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E�ects of transverse pro�le of pump �eld on second

harmonic generation in periodic nonlinear materials*
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We report on a theoretical analysis of the e�ects of a converging pump �eld of Gaussian transverse pro�le on

second harmonic generation in a periodic nonlinear material with quasi-phase-matching. The outputs of the centre

intensity and the intensity 
ux for second harmonic generation are derived by simulation, based on the parameters

of quasi-phase-mismatch, the waist and focus positions of the input pump beam. The results show that when the

transverse pro�le of the pump �eld is taken into account, the quasi-phase-match value and focus position of input beam

for maximal second harmonic generation follow new criteria.
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1. Introduction

Photonic crystals are optical superlattices with

a periodic dielectric function (linear photonic crys-

tal), or with a periodic nonlinear optical susceptibility

function (periodic nonlinear material). One intriguing

issue of linear photonic crystal is the existence of pho-

tonic band gaps, i.e. frequency intervals where prop-

agation of light is forbidden inside the structure. In

periodic nonlinear materials,[1�4] light frequency con-

version, such as second and third harmonic generation

(SHG, THG) and optical parametric oscillation, can

be realized by quasi-phase-matched technique. Study

on periodic nonlinear materials has been the subject of

a numbers of theoretical[5�9] and experimental[10�21]

works. As far as we know, most papers on this sub-

ject are based on the plane wave approximation for the

pump �eld. However, in more realistic situations, the

input beam is often focused, consequently the pump

�eld has a converging Gaussian transverse pro�le in

space. In this paper, we discuss theoretically the ef-

fects of such a transverse �eld on the second harmonic

generation in a periodic nonlinear material by quasi-

phase-match technique.

2.Theoretical equations

Consider �rstly the coupling between fundamen-

tal and second harmonic wave �elds in a periodically

poled optical crystal based on quasi-phase-match tech-

nique. In the slowly varying envelope approximation,

the coupling equations can been written as[22]

@F2

@�
= i

�

4
r2
?F2 + i�2fF

2
1 exp(i�k�); (1a)

@F1

@�
= i

1

4�
r2
?F1 + i�1fF

�
1 F2exp(�i�k�); (1b)

r2
?F =

@2F

@�2
+
1

�

@F

@�
; (1c)

where

� =
Z

L
; � =

r
�

�L
r; � =

p
�1�2; � =

r
�2
�1
;

�1 = 2�2 =
2�L

�1
; �k =

�
2�

�2
� 2�

�1

�
L;

Fi = Eide�(i = 1; 2):

Here L is the length of the crystal sample. �1 and �2

are, respectively, the wavelengths of fundamental and

second harmonic waves. �k is the wavevector mis-

match (dimensionless). � and � are the longitudinal

and transverse dimensionless variables, respectively,

as shown in Fig.1. de� is the e�ective second-order

nonlinear optical susceptibility coeÆcient of the fer-

roelectric crystal. Fi(i = 1; 2) is the dimensionless
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variable that is proportional to the amplitude of the

fundamental (E1) and the second harmonic (E2) wave

�elds. In order to simulate the periodic domains in a

ferroelectric crystal, we divide the sample intoN (inte-

ger) domains, and let f=1 if the domain number from

the entrance of the crystal is even, otherwise, f = �1.
Therefore, the periodicity of the reciprocal lattice vec-

tor in such a photonic superlattice crystal is given by

Gm = m
2�

(2=N)
= mN�, where m = 0;�1;�2; � � �

The di�erence �k � Gm is hence the quasi-phase-

mismatch, which re
ects the periodicity of the peri-

odic nonlinear material in Eqs.(1) and (2). For sim-

plicity, we ignore the possible angular variations of

the fundamental and the second harmonic �elds with

respect to the angular coordinate around the longitu-

dinal axis of the crystal. The transverse pro�le of the

�elds is embodied in the transverse Laplacian oper-

ators in Eq.(1). In the following, we show that the

transverse pro�le plays an important role when the

input beam is highly focused.

Fig.1. Schematic diagram of the crystal sample with

dimensionless coordinates.

At the entrance of the crystal, we assume that the

second harmonic wave �eld has zero input, whereas

the fundamental wave �eld has a Gaussian transverse

pro�le,[22] i.e.
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Here ni(i = 1; 2) is the refractive index of the crys-

tal for the fundamental (i=1) and the second har-

monic (i=2) waves. We choose a suitable expres-

sion for �1, so that P1 is proportional to the input

power of the fundamental wave �eld. �0 is the di-

mensionless coordinate of the focus position on the

longitudinal axis as labelled in Fig.1. The parameter

�0 is the dimensionless minimum spot size, which is

the "waist" of the light beam. We solve the intensity


ux Si =

Z Z
jFij2ds =

Z
2��jFij2d�(i = 1; 2) and

the centre intensity jFi(� = 0)j2(i = 1; 2) for the fun-

damental (i=1) and the second harmonic (i=2) wave

�elds from the Eqs.(1a), (1b) and (1c). The numer-

ical procedure is based on the discretization of the

transverse Laplacian in terms of fourth-order di�er-

ences, and the integration of the �rst-order di�eren-

tional equation is obtained by the fourth-order Runge{

Kutta method.

3.Numerical calculation and dis-

cussion
In order to explore the e�ects of transverse pro-

�le of the pump �eld on SHG, we �rstly calculate

and plot the outputs of the intensity 
ux S2(� = 1:0)

(Figs.2(a) and 2(c)) and the centre intensity jF2(� =

1:0; � = 0:0)j2 (Figs.2(b) and 2(d)) for the SHG un-

der �rst-order quasi-phase-matched condition in the

plane wave approximation, ignoring the terms r2
?F1

and r2
?F2 in Eqs.(1a) and (1b), with the initial con-

ditions

F2(�; � = 0) = 0; (3a)
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�1
p
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We next consider the Laplacian operators of r2
?F1

and r2
?F2 in Eqs.(1a) and (1b) with the initial condi-

tion of Eqs.(2a) and (2b). The plots are presented in

Fig.3 in which the parameters used are the same as in

Fig.2.
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Fig.2. (a) and (b) are respectively the plots of output intensity 
ux S2(� = 1:0) � 10�12 and

the centre intensity jF (� = 0; � = 1)j2 � 10�12 for SHG versus focus position �0 and quasi-phase-

mismatch �k � Gm (in �) in the vicinity of the �rst-order reciprocal lattice vector of a photonic

crystal. The simulation assumes the plane wave approximation, i.e. r2

?
F1 = 0 and r2

?
F2 = 0 in

Eqs.(1a) and (1b). (c) and (d) are the top views of (a) and (b), respectively. The parameters used

are: the length of the crystal L=1.0cm, the refractive index for the fundamental and the second

harmonic waves n1=2.1 and n2=2.2, P1=50.0 and P2=0.0, fundamental wavelength �1=1090nm,

�rst-order reciprocal lattice vector Gm=1 = 1000� and the waist of input beam �0=0.5.

Comparing Fig.2 and Fig.3, we see that the trans-

verse pro�les introduce important e�ects. Firstly, the

intensity 
ux and the centre intensity for the SHG

become asymmetrical with respect to quasi-phase-

mismatch. Secondly, the value of the total quasi-

phase-mismatch �k � Gm=1 for maximal SHG has a

small shift from zero, and is a function of the waist of

the input beam as shown in Fig.6. The results may be

explained by a calculation of the phases of the SHG on

a plane perpendicular to the axis as shown in Fig.4. It

is seen that the phases vary with positions � due to the

transverse pro�le. From Eq.(1), when the transverse

pro�le is included, we see that the signal at a particu-

lar point is related not only to the signals at the points

with the same � in the crystal, but also to those with

di�erent �. In contrast to plane wave approximation,

the SHG at a particular point consists of contributions

from neighbouring �elds with di�erent phases.
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Fig.3. Same parameters as Fig.2, except that r2

?
F1 6= 0 and r2

?
F2 6= 0 in Eqs.(1a) and

(1b), with the initial conditions given by Eqs.(2a) and (2b).

Finally, from Fig.3, we see that for maximal cen-

tre intensity of SHG, the focus position should be

closer to the exit of the crystal. On the other hand,

for maximal intensity 
ux, it should be at the vicin-

ity of the centre of the crystal. Fig.3 also show that

the centre intensity is more sensitive to the change

of focus position than the intensity 
ux. The reason

stems from the evolutions of the �elds in the crystal

as shown in Fig.5. Further calculated results under

higher-order quasi-phase-matched conditions are sim-

ilar to those obtained under �rst-order condition. Fur-

thermore, when the waist of the pump �eld is large,

the results tend towards that in the plane wave ap-

proximation, as shown in Fig.6. In practice, how nar-

row the beam has to be focused to see these e�ects

depends on the parameters of the length of the crystal

sample and the wavelength of fundamental wave. The

longer the length of the crystal and the wavelength

of fundamental wave, the larger the focused waist of

input beam should be. As an example, if the crystal

length and the wavelength of fundamental wave are

2 cm and 1093nm, respectively, the focused waist of

input beam is estimated to be about 80�m.

Fig.4. The phases of SHG �elds on the plane B (as

indicated in Fig.1) as a function of the transverse vari-

able �. P1 is for plane wave approximation and P2 is

for transverse pro�le. The value of the phase varies

between �
�

2
and

�

2
in one period. The parameters

used are: waist �0 = 0:5, focus position �0 = 0:5,

wavevector mismatch �k = 1000�, the longitudinal

coordinate of plane B� = 0:8. Other parameters are

the same as in Fig.2.
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Fig.5. (a) and (c) represent the curves of fundamental wave intensity corresponding to the longitu-

dinal coordinate and the transverse coordinate of a crystal. (b) and (d) are the corresponding second

harmonic intensity plots. The parameters used are: waist �0 = 0:5, focus positions � = 0:8 for (a)

and (b), and � = 1:4 for (c) and (d). Other parameters are the same as in Fig.2.

Fig.6. Plots of output intensity 
ux in the vicinity of the third-orders reciprocal lattice vector

Gm=3 = 3000� for di�erent values of waist. The results for �0=0.4, 0.8, 1.5, 3.0 are shown in (a),

(b), (c) and (d), respectively. Other parameters are the same as in Fig.2.
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4.Conclusion

In conclusion, when the pump beam is highly fo-

cused, the intensity 
ux and the centre intensity for

the SHG are asymmetric with respect to quasi-phase-

mismatch, and the total quasi-phase-matched value

has a small shift from zero. For maximal output of the

centre intensity, the optimal focus position should be

closer to the exit of the crystal in the selected param-

eters of this paper. For the intensity 
ux, the optimal

focus position should be at the vicinity of the centre of

the crystal. The centre intensity is more sensitive to a

change of focus position than intensity 
ux. When the

waist of pump �eld is large, the results tend towards

that in the plane wave approximation.
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