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A modi�ed split-step Fourier method (SSFM) is presented to solve the coupled nonlinear Schr�odinger equation

(CNLS) that can be used to model high-speed pulse propagation in optical �bres with polarization mode dispersion

(PMD). We compare our approach with the SSFM and demonstrate that our approach is much faster with no loss of

accuracy. We discuss the pulse distortion and system Q-factor of non-return-to-zero (NRZ), return-to-zero (RZ) and

pre-chirped RZ (CRZ) formats in the presence of high PMD through this approach. The simulation results show that

CRZ pulses are the most tolerant to high PMD values and the extinct ratio has a great impact on the transmission

performance.
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1. Introduction

As the bit rate of a single channel in wavelength-

division multiplexing (WDM) system is increased

to 40Gb/s or beyond, polarization mode dispersion

(PMD) impairs the transmission performance more

severely and has become one of the critical hurdles

for next-generation optical transmission systems with

high bit rate.[1�3] A great deal of discussions about the

generation of PMD and optical compensation tech-

niques have been reported.[4�6] However, it is more

important to understand the e�ect of PMD on the

optical pulses with di�erent modulation formats[7�9]

for realizing the high-speed optical transmission sys-

tem, which has been attracting more and more interest

recently.[9;10]

To investigate the PMD e�ect, it is necessary

to track the propagation of the high-speed optical

pulse in long-haul optical links by using the nonlinear

optical propagation equation. At present the split-

step Fourier method (SSFM)[11;12] is used frequently

to solve nonlinear Schr�odinger equation.[13�16] This

method may lead to errors if the step size is not small

enough, thus it requires large run-times to yield accu-

rate results.[12] Previous studies on the improvement

of SSFM focus largely on the simpli�cation for some

parts of the system,[17;18] which cannot be used in

general cases. In this paper, a novel modi�ed SSFM

is proposed. This approach can improve the simula-

tion speed greatly with no loss of accuracy by using

an interpolation technique. The pulse distortion and

Q-factor of non-return-to-zero (NRZ), return-to-zero

(RZ) and pre-chirped RZ (CRZ) formats in 10 and

40Gb/s systems are calculated through this method,

respectively. The modi�ed SSFM can be used widely

in the numerical simulation of high-speed long-haul

optical transmission systems, which is of great impor-

tance to the investigation of the optical transmission

impairments and the compensation techniques.

2.Theoretical model

2.1. Propagation equation and SSFM

Consider the chromatic dispersion, PMD, and

nonlinear e�ects, the coupled nonlinear Schr�odinger

(CNLS) equations describing a �bre with a relatively

high birefringence can be written as[13�16]
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where Ax, Ay are slowly varying amplitudes of the

two polarization components, �0x � �0y is wavevector

mismatch due to linear birefringence, �00 is the group

velocity dispersion parameter, � is the absorption co-

eÆcient, the nonlinearity coeÆcient 
 = n2!0=Ae�c,

where the Kerr coeÆcient n2 = 2:6 � 10�16cm2/W,

!0 is the centre frequency, the e�ective mode area

Ae� = 50�m2, and c is the speed of light.

SSFM assumes that the dispersion and �bre

nonlinearity act one at a time over the elemen-

tary step �z. The expression of the spatial deriva-

tive of the mode amplitudes is then broken down

into two operators written as A(z + �z; t) �
exp(�zD̂)exp(�zN̂)A(z; t), where D̂ is the linear dif-

ferential operator responsible for the dispersion and

absorption, N̂ is the nonlinear operator responsible

for �bre nonlinearity. In this scheme, it is important

to select an appropriate value of �z. In the parameter

regime in which present-day communication systems

operate, the dispersion and nonlinear scale lengths are

hundreds of kilometres, while the birefringence is large

in the sense that the beat lengths are typically 10{

100m. �z should be selected as a fraction of the small-

est of the above characteristic lengths, so 10�2km scale

is usually used, which is computationally expensive.

2.2. Modi�ed SSFM

Using the moving coordinate system with an aver-

age velocity vg =
1

�0
=

2

�0x + �0y
, de�ning T = t�z=vg,

Eq.(1) can be written as[11]

@Ax

@z
+
�0x � �0y

2

@Ax

@T
+

i

2
�00

@2Ax

@T 2
+
�

2
Ax

=i


�
jAxj2 + 2

3
jAyj2

�
Ax;

@Ay

@z
� �0x � �0y

2

@Ay

@T
+

i

2
�00

@2Ay

@T 2
+
�

2
Ay

=i


�
jAyj2 + 2

3
jAxj2

�
Ay: (2)

To reduce the times of fast Fourier transform

(FFT), the step size is selected at 1 km scale. At the

same time, we subdivide each interval �z into N seg-

ments in polarization maintain (PM) �bre, the length

of which is selected to correspond to the �bre birefrin-

gence length typically 0.3 to 300m.[19] To simplify the

discussion, we assume that the gain in the ampli�ers

balances the �bre loss. De�ning b0 = (�0x � �0y)=2, the

linear part of Eq.(2) in the Fourier may be written in

the form
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, A = (Ax; Ay)

t. In the small

subinterval h =
�z

N
, the solution to Eq.(3) may be

written as
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Consider the random coupling between the PMF sections, in each interval �z, the transfer matrix of the �bre

can be written as T (!) = exp
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8
DPMD! is the di�erential phase

delay (DPD) of each segments,[20] DPMD (ps/km1=2)

is the PMD coeÆcient of the �bre and may be writ-

ten as DPMD = 2b0
r

8h

3�
, �n and �n denote the ran-

dom phase and coupling angle in the nth subinterval

respectively, and are randomly generated following a

uniform distribution in [0; 2�).

Since FFT will be used in each step, if we calcu-

late M(!) at each of the frequencies, the procedure

will be slow. However, the variation of M(!) as a

function of frequency is very slow on the length scale

given by �z, and it is only necessary to evaluateM(!)

at a few frequencies and to interpolate between them.

This approach will increase the calculation speed sig-

ni�cantly. Figure 1 shows the slow variation ofM(!)
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with frequency. Here we consider an example in which

�z=1km, h=20m, and DPMD=3ps/km
1=2. In Fig.1,

Re(Mij) and Im(Mij) represents the real and imagi-

nary parts of the elements inM(!) respectively.

Fig.1. The slow variation of the elements of M-matrix with frequency.

Dealing with the nonlinear terms in the time do-

main is quite straightforward, and we use Eq.(29) in

Ref.[19].

2.3. Q-factor and system penalty

Consider the PMD degradation, the system Q-

factor can be calculated using

Q =
U1 � U0p
N1 +

p
N0

; (6)

where N1 and N0 denote the total noise of data

\1" and \0", respectively, including thermal noise,

shot noise, signal-spontaneous beat noise, and

spontaneous{spontaneous beat noise contributions.

Their average powers are reported in Ref.[21] Eqs.(8){

(11). Assuming all of the noises could be denoted by

Gaussian distribution, the total noise power can be ex-

pressed as N1=0 = Nth+Nshot;1=0+Ns�sp;1=0+Nsp�sp.

U1 and U0 are the average received optical power of

data \1" and \0", respectively. It can be found that

the bit error rate (BER) is mainly determined by

\010" and \101" in these two three-bit patterns, which

corresponds to the minimum eye opening. So consid-

ering the extreme case, U1 and U0 can be expressed

as

U1 =

Z td+
T

2

td�
T

2

jEb(t)j2dt; (7)
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T

2
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2

(jEb(t� T )j2 + jEb(t+ T )j2)dt; (8)

where td is the decision time, which is determined at

the middle of the bit duration in this paper. Due

to the statistical character of PMD, the Q-factor will

vary with the time. Here we choose the average value

of Q-factor. The PMD induced Q-factor penalty is

de�ned as pQ = 20 log(Q=Q0), and Q0 is the Q-factor

without PMD. The relationship between the Q-factor

penalty and the propagation length can be obtained

through the model above.

3.Simulation results and analy-

sis

Dispersion compensation �bre (DCF) is usually

used to compensate the chromatic dispersion in long

haul optical communication systems. We use here

post-compensation scheme consisting of a periodic se-

quence of 80km single-mode �bre (SMF) section and

of 20km compensation section. The parameters we

used are listed in Table 1.

Table 1. Parameters of SMF and DCF.

SMF DCF

Dispersion @ 1550nm/(ps/(km�nm)) {2.125 17

Length/km 80 10

Nonlinear refractive index n2 2.6 2.6

E�ective core area/�m2 80 30

We assume that the input �eld is a Gaussian

pulse given by Ea(t) = A0exp

�
� 1 + iC

2

�
t

T0

�2m�
,

where C is the initial chirp factor (C=0 for NRZ

and RZ formats), A0 is the peak amplitude of the

pulse, T0 denotes the pulse width parameter, given

by T0 = �T=[2(ln 2)1=2m]. The NRZ pulse, with �T

equal to the bit duration, is given by m=1.436 (super-

Gaussian) while the RZ and CRZ formats, with �T

equal to the full width at half maximum of the pulse,

is given by m=1. The ratio between �T and the bit
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period is the extinct ratio, the value of which is 1 for

NRZ format. How to choose the extinct ratio of RZ

and CRZ is related to the system parameters and will

a�ect the transmission performance signi�cantly.

3.1. The simulation speed of SSFM and modi-

�ed SSFM

The standard SSFM and modi�ed SSFM are used

to simulate the NRZ pulses transmission in 40Gb/s

systems. The output pulses after 360 km propaga-

tion are shown in Fig.2 (a), in which the dashed line

and solid line represent the input and output pulses

respectively. The shape of the pulses is strongly de-

pendent on the random coupling angle between the

subinterval PMF sections. The overshoot seen at the

edges of the pulses can be somewhat larger or smaller.

It can be found that both approaches produce simi-

lar output, but the running time of SSFM program

is more than 6 times of the modi�ed SSFM, which is

shown in Fig.2 (b). The calculation is carried out us-

ing a personal computer with 800-MHz Pentium III

processor.

Fig.2. NRZ pulses transmission performance simulation in a 40Gb/s system through stan-

dard SSFM and modi�ed SSFM. (a) output pulses; (b) running time comparison.

3.2. The output pulses and eye diagrams

Figure 3 shows the shape of output pulses and eye

diagrams for di�erent modulation formats in a 40Gb/s

systems after 360km propagation. The extinct ratio

value for RZ and CRZ formats is 0.75. NRZ pulses

are severely distorted and the eye diagram is almost

closed. RZ pulses split and the interference occurs but

the eye is still open. For the CRZ format with an ini-

tial chirp C = �1, compression helps the pulses cancel
out part of the broadening caused by PMD. Therefore,

a wide-open eye is observed. These results are in good

agreement with the experimental conclusions found in

Ref.[22].

Fig.3. Output pulses and eye diagrams for di�erent modulation formats in a 40Gb/s

system after 360km propagation.
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3.3. Q-factor penalty induced by PMD

Figure 4 shows the Q-factor penalty versus dis-

tance for the 10 and 40Gb/s systems with di�erent

modulation formats. Here DPMD is assumed to be

1ps/km1=2. In the 10Gb/s system, the CRZ format

has the best performance and the RZ format takes

the second place. When the extinct ratio is 0.5, the Q-

factor penalty will be lower. Furthermore, the curves

have the similar variation period with the dispersion

map. In the 40Gb/s system, the Q-factor penalties

are much larger than that of the 10Gb/s system. The

performance of NRZ and RZ formats are close to each

other, while the CRZ format with 0.75 extinct ratio

still has the lowest penalty. Therefore, to improve the

system performance, it is important to adjust the ex-

tinct ratio value according to the system bit rate.

Fig.4. The e�ect of PMD on Q-factor penalty. (a) 10Gb/s system; (b) 40Gb/s system.

4.Conclusion

A modi�ed SSFM is proposed to solve CNLS

equation. Compared with the standard SSFM, this

approach can improve the simulation eÆciency greatly

without losing accuracy. The pulse distortion and sys-

tem Q-factor of NRZ, RZ and CRZ formats in the

presence of high PMD are calculated through this ap-

proach. The simulation results show that CRZ pulses

are the most tolerant to high PMD values and the ex-

tinct ratio has great impact on the transmission per-

formance. The modi�ed SSFM can be widely used in

the numerical simulation of high-speed long-haul op-

tical transmission systems to study the optical pulses

transmission impairments and the compensation tech-

nique.
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