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A general dispersion equation of a partially �lled plasma corrugated waveguide immersed in a �nite magnetic �eld

is presented. When the guiding magnet B0 !1 or 0, this equation can be reduced to the results obtained in previous

works.
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1. Introduction

One of the very promising schemes for gener-

ating high-power microwave pulses is based on the

interaction of an intense relativistic electron beam

(IREB) with the slow electromagnetic wave in a rip-

pled wall waveguide.[1�8] Such a beam can be trans-

ported through a waveguide if the electron space

charge is neutralized. Neutralization can be arranged

by �lling the system with the plasma which is denser in

comparison with the beam. The use of a background

plasma in a backward wave oscillator (BWO) or trav-

elling wave tube (TWT)[9�11] can increase the space

charge limiting current by a factor (1�ni=ne)
�1; ni=ne

is the number density of the background plasma nor-

malized to the number density in the electron beam.

As is known, the TM and TE modes are always

coupled to form the HE and EH hybrid modes in a

magnetized plasma-�lled waveguide. Thus the �eld

expressions and dispersion relations are complicated.

Moreover, when the e�ect of ion-channel is consid-

ered, the dispersion relations are far more compli-

cated. During the beam head propagating through

the plasma, it continuously expels the plasma elec-

trons from the beam volume, leaving the relatively

immobile ions �xed to provide focusing for the remain-

der of the beam. These un-neutralized ions occupy a

cylindrical volume of radius Ri = Rb(nb=np)
1=2, and

this is the so-called \ion-channel".[7]

In this paper, a more general dispersion relation

is obtained by taking into account a �nite external

magnetic �eld and the e�ect of ion-channel.

2.Basic equations

We consider an in�nitely long axisymmetric

corrugated-wall waveguide as shown in Fig.1.

Fig.1. The uniform magnetized plasma-�lled sinu-

soidally corrugated slow-wave structure with a per-

fectly conducting inner wall. The ion-channel e�ect is

taken into account.

The metal wall is assumed to be perfectly con-

ducting. The wall radius R(z) varies according to the

relation R(z) = a+ b cos(k0z), where a is the average

radius, b is the corrugation amplitude, k0 = 2�=z0,

and z0 is the axial length of the corrugation period. A

solid IREB of density nb and radius Rb propagates

through the waveguide, which is loaded completely
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with a cold magnetized collisionless plasma column

of uniform density np. The dielectric tensor of the

magnetized plasma is given by [1]

$
"= "0

2
664

"1 j"2 0

�j"2 "1 0

0 0 "3

3
775 ; (1)

where "1 = 1�!2
p=(!

2�!2
c ), "2 = �!2

p!
2
c=[!(!

2�!2
c )],

"3 = 1�!2
p=!

2; and !p = (npe
2=m0"0)

1=2 is the elec-

tron plasma frequency, !c = eB0=m0 is the electron

cyclotron frequency, and ! is the angular frequency

of the electromagnetic wave, j is the unit imaginary

number, m0 is the static mass. B0 is the axial mag-

netic �eld. "D is the dielectric constant, and ri is the

radius of ion-channel.

For every model, there are many space harmonic

waves in the corrugated waveguide. The phase con-

stant is expressed as[1�5]

kz;n = kz +
2�n

z0
(n = 0;�1;�2; � � �): (2)

For the corrugated waveguide, the �eld compo-

nents should be expanded into space harmonics ac-

cording to Floquet's theorem, e.g.8><
>:
Ez =

X
n

Ez;nexp[j(!t� kz;nz +m�)];

Hz =
X
n

Hz;nexp[j(!t� kz;nz +m�)];
(3)

(
Ez;n = A1;nJm(p1;nr) + A2;nJm(p2;nr);

Hz;n = A1;nh1;nJm(p1;nr) + A2;nh2;nJm(p2;nr);

(4)

Ez;n and Hz;n must satisfy the following equa-

tions that are obtained from Maxwell equations and

Eq.(1)[1]

8>>>>>>>>>>><
>>>>>>>>>>>:

X
n

(r2
?Ez;n + anEz;n)

=
X
n

�
bnHz;n + j!�0Jz;n �

jkz;n
"0"1

�n

�
;

X
n

(r2
?Hz;n + cnHz;n)

=
X
n

�
dnEz;n � (r� J)z �

!"2
"0

�n

�
;

(5)

where

r2
? = r2 � @2=@z2; an = (k2"1 � k2z;n)"3="1;

k2 = !2=c2; bn = jkz;n!�0"2="1;

cn = �k2z;n + k2("21 � "22)="1;

dn = �jkz;n!"0"2"3="1; (6)

Er, E�, Hr and H� have the same forms and can be

expressed as the following with Ez;n.

Er;n =
1

Dn

�
jkz;nK

2
n

@Ez;n

@r
+ !�0k

2
g

@Hz;n

@r

�
;

E�;n =
1

Dn

�
jkz;nk

2
g

@Ez;n

@r
+ j!�0K

2
n

@Hz;n

@r

�
;

Hr;n =
1

Dn

�
� !"0"gk

2
z;n

@Ez;n

@r
� jk2z;nK

2
n

@Hz;n

@r

�
;

H�;n=
1

Dn

�
� j!"0("1K

2
n�"2k

2
g)
@Ez;n

@r
+kz;nk

2
g

@Hz;n

@r

�
;

where Dn = K4
n � k4g , K

2
n = k2z;n � k2"1, k

2
g = k2"g,

"2 = �j"g.

From Eq.(5) we can see that TE and TM modes

are coupled; they cannot exist independently. This

coupling generates the hybrid HE and EH modes. Jz
and � are electron-beam-current density and charge

density respectively. By using the electronic kinetic

equation and contiguous equation, they can be ex-

pressed as follows with Ez

Jz;n = �
j!"0!

2
b


30(! � kz;nv0)2
Ez;n;

�n = kz;nJz;n=!;

where

!b = (Nbe
2=m0"0)

1=2

is the electronic frequency of IREB, and v0 is the z

axial velocity of IREB.

In the case without IREB, there are Jz;n=0,

�n=0, and an, bn, cn and dn are changed into an0, bn0,

cn0, dn0; Hz0 and Ez0 are the �elds without IREB.

Thus we have[1;2]

r2
?Ez0 + an0Ez0 = bn0Hz0; (7)

r2
?Hz0 + cn0Hz0 = dn0Ez0: (8)

3.\Cold" dispersion equations

From Eqs.(7) and (8) we can obtain the �eld com-

ponents in each region as follows:

For region I (plasma region, ri � jrj � R(z)), we

have

EI
z;n =A1;nJ0(p1;nr) + A2;nN0(p1;nr)

+ A3;nJ0(p2;nr) + A4;nN0(p2;nr); (9)

HI
z;n =[A1;nJ0(p1;nr) + A2;nN0(p1;nr)]h1;n

+ [A3;nJ0(p2;nr) +A4;nN0(p2;nr)]h2;n: (10)
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For region II (ion-channel region, 0 � jrj � ri),

all electrons are expelled from this region, so we have

EII
z;n = A5;nJ0(kc;nr); (11)

HII
z;n = A6;nJ0(kc;nr); (12)

(p1;2)
2
n=

1

2"1
[�k2z;n("1 + "2) + k2("1"3 + "21 � "22)]

�
1

2"1
f[�k2z;n("3 � "1)

+ k2("1"3 � "21 + "22)]
2 + 4k2k2z;n"

2
2"3g

1=2;

(h1;2)n =
(�k2z;n + k2"1)"3 � "1(p1;2)

2
n

j!�0kz;n"2
;

k2c;n = k2 � k2z;n;

where J0 and N0 are the zeroth-order Bessel and Neu-

mann functions, respectively, J1 and N1 are the �rst-

order Bessel and Neumann functions; Er;n, E�;n, Hr;n

and H�;n are omitted.

The �eld components must satisfy the following

continuity and boundary conditions:

3.1. For jrj = ri, we have

EI
z = EII

z ; EI
� = EII

� ;

HI
z = HII

z ; HI
� = HII

� : (13)

3.2. For jrj = R(z) = a+ b cos(k0z), we have

[EI
z � EI

rk0b sin(k0z)]jr=a+b cos(k0z) = 0;

[HI
zk0b sin(k0z) +Hr]jr=a+b cos(k0z) = 0: (14)

Substituting Eqs.(9){(12) into Eqs.(13) and (14)

and using Eq.(3), we can obtain the following matrix

expressions[1;2]2
4 (Fm;1)n;s (Fm;2)n;s

(Gm;1)n;s (Gm;2)n;s

3
5
2
4 A1;n

A2;n

3
5 = 0: (15)

In the above derivation, we have applied the

same mathematical process as that in Ref.[4]. Thus,

(Fm;q)n;s (q=1,2) and (Gm;q)n;s (q=1,2) can be ex-

pressed in the following forms

(Fm;1)n;s =W1 + C1 �W3 + C2 �W4;

(Fm;2)n;s = W2 +B1 �W3 +B2 �W4;

(Gm;1)n;s = L1 + C1 � L3 + C2 � L4;

(Gm;2)n;s = L2 +B1 � L3 +B2 � L4;

where

C1 =
�ri
2M3

�
D(H2 �H1)!

2J0(p1ri)J1(pri)N0(p2ri)

pJ0(pri)

+M1p1J1(p1ri)N0(p2ri)�M4p2J0(p1ri)N1(p2ri)

+
M2(H1 �H2)pp1p2J1(p1ri)J0(pri)N1(p2ri)

J1(pri)

�
;

C2 is obtained by using {J to replace N. B1 can be

obtained by using N0 (p1ri) and N1 (p1ri) to replace

J0 (p1ri) and J1(p1ri) respectively.

B2 =
�ri
2M3

�
D(H1 �H2)!

2N0(p1ri)J1(pri)J0(p2ri)

pJ0(pri)

�M1p1N1(p1ri)J0(p2ri) +M4p2N0(p1ri)J1(p2ri)

�
M2(H1 �H2)pp1p2N1(p1ri)J0(pri)J1(p2ri)

J1(pri)

�
;

where

M1 =(K
2H1 + kzk

2
g)!

2

+DH2[(�kzH1 + "g!
2)k2g � "1K

2!2];

M2 = k2zk
4
g +K2("gk

2
g � "1K

2)!2;

M3 =kzk
2
g(DH

2
2 � !2)

+H2[K
2("1D � 1)�D"gk

2
g ]!

2;

M4 =(K
2H2 + kzk

2
g)!

2

+DH1[(�kzH2 + "g!
2)k2g � "1K

2!2]:

In all the above expressions H1 and H2 have the forms

as follows: H1 = j!�0h1 and H2 = j!�0h2.

W1 = [1 +Q1(n� s)]CJ
ns1;

W2 = [1 +Q1(n� s)]CN
ns1;

W3 = [1 +Q2(n� s)]CJ
ns2;

W4 = [1 +Q2(n� s)]CN
ns2;

Q1 =
k0(kzK

2 + j!�0h1k
2
g)

D
;

Q2 =
k0(kzK

2 + j!�0h2k
2
g)

D
;

L1 =
p1(!"0"gk

2
z +K2jkzh1)

D
SJns1+j(n�s)

h1k0
p1

T J
ns1;

L2 =
p1(!"0"gk

2
z +K2jkzh1)

D
SNns1+j(n�s)

h1k0
p1

TN
ns1;

L3 =
p2(!"0"gk

2
z +K2jkzh2)

D
SJns2+j(n�s)

h2k0
p2

T J
ns2;

L4 =
p2(!"0"gk

2
z +K2jkzh2)

D
SNns2+j(n�s)

h2k0
p2

TN
ns2;
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CJ
ns1 =

1X
q=0

(p1b)
2q+jn�sjJ

(2q+jn�sj)
0 (p1a)

22q+jn�sjq!(q + jn� sj)!
;

CN
ns1 =

1X
q=0

(p1b)
2q+jn�sjN

(2q+jn�sj)
0 (p1a)

22q+jn�sjq!(q + jn� sj)!
;

CJ
ns2 =

1X
q=0

(p2b)
2q+jn�sjJ

(2q+jn�sj)
0 (p2a)

22q+jn�sjq!(q + jn� sj)!
;

CN
ns2 =

1X
q=0

(p2b)
2q+jn�sjN

(2q+jn�sj)
0 (p2a)

22q+jn�sjq!(q + jn� sj)!
;

SJns1 =

1X
q=0

(p1b)
2q+jn�sjJ

(2q+jn�sj+1)
0 (p1a)

22q+jn�sjq!(q + jn� sj)!
;

SNns1 =
1X
q=0

(p1b)
2q+jn�sjN

(2q+jn�sj+1)
0 (p1a)

22q+jn�sjq!(q + jn� sj)!
;

SJns2 =

1X
q=0

(p2b)
2q+jn�sjJ

(2q+jn�sj+1)
0 (p2a)

22q+jn�sjq!(q + jn� sj)!
;

SNns2 =

1X
q=0

(p2b)
2q+jn�sjN

(2q+jn�sj+1)
0 (p2a)

22q+jn�sjq!(q + jn� sj)!
;

T J
ns1 =

1X
q=1

(p1b)
2q+jn�sjJ

(2q+jn�sj�1)
0 (p1a)

22q+jn�sjq!(q + jn� sj)!
;

TN
ns1 =

1X
q=1

(p1b)
2q+jn�sjN

(2q+jn�sj�1)
0 (p1a)

22q+jn�sjq!(q + jn� sj)!
;

T J
ns2 =

1X
q=1

(p2b)
2q+jn�sjJ

(2q+jn�sj�1)
0 (p2a)

22q+jn�sjq!(q + jn� sj)!
;

TN
ns2 =

1X
q=1

(p2b)
2q+jn�sjN

(2q+jn�sj�1)
0 (p2a)

22q+jn�sjq!(q + jn� sj)!
:

So the general dispersion relation for the

magnetized-plasma-�lled BWO or TWT is expressed

by the determinant equation

det[D] =

������
(Fm;1)n;s (Fm;2)n;s

(Gm;1)n;s (Gm;2)n;s

������ = 0: (16)

4.Discussion and conclusions

We can see that the dispersion relations become

more complicated when the �nite external magnetic

�eld and ion-channel are taken into consideration si-

multaneously. However, we can learn the radiation

electromagnetic wave frequency characteristics and in-

teraction growth rate from these dispersion relations

in a magnetized plasma BWO or TWT. In the fol-

lowing, we discuss the two degenerated cases: i.e.

one with an in�nitely large external guiding magnetic

�eld, and the other without taking into account the

ion-channel. And the above dispersion relations serve

as comparisons.

In the former case, the symmetric modes (m=0)

and the dispersion relations are simpli�ed as[1]������
(F0;1)n;s (F0;2)n;s

(G0;1)n;s (G0;2)n;s

������ = 0: (17)

In the latter case, the guiding magnetic �eld is

B0 !1 or B0 ! 0, then we can obtain "2=0. So the

dispersion equations reduce to two independent equa-

tions for TM and TE modes. For TM modes, there

are

j(F0;1)n;sj = 0: (18)

For TE modes, there are

j(G0;2)n;sj = 0: (19)

4.1. For B0 !1, we can obtain: "1 = 1, "2 = 0,

Dn = K4
n, k

2
c = p2 = p21;n = K2

n = k2 � k2z;n,

p22 = K2
n

�
1�

!2
p

!2

�
, H1=0 and "3 = 1�

!2
p

!2
, kg = 0.

So the dispersion relation can be expressed as

(F0;1)n;s =

�
1 + (n� s)

kz;nk0
K2

�
CJ
ns1

+
�ri
2p

[�K2J1(pri)N0(p2ri)

+ pp2J0(pri)N1(p2ri)]

�

�
1 + (n� s)

kz;nk0
K2

�
CJ
ns2

+
�ri
2p

[K2J1(pri)J0(p2ri)

� pp2J0(pri)J1(p2ri)]

�

�
1 + (n� s)

kz;nk0
K2

�
CN
ns2; (20)

(G0;2)n;s=
�ri

2p(K4 � 1)J0(pri)J1(pri)

� [K2J1(pri)N0(p2ri)� pp2J0(pri)N1(p2ri)]

� [J1(pri)N0(pri)�K4J0(pri)N1(pri)]

�

�
kz;np2
!K2

SJns2 + (n� s)
k0
p2!

T J
ns2

�

+
�ri

2p(K4 � 1)J0(pri)J1(pri)

� [K2J1(pri)J0(p2ri)� pp2J0(pri)J1(p2ri)]

� [�J1(pri)N0(pri) +K4J0(pri)N1(pri)]

�

�
kz;np2
!K2

SNns2 + (n� s)
k0
p2!

TN
ns2

�
: (21)
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4.2. For B0 !1, and ion-channel being not taken into account (ri !0), then for TM modes, Eqs.(20) and

(21) can be changed into

(F0;1)n;s =

�
1 + (n� s)

kz;nk0
k2 � k2z;n

�
CJ
ns1; (22)

(G0;2)n;s =
(k2 � k2z)!

2
p

[(k2 � k2z)
2 � 1]!2

�

2
66664
kz

r
1�

!2
p

!2p
k2 � k2z

SNns2 + (n� s)
k0p

k2 � k2z

s�
1�

!2
p

!2

�TN
ns2

3
77775 ; (23)

and Eq.(22) is the results obtained in Refs.[3], [5] and [6].

4.3. For B0=0, we can have: "2 = 0, "1 = "3 = 1�
!2
p

!2
, Dn = K4

n, k
2
c = p2 = k2 � k2z;n, p

2
2;n = p21;n = K2

n =

"1k
2 � k2z;n, H1=0, kg=0; then for TM and TE modes we have

(F0;1)n;s =

�
1 + (n� s)

kz;nk0
K2

�
CJ
ns1 +

�ri
2p("1K2 � 1)J0(pri)J1(pri)

� [J1(pri)J0(p2ri)�K2"1pp2J0(pri)J1(p2ri)][K
2J1(pri)N0(p2ri)� pp2J0(pri)N1(p2ri)]

�

�
1 + (n� s)

kz;nk0
K2

�
CJ
ns2 +

�ri
2p("1K2 � 1)J0(pri)J1(pri)

� [K2J1(pri)J0(p2ri)� pp2J0(pri)J1(p2ri)]� [�J1(pri)J0(p2ri)

+K2"1pp2J0(pri)J1(p2ri)]�

�
1 + (n� s)

kz;nk0
K2

�
CN
ns2; (24)

(G0;2)n;s=

�
kz;np1
!K2

SNns1 + (n� s)
k0
p1!

TN
ns1

�
+

��ri
2p("1K2 � 1)J0(pri)J1(pri)

� [K2J1(pri)N0(p2ri)� pp2J0(pri)N1(p2ri)][�J1(pri)N0(p2ri) +K2"1pp2J0(pri)N1(p2ri)]

�

�
kz;np2
!K2

SJns2 + (n� s)
k0
p2!

T J
ns2

�
+

�ri
2p("1K2 � 1)J0(pri)J1(pri)

� [K2J1(pri)J0(p2ri)� pp2J0(pri)J1(p2ri)]� [�J1(pri)N0(p2ri)

+K2"1pp2J0(pri)N1(p2ri)]�

�
kz;np2
!K2

SNns2 + (n� s)
k0
p2!

TN
ns2

�
: (25)

4.4. For B0=0 and ion-channel being not consid-

ered (ri ! 0), then for TM mode, Eq.(24) is changed

into

(F0;1)n;s =

"
1 + (n� s)

kz;nk0�
1�

!2
p

!2

�
k2 � k2z;n

#
CJ
ns1:

(26)

For TE mode Eq.(25) is changed into

(G0;2)n;s =

�
�
K2(K2 + k2z � k2)(!2 � !2

p)

(�1 +K4)!2 �K4!2
p

�

�

�
kz;n
K

SNns2 + (n� s)
k0
K
TN
ns2

�
: (27)

Although Eq.(26) has the same form as Eq.(22), there

are di�erent p1 and p2 in C
J
ns1 and C

J
ns2; for B0 !1,

there are: k2c = p2 = p21;n = K2
n = k2 � k2z;n,

p22 = K2
n

�
1 �

!2
p

!2

�
; and for B0=0, there are: p22;n =

p21;n = K2
n = "1k

2 � k2z;n, k
2
c = p2 = k2 � k2z;n. Thus

Eq.(26) is just the relation shown in Refs.[3], [5] and

[6].

In conclusion, we have derived the general disper-

sion relation from a BWO or TWT driven by a solid

intense relativistic electron beam with magnetized-

plasma- �lled uniformly in a sinusoidally corrugated

slow wave structure with ion-channel being taken into

account. We �nd that the dispersion relations are

more complicated due to the coupling of TM and TE

modes. The comparisons of our results with the pre-

vious works show a good agreement.
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