
1
4 [k, (es —
251{[ sales—er)
+ k2(51€3 — 5% + 63)]2 + 4k2k§’n£§£3}1/2,

(=k2, + K’e1)es — e1(py2)2

hl 2 = . )
( ' )‘ﬂ Jwﬂokz,n€2
kin =k — kI,

where Jy and Ny are the zeroth-order Bessel and Neu-
mann functions, respectively, J; and Ny are the first-
order Bessel and Neumann functions; E; ,, Fg n, Hyp
and Hy,, are omitted.

The field components must satisfy the following
continuity and boundary conditions:

3.1. For |r| = r;, we have
1 Il I Il
Ez = Ez ) E0 = E9 ’

H! =HI H)=H]" (13)

3.2. For |r| = R(z) = a + bcos(koz), we have

[Ei - E}wkobSin(koz)]|r=a+bcos(kgz) = 07

[Hzl,kob sin(koz) + HT]\r:a—I—bcos(koz) =0. (]‘4)

Substituting Eqgs.(9)—(12) into Egs.(13) and (14)
and using Eq.(3), we can obtain the following matrix

expressions!!+2]
Fm n,s Fm n,s A n
(Fm)ns  (Fmz2)n, ol o (1s)
(Gm,l)n,s (Gm,Q)n,s A2,n

In the above derivation, we have applied the
same mathematical process as that in Ref.[4]. Thus,
(Frn,g)n,s (¢=1,2) and (G q)n,s (¢=1,2) can be ex-

pressed in the following forms
(Frni)n,s = Wi+ Cp- Wi+ Cy - Wy,
(Frn2)n,s = Wo + By - W3+ By - Wy,
(Grmi)n,s =L1+Cy - L3+ Cy - Ly,

(Gm2)n,s = Lo+ B1-Lg + By - Ly,

where

mri [ D(Hy — Hi)w?Jo(py7i)J1(pri)No(pori)

2Ms; pJo(pr;)

+ MipyJ1(py7i)No(pars) — MapyJo(pymi)Na(pyrs)

T M2(H1 - H2)PP1P2J1(Plri)JO(PTi)Nl(Pﬂi)
J1(pri) ’

C5 is obtained by using —J to replace N. By can be

Cy =

obtained by using Ny (py7;) and Ny (p,7;) to replace
Jo (py7r;) and Jq(py7;) respectively.

mr; [ D(Hy — Hy)w?No(p,ri)J1(pri)Jo(pori)

B =
2T 2Ms; pJo(prs)
— MypyNi(py7i)Jo(pars) + MapaNo(py7i)Jda(pars)
B M;(Hy — Ha)pp,poNi(py7i)Jo(pri)J1(pari)
Ji(pri) ’
where

My =(K*H + k.k2)w®
+ DH,[(—k.Hy, + Sng)kg —e1K?%W?,

My = kfk; + K2(Egk‘3 —e1K?)w?,

Ms =k.k2(DHj — w?)
+ Hy[K?(e1D — 1) — Dsgk;]w2,

My =(K*H, + k.k2)w?
+ DHl[(—szg + é‘ng)kz

g 51K2w2].

In all the above expressions H; and Hs have the forms

as follows: Hy = jwuohy and Hs = jwuohs.
Wi =[1+Qi(n—s)]Cyl,,

Wy =[14+Qi(n—s)CN

nsl»

W3 = [1+ Q2(n — 5)|C;l,a,

Wy =[1+Q2(n — s)]Cpla,
 ko(kK? + jwpohi k)

1 — D )
Qs = ko (k. K> +jwuoh2k§)’
D
k2 + K2?jk,h hik
Ll = pl(wgosg Z; L 1)Sr{sl+j(n_5) ! OTanlv
by
k2 + K?%jk,h hik
Ly = pl(wa‘oEg ZD+ K2 1)5712781+j(n_s) 1 OTrJL\gla
by
k2 + K?jk,h hok
LS = p2(wsosg ZD—+_ L 2) 57{32—}—.]'(%75) ; OT';L].927
2

k% + K?jk.h
Ly — Pa(weoe ks + K7 2)5711\;2+-
D P




No. 5

“Cold” dispersion relation of corrugated ... 535

)

0o n—s| 7(2 n—s
cl . = Z (pyb)*et! ‘J(() o D(pla)
nsl 22q+|n—s|q!(q + ‘TL _ SD!

_ > (plb)2q+\nfs|Né2Q+|"_sl)(pla)
P+ n = 3]

)

?

[eS) n—sl| 7(2 n—s
c’ . = Z (sz)mﬁ‘ ‘J((] q+| D(P2a)
P2 gl(g + | s|)!

o
oo n—s 2q+|n—s
-y (pgb)2* = INGT" 2D (p,a)
220+ 1n=3lgl (g + |n — 5|)!

)

)

q=
o (plb)2q+‘n—s|Jé2Q+|”*S|+1) (pla)
nsl — Z 22q+|nfs|q!(q + ‘n _ 3|)|

& (plb)2q+\nfs|N(()QQ‘HH_SH‘U (pla)
PTG T =)

)

(pzb)2q+‘n75|J82q+|n_s|+1) (pZa)
22atIn=slgl(q + |n — s|)!

oo
J o E
Sn52 - ’

0 n—s 2q+|n—s|+1
s, 3 @b NG )
220+ =51gl(q + n = )

)
q=0

?

oS n—s| 1(2¢+|n—s|—1
p2, = 3 D )
mel T LTI+ [ s))!
oo n—s 2q+|n—s|—1
TN _ Z (p1b)2q+‘ ‘Ng atin—l )(P1a)
224 =lgl(g + n — 5]

)

_ o0 (pzb)2q+‘n—s‘JéZQ+|n*S|71) (p2(1)
B 22q+[n=slgl(q + |n — s|)!

)

q=

& (pzb)2q+\n—s\N(()2‘I+|n75|71) (an)

TrﬁZ = E : 2
+|n—s|q! _ !
o 22q+n=slgl(q + |n — s|)!

So the general dispersion relation for the
magnetized-plasma-filled BWO or TWT is expressed

by the determinant equation

det[D] = o

4. Discussion and conclusions

We can see that the dispersion relations become
more complicated when the finite external magnetic
field and ion-channel are taken into consideration si-
multaneously. However, we can learn the radiation
electromagnetic wave frequency characteristics and in-
teraction growth rate from these dispersion relations
in a magnetized plasma BWO or TWT. In the fol-
lowing, we discuss the two degenerated cases: i.e.

one with an infinitely large external guiding magnetic

field, and the other without taking into account the
ion-channel. And the above dispersion relations serve
as comparisons.

In the former case, the symmetric modes (m=0)

and the dispersion relations are simplified as!!!

(F071)n,s

=0. 17
(GO,l)n,s ( )

In the latter case, the guiding magnetic field is
By — 00 or By — 0, then we can obtain e2=0. So the
dispersion equations reduce to two independent equa-
tions for TM and TE modes. For TM modes, there

are

[(Fo,1)n,s] = 0. (18)
For TE modes, there are
[(Go,2)n,s| = 0. (19)

4.1. For By — oo, we can obtain: €1 = 1, g3 = 0,

D’”« = K;l” kz = p2 = pin = K?'ZL = k2 o ngL?
2 2

w w
p%:Kﬁ(l—w—g),H1:Oand53:1—w—g,kg:0.

So the dispersion relation can be expressed as

kz,nkO :| CJ

K2 nsl
T
%[7K2J1(p7ﬂi)N0(p2ri)
+ ppyJo(pri)Nyi(pyri)]

kz,nko
X [1—{—(11—5) 2 }
ry

o (K21 (pri)Jo(pyri)
— ppaJo(pri)Ji(peri)]

X [1+(n—8)k}gfo}

(Fo)s = {1 (n—s)

+

CJ

ns2

+

CN

ns2»

(20)

I (KT~ 1)Jo(pr) 31 )
X [K*J1(pri)No(peri) — ppaJo(pri)N1(pars)]
x [J1(pri)No(prs) — K*Jo(pri)N1 (prs)]

kz,npz J kO J
X |: wk?2 SnsQ + (’I’L - S)p2—ans2

(G0,2)n,s =

- 2p(K* — 1)Jo(pri)J1(pri)

x [K2J1(pri)Jo(peri) — ppado(pri)Jdi(pars)]
x [—=J1(pri)No(pri) + K*Jo(pri)Ny(pry)]

« |:kz,np2 SN

k
w2 ns2 + (n - s)ﬁbe\iZ} - (21)
2
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4.2. For By — 00, and ion-channel being not taken into account (r; —0), then for TM modes, Egs.(20) and
(21) can be changed into

kz,nkO
(Fo,1)n,s = [1 +(n— S)W} Cla, (22)
2
(Gon) (k2 — k?)w? k- % SN 4 (ns) ko TN (23)
0,2)n,s — X ns2 n—s ns2 | »
2/m, k2 — k2)2 — 1|w? (k2 — k2 2
S : Ny (1 %
z w2

and Eq.(22) is the results obtained in Refs.[3], [5] and [6].
2

w
4.3. For By=0, we can have: ¢ =0,e; =€z =1— w—g, D, =K k2 =p*=k%— kfvn, p%’n = pin =K2=

e1k? — k2., H1=0, k,=0; then for TM and TE modes we have

z,mn)

kynkol| 7 ™
Fo)ne =|14 (n—s)2n | o
(Fo1)n, [ Tn=s) K? } "51+219(61K2*1)J0(P7“i)51(pri)

x [J1(pri)Jo(pari) — K2e1ppado(pri)J1(pori)][K2J1 (pri)No(pors) — ppaJo(pri)Ni (pors)]

k'z nkO J i
1 —s)——|C
x [ +(n—s) = } ne2 © 5 KT — 1)Jo(pr)da (o)

x [K2J1(pri)Jo(pari) — ppado(pri)Ji(pori)] x [=J1(pri)Jo(pari)

k. nk
T K?e1ppy30(pr) 1 (pymi)] % {1 T (n— sk }

N
Cns27

KZ

k. nP1 oN ) N —TTy
Gop)ns=| 201 g —s)—or,
(Go2)n. [WKZ ot - (n S)P1w nat | F 2p(e1 K2 — 1)Jo(pri)J1(pri)

x [K*J1(pri)No(pari) — ppado(pri)N1(pyri)][—J1 (pri)No(peri) + Ke1ppyJo(pri)N1(pori)]

Eznbo oy ko .., } L
X 7—Sns +(n—s Tns +
{ wk? Tns2 ( )pzw 2] 2p(e1 K2 — 1)Jo(pri)Ja (prs)

x [K?J1(pri)Jo(pyrs) — pP2Jo(pri)J1(pari)] X [=J1(pri)No(pyrs)

kz n.
T K2e1ppyTo(pr)N (pyri)] X [ P2 N TN} . (25)

ko
w2 n52+(n75)p2—w

4.4. For By=0 and ion-channel being not consid-  there are: k2 p? = p?, = K2 = k? — k?

3 z,m?

d (r then for TM mode, Eq.(24) is ch d

.ere (r; = 0), then for mode, Eq.(24) is change p? = KZ( — 2); and for By=0, there are: p2, =

into w ’
k k p%,n = KTZL = €1k2 - kﬁ,n’ kz = p2 - k2 - kin Thus
(Foi)ns= |14+ (n—3s) w;’" 0 cl . Eq.(26) is just the relation shown in Refs.[3], [5] and

(1- % )we-re, o)
w ;

(26) In conclusion, we have derived the general disper-
For TE mode Eq.(25) is changed into sion relation from a BWO or TWT driven by a solid

intense relativistic electron beam with magnetized-
P

(1 + K*)w? — K42

plasma- filled uniformly in a sinusoidally corrugated

(Go2)n.s = { | KA(K? 4 k- R (- w2)}

slow wave structure with ion-channel being taken into

k
+ (TL - S)EO ns2

kz n
|5t

]. (27) account. We find that the dispersion relations are
more complicated due to the coupling of TM and TE
Although Eq.(26) has the same form as Eq.(22), there =~ modes. The comparisons of our results with the pre-

J 1 and C/ ,; for By — 0o,  vious works show a good agreement.

are different p; and p, in C
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