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By considering both the dust temperature and the dust charge variation in dusty plasma with vortex-like ion

distribution, we obtained a modi�ed Korteweg{de Vries equation. It indicates that the e�ect of dust charge variation

can cause the one-dimensional soliton amplitude to become larger, and the dust temperature can cause the soliton

amplitude to become larger as well. Moreover, as the dust temperature increases, the soliton amplitude will increase.
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1. Introduction

Charged dust grains constitute an important com-

ponent of matter in space and astrophysical systems

such as the planetary rings, asteroid zone, cometary

tails, interstellar clouds, as well as the lower parts of

the Earth's ionosphere.[1�3] Dust grains are also found

in the laboratory environments.[4] The trapped dust

impurities can lead to serious contamination prob-

lems during the industrial manufacture of semicon-

ductor devices using plasma-based techniques. Dust

grains immersed in ambient plasmas and radiative

environments are electrically charged due to various

processes, such as plasma (electron and ion) current,

photo-emission, secondary emission and �eld emission.

Charged dust grains could react with electromagnetic

and gravitational �elds, and give rise to a host of

low-frequency collective phenomena in dusty plasmas.

Over the last decade, the �eld of dusty plasmas has

grown rapidly with applications to space and labora-

tory systems.

In recent years, a large number of authors have

investigated theoretically various aspects of linear and

nonlinear wave propagation in homogeneous dusty

plasmas. In practical situations, the grain sizes are

usually in the micron range, and hence the dust parti-

cles are many orders of magnitude heavier than the

plasma ions. Consequently, the characteristic time

scales associated with the dust and the ions are very

much di�erent from each other and, therefore, it is

possible to separate the various plasma normal modes

arising due to their dynamics. In fact, dusty plasmas

open up an ultra-low-frequency regime for the exis-

tence of novel types of wave modes, which otherwise

are not possible in the usual electron{ion plasmas,

but with di�erent ion species. For example, the exis-

tence of an ultra-low-frequency electrostatic acoustic-

like mode, called the dust acoustic wave (DAW),

was �rstly predicted by Rao et al
[5] for demagne-

tized dusty plasma and D'Angelo[6] for magnetized

dusty plasma independently. Their model consists

of Boltzmann-distributed thermal electrons and ions

which provide the restoring force, while the inertia

arises due to the heavier dust component. On the

other hand, at a higher frequency, Shukla and Silin

showed the existence of dust-ion-acoustic waves (DI-

AWs) where the electrons are Boltzmann-distributed

while the inertia is provided by the ions in the pres-

ence of stationary dust grains.[7] Recent laboratory

experiments on dusty plasmas have con�rmed the ex-

istence of DAWs and DIAWs.[8;9] Low-frequency elec-

trostatic ion-acoustic and ion-cyclotron waves have
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been studied by D'Angelo[6] in a magnetized dusty

plasma. Nonlinear propagation of the low-frequency

DAW leads to the formation of coherent structure such

as solitons. Recently, Nejoh[10] pointed out that the

dust charge variation with some parameters would af-

fect the characteristic collection motion of the plasma.

Ma and Liu[11] and Xie and co-workers[12;13] have con-

sidered this e�ect and showed the existence of dust

acoustic solitons. We note that laboratory observa-

tions of low phase velocity DAWs are associated with a

signi�cant depletion of the electron number density,[8]

suggesting that the wave dynamics is governed by the

inertia of the dust 
uid and the pressure of inertialess

ions only.[14] Recent numerical simulation studies[15]

on linear and nonlinear DAWs exhibit a signi�cant

amount of ion trapping in the wave potential. Clearly,

there is a departure from the Boltzmann ion distribu-

tion, and one encounters a vortex-like ion distribution

in phase space. In this paper, we investigate the prop-

erties of nonlinear DAWs by incorporating the e�ects

of the vortex-like ion distribution, the charge varia-

tions of dust grains, and the non-zero dust temper-

ature. It is found that the vortex-like ion distribu-

tion results in a modi�ed Korteweg{de Vries (mKdV)

equation which is the governing equation for this sys-

tem. We also studied the e�ects of both the dust tem-

perature and the charge variation of dust grains.

2.Governing equation

We now assume that the plasma is demagnetized

and the wave propagates in the x-direction. The dusty

plasma consists of two components, i.e. the dust

grains and the ions. The electrons in the dusty plas-

mas are completely depleted. If we consider that both

the dust temperature and the charge variations of dust

grains we have the one-dimensional (1D) set of equa-

tions as follows[12;16;17]

@nd
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+
@

@x
(ndud) = 0; (1)

@ud
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+ ud
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where nd, pd and ud are the dimensionless number

density, the pressure, and the velocity of the dust

grains respectively. Zd is the charge number residing

in the dust grains, c0 is a constant, � the electrical po-

tential, ni the number density of ions. For simplicity,

we have normalized all the quantities. The density

of ions are normalized by Zd0nd0, the dust density

by Zd0, x by �Dd = (Ti=4�Zd0nd0e
2)1=2, t by !�1 =

(md=4�nd0Z
2
d0e

2)1=2; velocity by cd = (Zd0Ti=md)
1=2,

� by Ti=e, pressure by nd0Td, where nd0, Zd0 are the

unperturbed values of nd and Zd. � = Td=Ti, where Td

and Ti are the dust temperature and the ion tempera-

ture respectively. ne = 0 (ne is the number density of

electrons) since we have assumed that the electrons are

signi�cantly depleted by dust 
uid. For the isothermal

case 
 = 1, but for the adiabatic case 
 � 3. More-

over, we know that Zd = 1 + 
1� + 
2�
2.[12] There

are many research works on the DAWs and DIAWs.

Most of these works assumed that the electrons sat-

isfy Boltzmann distribution,[11�13;17], however, this is

based on two reasonable conditions. One is that the

mass of electrons is small enough, the other is that the

electrons are isothermal.[18] On the other hand, most

of these works also assumed that the ions in the dusty

plasma satisfy Boltzmann distribution. However, this

assumption should have some restrictions. The DAW

only exists in a dusty plasma on a very slow time scale

involving the motion of dust grains. The time scales

of any oscillation modes for electrons, ions and dust

grains are completely di�erent. They are relatively

quick, slow and much slow for electrons, ions and dust

grains, respectively, namely td � ti � te. Sometimes,

the di�erences between td and ti are not very large.

We now make a comparison as follows: td and ti can

be written as

t2d =
md

4�nd0Z2
d0e

2
;

t2i =
mi

4�ni0e2
:

For a typical dusty plasma, we let md � 107mi,

nd0 � 10�5ni0, Zd0 � 105, then td � 10ti. It seems

that for higher frequency oscillation modes, for exam-

ple, md=mi < 107 or nd0=ni0 > 10�5, td and ti will

be nearly the same, then we should consider the ion

dynamics. Some authors have studied the higher fre-

quency oscillations of DIAW for this kind of cases. In

contrast, for lower frequency oscillation modes, for ex-

ample, md=mi > 107 or nd0=ni0 < 10�5, td is much

larger than ti. This is also the case of much slow time

scale for which DAW exist. For this case, if the gra-

dient of ion pressure can be neglected, then both the

electrons and the ions satisfy the Boltzmann distri-

bution. We can �nd this case by the following esti-
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mations. For 1D case, the ion velocity satis�es the

following equation of motion

@vi
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+ vi
@vi
@x

=
e
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kTi
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@ni
@x

: (5)

The convective term vi
@vi
@x

can often be neglected be-

cause it is much smaller than the
@vi
@t

term. Since we

have
@vi
@t

� !vi, where ! is the frequency of the oscil-

lation mode, for lower frequencies, ! �
1

td
, Eq.(5) can

be approximately estimated as follows
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e

mi
E �


kTi
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We �nd from Eq.(6)
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:

If we neglect the contribution by the gradient of ion

pressure to mivi, then
mivi
tieE

� 1. Finally, Eq.(6) can

be written as
e

mi
E �


kTi
mini

@ni
@x

: (7)

For the isothermal case, 
 = 1, thus we can obtain the

Boltzmann distribution for ions

ni = ni0exp(e�=kTi): (8)

Now we �nd that there are some restriction condi-

tions for Boltzmann ion distribution. It is reported

that in some cases the ion contribution does not sat-

isfy the Boltzmann distribution. For example, there

are vortex-like ion distributions, in which the ion dis-

tribution satisfy the following equation[16]

ni = 1� ��
4

3
a(��)3=2 +

1

2
�2: (9)

By using the reductive perturbation method to obtain

a mKdV equation, we have the following stretched

variables

� = �1=4(x� v0t); (10)

� = �3=4t; (11)

and the following transformations
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Substituting Eqs.(10){(12) into Eqs.(1){(4) and col-

lecting the terms in the same power of �, we have for

the lowest order
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where

v20 = 
� +
1

1 + 
1
: (14)

For the higher order of �, we have
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4

3
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3=2 = 0: (18)

We �nally obtain the following mKdV equation from

Eqs.(15){(18)
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where

A =
a

(1 + 
1)3=2[1 + 
�(1 + 
1)]1=2
; (20)

B =
1

2

1

(1 + 
1)3=2[1 + 
�(1 + 
1)]1=2
: (21)

3.Discussion

The mKdV Eq. (19) has a soliton solution of

�1 = ��msech
4[(� � u0�)=w]; (22)

where �m =
15u0
8A

and w =
p
8=u0 are the ampli-

tude and the width of a soliton solution respectively.

It is found that as A, the coeÆcient of the nonlinear

term in the mKdV equation, increases, the amplitude

of the soliton decreases, while the width of the soli-

ton is irrelevant with respect to both the coeÆcients

of the nonlinear term A and the dispersive term B

in the mKdV Eq. (19). Because 
1 and 
2 are usu-

ally positive,[12] A is always positive. Therefore, the

soliton is always a rarefactive wave. Now we discuss

several special situations:

(1) If the dust temperature is zero and the dust

charge is a constant, i.e. � = 0; 
1 = 
2 = 0, then we

have

A = a;

B =
1

2
:

This indicates that the soliton amplitude depends only

on u0 and a.

(2) If the dust temperature is not zero, while the

dust charge is a constant, we have 
1 = 
2 = 0, and

� 6= 0. Then

A =
a

(1 + 
�)1=2
;

B =
1

2(1 + 
�)1=2
:

It seems that as the dust temperature increases, the

soliton amplitude will increase.

(3) If the dust temperature is zero, while the dust

charge is not a constant, we �nd that

A =
a

(1 + 
1)3=2
;

B =
1

2(1 + 
1)3=2
:

This suggests that the soliton amplitude will be larger

than that where we neglect the dust charge varia-

tions. Generally, both the dust temperature and the

dust charge variations will cause the soliton amplitude

to become larger. A soliton is a rarefactive waves in

dusty plasmas with vortex-like ion distributions.
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