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In the previous Letter (Zheng C L and Zhang J F 2002 Chin. Phys. Lett. 19 1399), a localized excitation

of the generalized Ablowitz{Kaup{Newell{Segur (GAKNS) system was obtained via the standard Painlev�e truncated

expansion and a special variable separation approach. In this work, starting from a new variable separation approach,

a more general variable separation excitation of this system is derived. The abundance of the localized coherent soliton

excitations like dromions, lumps, rings, peakons and oscillating soliton excitations can be constructed by introducing

appropriate lower-dimensional soliton patterns. Meanwhile we discuss two kinds of interactions of solitons. One is the

interaction between the travelling peakon type soliton excitations, which is not completely elastic. The other is the

interaction between the travelling ring type soliton excitations, which is completely elastic.
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1. Introduction

Soliton is one important aspect of nonlinear sci-

ence and has been widely applied in natural science

such as chemistry, biology, mathematics, communica-

tion and particularly in almost all branches of physics

like 
uid dynamics, plasma physics, �eld theory, op-

tics, and condensed matter physics, etc.[1�3] Con-

sequently, many researchers pay their attention to

searching for exact and explicit solutions of a nonlin-

ear physical model, especially for new exponentially

localized structures, like soliton or dromion solutions,

since it is an important work. In a previous Letter,[4]

we obtained a localized excitation of the generalized

Ablowitz{Kaup{Newell{Segur (GAKNS) system[5�7]

via the standard Painlev�e truncated expansion and

a special variable separation approach. However, in

recent studies, we �nd that a more general variable

separation excitation of the system can be derived by

means of a new variable separation approach. The

goal of this paper is to conduct further investigations

of the GAKNS system

iqt + aqxx + bqyy + 2(aw + bv)q = 0; (1)

�irt + arxx + bryy + 2(aw + bv)r = 0; (2)

vx + �(qr)y = 0; wy + �(qr)x = 0; (3)

where a; b are arbitrary constants and � = �1. More

attention is paid on its localized coherent soliton struc-

tures and interactions. As a detailed physical back-

ground of the GAKNS system has been given in

Ref.[4], we omit the corresponding description. For

simpli�cation of discussion, we only analyse the case

of � = 1 in this paper. If � = �1, we can make a

simple variable transformation x ! �x (or y ! �y);

then the situation will be identical with the �=1 case.

This paper is organized as follows. In section 2,

we outline the main procedures of the variable separa-

tion approach and apply this approach to the GAKNS
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system. In section 3, we discuss the abundant struc-

tures of the solution based on the result obtained by

the variable separation approach. A simple discussion

and summary is given in the previous section.

2.Variable separation approach

and its application to the

(2+1)-dimensional GAKNS

system

2.1. General theory of the variable separation

approach

Solving nonlinear physical models is far more dif-

�cult than solving linear ones. In linear physics the

Fourier transformation (FT) and the variable sepa-

ration approach are the two most important meth-

ods. It is known that the celebrated inverse scatter-

ing transformation (IST) can be viewed as an exten-

sion of the FT method. However, it is diÆcult to

extend the variable separation approach to nonlin-

ear physics. Recently, two kinds of \variable sepa-

rating" procedures have been established. The �rst

kind is called symmetry constraints or nonlineariza-

tion of the Lax pairs[8�10] since this type of proce-

dure is only used for integrable models which possess

Lax pairs. Lou and Chen[11;12] have also extended the

method to some nonintegrable models. The indepen-

dent variables of a reduced �eld in the method have

not totally been separated though the reduced �eld

satis�es some lower-dimensional equations, so this ap-

proach is equivalently called the \formal variable sepa-

ration approach"(FVSA). The second kind of variable

separation method is established �rst for the (2+1)-

dimensional Davey{Stewartson (DS) equations and

asymmetric Davey{Stewartson (ADS) equation,[13]

and then revised and developed recently for various

(2+1)-dimensional models like the (2+1)-dimensional

Korteweg{de Vries (KdV) equation, the Nizhnik{

Novikov{Vesselov (NNV) equation, the asymmet-

ric Nizhnik{Novikov{Vesselov (ANNV), the nonlinear

Schr�odinger equation and the usual Ablowitz{Kaup{

Newell{Segur (AKNS) system, etc.[14�22] The main

idea is by solving the bilinear equations or higher

multi-linear equations of the original models and intro-

ducing an a prior ansatz. Some special types of exact

solution of the (2+1)-dimensional nonlinear models

can be obtained from some (1+1)-dimensional variable

separation �elds. Here we describe the basic proce-

dures of the variable separation approach brie
y. For

a general nonlinear physics system

P (v) � P (x0 = t; x1; x2; � � � ; xn; v; vxi ; vxixj ; � � �);

(4)

where v = v(v1; v2; � � � ; vq)
T (T indicates the transpo-

sition of a matrix), P (v) = (P1(v); P2(v); � � � ; Pq(v))
T

and Pi(v) are polynomials of vi and their derivatives.

Firstly, we make a B�acklund transformation

vi =

�iX
j=0

vijf
j��i ; i = 1; 2; � � � ; q; (5)

where vi�i
are arbitrary known seed solutions of

Eq.(4). In usual cases, �i should be chosen as small as

possible since substituting Eq.(5) into Eq.(4) can yield

relatively simple multi-linear equations in this situa-

tion and is determined by the leading term analysis

(suppose f � 0 ). Inserting Eq.(5) with �i into Eq.(4)

and vanishing the leading and sub-leading terms, then

we can derive fvij ; j = 1; 2; � � � ; �i�1g. If the original

model is integrable, this procedure will result in its

bilinear or higher multi-linear equations.

Secondly, after obtaining the multi-linear equa-

tions of the original system, we select an appropriate

variable separation hypothesis. For integrable models,

it can be chosen as a modifying Horita's multi-soliton

form. For instance, we often take f as such an ansatz

for many signi�cant physical models[6;7]

f = a0 + a1F (x; t) + a2G(y; t) +AF (x; t)G(y; t); (6)

where the variable separation functions F (x; t) � F

and G(y; t) � G are only the functions of (x; t) and

(y; t), respectively, a0; a1; a2 and A are arbitrary con-

stants. When F and G are set as exponential func-

tions, Eq.(6) is just the Hirota's two-soliton form.

Finally, we determine the variable separation

equations which the variable separation functions F

and G should satisfy after substituting the ansatz (6)

into the multi-linear equations. It is worthwhile to

mention that this procedure is a hard work since dif-

ferent physical models should be disposed in di�erent

ways. In the next subsection, we apply this approach

to the (2+1)-dimensional GAKNS system. The vari-

able separation approach shows its eÆciency in search-

ing for localized excitations of nonlinear physical mod-

els.

2.2. Variable separation approach for the

(2+1)-dimensional GAKNS system

According to the above procedures, we �rst apply

the following B�acklund transformation to q, r v and
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w in Eqs.(1), (2) and (3)

q =

�1X
j=0

qjf
j��1 ; r =

�2X
j=0

rjf
j��2 ;

v =

�3X
j=0

vjf
j��3 ; w =

�4X
j=0

wjf
j��4 ; (7)

where q�1 ; r�2 ; v�3 and w�4 are arbitrary seed solu-

tions of the GAKNS system. By using the leading

term analysis, we obtain

�1 = �2 = 1; �3 = �4 = 2: (8)

Substituting Eqs.(7) and (8) directly into Eqs.(1){(3)

and considering the fact that the functions q1, r1, v2

and w2 are the seed solutions of the model, we obtain

3X
i=0

P1if
i�4 = 0; (9)

3X
i=0

P2if
i�4 = 0; (10)

2X
i=0

P3if
i�3 = 0;

2X
i=0

P4if
i�3 = 0; (11)

where P1i, P2i, P3i and P4i are functions of fvj ,

wjf; j=0, 1g and their derivatives. Since the complex-

ity of the expressions of P1i, P2i, P3i and P4i, we omit

their concrete forms. Vanishing the leading and sub-

leading terms of Eqs.(9), (10) and (11), the functions

fvj ; wj ; j = 0; 1g are determined. Inserting the re-

sults into Eq.(7) and rewriting its form, the B�acklund

transformation becomes

q =
q0
f
+ q1; r =

r0

f
+ r1;

v = (ln f)xx + v2; w = (ln f)yy + w2: (12)

For convenience of discussion, we choose the seed so-

lutions q1; r1; v2 and w2 to be

q1 = r1 = 0; w2 = F0(x; t); v2 = G0(y; t); (13)

where F0(x; t) and G0(y; t) are arbitrary functions of

the arguments indicated. Simple inspection of the

GAKNS system shows that the above seed solutions

are identically satis�ed.

Now substituting Eqs.(12) and (13) into the sys-

tem (1){(3) yields its bilinear form

(aD2
x+ bD2

y + iDt)q0 � f +2fq0(aF0+ bG0) = 0; (14)

(aD2
x+ bD2

y � iDt)r0 � f +2fr0(aF0+ bG0) = 0; (15)

DxDyf � f + 2q0r0 = 0; (16)

where Dx;Dy and Dt are the usual bilinear operators

�rst introduced by Hirota.[23]

In order to �nd some interesting solutions of

Eqs.(14){(16), we use the following variable separa-

tion ansatz

f = a1F + a2G+ AFG;

q0 = F1G1exp(p+ s); r0 =
F1G1

exp(p+ s)
; (17)

where a1, a2 and A are arbitrary constants and

F � F (x; t); G � G(y; t); F1 � F1(x; t); G1 �

G1(y; t); p � p(x; t); s � s(y; t) are all arbitrary

functions of the indicated variables.

Substituting the ansatz (17) into Eq.(16) yields

F 2
1G

2
1 � a1a2FxGy = 0: (18)

Because the functions F; F1 are only functions of

fx; tg and the functions G; G1 are only functions of

fy; tg, Eq.(18) can be solved by the following variable

separated equation

F1 = Æ1

q
a1a2c

�1
0 Fx; G1 = Æ2

p
c0Gy (Æ21 = Æ22 = 1):

(19)

Similar to the above procedure, inserting the ansatz

(17) with Eq.(19) into Eqs.(14) and (15) yields the

following variable separated equations

Ft = 2iapxFx+ c1(a2+AF )2+ c2(a2+AF )+ a1a2c3;

(20)

Gt = 2ibsyGy � c3(a1+AG)2� c2(a1+AG)� a1a2c1;

(21)

aF 2
xx = 2aFxFxxx + 4F 2

x (pt + ap2x + 2aF0 + c4); (22)

bG2
yy = 2bGyGyyy + 4G2

y(st + bs2y + 2bG0 � c4); (23)

where c0; c1; c2; c3; c4 are all arbitrary functions

of t.

Though it is still diÆcult to obtain general solu-

tions of Eqs.(20){(23) for any �xed F0 and G0, we can

treat the problem in an alternative way. Because F0

and G0 are arbitrary seed solutions, we can view F

and G as arbitrary functions of fx; tg and fy; tg re-

spectively. The functions p and s can be expressed

by F and G simply by integrations from Eqs.(20) and

(21). Then the seed solutions F0 and G0 can be �xed

by Eqs.(22) and (23).

Finally, substituting Eq.(17) and Eqs.(19){(23)

with (13) into Eq.(12), we obtain a quite general so-

lution of the (2+1)-dimensional GAKNS system

q =
Æ1Æ2
p
a1a2FxGyexp(p+ s)

a1F + a2G+ AFG
; (24)
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r =
Æ1Æ2
p
a1a2FxGy

(a1F + a2G+ AFG)exp(p+ s)
; (25)

w =F0 +

�
a1Fxx +AGFxx

a1F + a2G+AFG

�
(a1Fx +AGFx)

2

(a1F + a2G+ AFG)2

�
; (26)

v =G0 +

�
a2Gyy +AFGyy

a1F + a2G+ AFG

�
(a2Gy + AFGy)

2

(a1F + a2G+AFG)2

�
; (27)

with two arbitrary functions F and G, and F0; G0 are

determined by Eqs.(22) and (23) respectively.

Now, we are interested in the physical quantity

qr. From expressions (24) and (25), we have

||||||||||||||||||||||||||||
j

qr =
a1a2FxGy

(a1F + a2G+AFG)2
=

a1a2KxLy

4

�
A1 cosh

1

2
(K + L+ C1) + A2 cosh

1

2
(K � L+ C2)

�2 ; (28)

j||||||||||||||||||||||||||||

where F = b1 + eK ; G = b2 + eL and

A1 =
p
A(a1b1 + a2b2 + Ab1b2);

A2 =
p
(a1 +Ab2)(a2 + Ab1);

C1 = ln
A

a1b1 + a2b2 + Ab1b2
; C2 = ln

a1 +Ab2

a2 +Ab1
;

for b1 and b2 being arbitrary constants. K and L

are also arbitrary functions of fx; tg and fy; tg respec-

tively.

Compare the excitation (28) with the solution

(20) of the previous Letter,[4] we �nd that the solu-

tion (20) of Ref.[4] is a special solution of the excita-

tion (28).

3.Solitons in the (2+1)-

dimensional GAKNS system

It is interesting that expression (28) is valid for

many (2+1)-dimensional models, like the DS equa-

tion, NNV system, ANNV equation, ADS model and

the dispersive long wave equation, etc.[14;15;17;22] Be-

cause of the arbitrariness of the functions F and G in-

cluded in Eq.(28), the physical quantity qr possesses

quite rich structures. For instance, as mentioned in

Refs.[14], [15], [17] and [22], when selecting the func-

tions F and G appropriately, we can obtain many

kinds of localized solutions like the multi-solito� so-

lutions, multi-dromion and dromion lattice solutions,

multiple ring soliton solutions, and so on. Since these

types of localized solutions have been discussed widely

for other models, here we only cite some new or inter-

esting examples. For simpli�cation in the following

discussion, we set a1 = a2 = 1 and A = 2 in expres-

sion (28).

3.1. Peakon soliton excitations

Now we cite the �rst type of important localized

excitation. It is known that the celebrated (1+1)-

dimensional Camassa{Holm equation[24]

ut + 2kux � uxxt + 3uux = 2uxuxx + uuxxx; (29)

possesses a special type of novel solution, namely the

peakon solution which is discontinuous at its crest

u(x; t) = �k + c exp(�jx� ctj); k ! 0: (30)

Naturally, we may ask: is there any kind of peakon

in other types of (2+1)-dimensional model? Although

the (1+1)-dimensional Camassa{Holm equation has

been extended to (2+1)-dimensions in several possi-

ble way,[25;26] we know little of the (2+1)-dimensional

peakons which are localized in all directions for the

(2+1)-dimensional integrable models. Actually, since

the arbitrariness of the functions F and G in expres-

sion (28), the (2+1)-dimensional peakons can be de-

rived by selecting appropriate functions. For instance,

when F and G take the following simple form

Fx =c exp(�jx� ct+ 3j) + d exp(�jx� dt� 3j);

G =1 + exp(y); (31)

and

Fx =c exp(�jx� ct+ 4j) + d exp(�jx� dt� 4j);

Gy =c exp(�jy � ct+ 4j) + d exp(�jy � dt� 4j); (32)

then we can obtain two types of multi-peakon excita-

tion shown in Figs.1(a) and 1(b) when c = 1; d = 2

and t = 0.
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Fig.1. Two plots of multi-peakon solutions determined by solution (28) with selections: (a)

related to Eq.(31), (b) related to Eq.(32) and c = 1; d = 2 at t = 0.

This fact hints that function F or G can be in a

more general form, such as piecewise function

F =
MX
i=1

(
Xi(x+ cit); x+ cit � 0;

�Xi(�x� cit) + 2Xi(0); x+ cit > 0;

(33)

G =

NX
i=1

(
Yi(y + dit); y + dit � 0;

�Yi(�y � dit) + 2Yi(0); y + dit > 0;

(34)

where the functions Xi(x + cit) � Xi(�i) and Yi(y +

dit) � Yi(�i) are di�erentiable functions of the indi-

cated arguments and possess the boundary conditions

Xi(�1) = C�i; i = 1; 2; : : : ;M; (35)

Yi(�1) = D�i; i = 1; 2; : : : ; N; (36)

with C�i and D�i being constants and/or even in�n-

ity while ci; di are arbitrary constants. For example,

when taking

X1(�1) = � ln

�
tanh

�
1

2
(1 + t� x)

��
+

1

2
;

X2(�2) = � ln

�
tanh

�
1

2
(1� t� x)

��
+

1

2
; (37)

Y1(�1) = � ln

�
tanh

�
1

2
(1� y)

��
; (38)

Fig.2. The exhibition of the interaction property between two-peakons related to excitation (28) with

conditions (33){(34) and (37){(38) is at times (a)t = �6, (b)t = �3, (c)t = 0, (d)t = 3 and (e)t = 6.
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in Eqs.(33) and (34), we can derive a multi-peakon ex-

citation in Fig.2, which evolves at (a)t = �6, (b)t =

�3, (c)t = 0, (d)t = 3 and (e)t = 6. From Figs.2(a){

2(e), we can see that the interaction of two travelling

peakons is not completely elastic since the two trav-

elling peakons completely exchange their shapes after

the interaction.

3.2 Ring soliton excitations

In high dimensions, in addition to the point-like

localized coherent excitations, there may be some

other types of physically signi�cant localized exci-

tation. For instance, in (2+1)-dimensional cases,

there may be some types of ring soliton solutions

which are not equal to zero identically at some closed

curves and decay exponentially away from the closed

curves.[14�16] In Fig.3, we plot the interaction prop-

erty of two travelling saddle ring solitons with the con-

dition

Fig.3. The evolution of two saddle-type ring soliton solutions related to excitation (28) with conditions (39) at

(a)t = �1, (b)t = �0:5, (c)t = 0, (d)t = 0:5 and (e)t = 1. (f) The contour plot related to (a). (g) The contour

plot of (e). The values of the contour in these �gures from outside to the inside contour are jqrj = 0:01, jqrj = 0:03

and jqrj = 0:1 respectively.
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F =1 + exp

�
�
(x� 20t)2

10
+ 10

�

+ exp

�
�
(x+ 20t)2

10
+ 5

�
;

G =1 + exp

�
y2

10
� 10

�
; a1 = a2 = 1; a3 = 0:(39)

In Fig.3, the evolution of the two ring soliton solu-

tions for the quantity qr expressed by Eq.(28) with

the condition (39) are shown at times (a) t = �1,

(b) t = �0:5, (c) t = 0, (d) t = 0:5 and (e) t = 1.

From Figs.3(a){3(e) and through detailed calculation,

we �nd that the interaction of two ring soliton solu-

tions is completely elastic. To see more clearly the

completely elastic interaction properties between two

travelling ring soliton solutions, two counter plots re-

lated to Figs.3(a) and 3(e) are plotted in the Figs.3(f)

and 3(g).

4.Summary and discussion

In summary, by means of the new variable sepa-

ration approach, the (2+1)-dimensional GAKNS sys-

tem is solved. Abundant localized coherent soliton

structures of solution (28), such as multi-dromion,

multi-ring, multi-lump solutions, peakons, breathers

and instantons, etc., can be easily obtained by se-

lecting appropriate arbitrary functions. Meanwhile we

discuss two kinds of interaction of solitons and the re-

sult shows that the interaction between the travelling

peakons is not completely elastic while the interaction

between the travelling rings is completely elastic.

Because of the wide applications of the soliton

theory in many physics �elds like 
uid dynamics,

plasma physics, �eld theory and optics, etc., it is

a very signi�cant work to learn more about the lo-

calized coherent soliton excitations of some higher-

dimensional physical models.
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