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Based on generalized Apell{Chetaev constraint conditions and to take the inherent constrains for singular La-

grangian into account, the generalized canonical equations for a general mechanical system with a singular higher-order

Lagrangian and subsidiary constrains are formulated. The canonical symmetries in phase space for such a system are

studied and Noether theorem and its inversion theorem in the generalized canonical formalism have been established.
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1. Introduction

As is well known, the symmetries of a system have

close relation with conservation laws. There are many

methods to study the symmetry of the system, such

as Noether theorem,[1;2] Lie symmetry[2] and form

invariance,[3�6], etc. In general, the invariance of the

system under the action of �nite continuous group im-

plies the conservation laws. However, Noether theo-

rem and its generalization for constrained and non-

holomonic mechanical systems are usually based on an

examination of the Lagrange's variables in con�gura-

tion space.[7�10] A system with a singular Lagrangian

(for example, the gauge invariance system) is subject

to some inherent phase space constraints even if there

is no subsidiary constraint and is called constrained

Hamiltonian system. The classical and quantal canon-

ical symmetry properties for such a system have been

investigated recently.[11]

Dynamical system described in terms of higher-

order derivatives have been discussed for a long time in

connection with gauge theories, gravity theory, modi-

�ed Korteweg{de Vries (KdV) equations, supersym-

metry, string models and so on. Recently, higher-

order-derivative theories obtained by many authors

have exhibited a lot of interesting aspects. The dy-

namical equations and symmetries in con�guration

space for a generalized mechanical system with a reg-

ular Lagrangian[12] and with subsidiary constraints[1]

have been studied.

The canonical symmetries in phase space for a

system with a singular higher-order Lagrangian (with-

out subsidiary constraint) have been also discussed.[11]

The approach presented here is a more general case:

studying the symmetry properties in canonical for-

malism for a generalized mechanical system with a

singular higher-order Lagrangian and with subsidiary

constraints [called a higher-order constrained singular

generalized mechanical system (HOCSGMS)].

In this paper, based on generalized Apell{Chetaev

conditions, the generalized canonical equations for a

HOCSGMS are obtained. The canonical symmetries

in phase space are investigated and the generalized

canonical Noether theorem and its inverse theorem are

derived for such a system.

2.Generalized canonical equa-

tions of constrained general-

ized dynamical system

Consider a generalized dynamical system with

higher-order derivatives described by a singular La-

grangian, whose Lagrangian is given by

L = L(t; qi(0)(t); q
i
(1)(t); � � � ; q

i
(N)(t));

where

qi(s) =
ds

dts
qi = Dsqi (i = 1; 2; � � � ; n);

http://www.iop.org/journals/cp
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and the system whose motion is subject to subsidiary

higher-order nonholonomic constraints[13]

Gw(t; q
i
(0)(t); q

i
(1)(t); � � � ; q

i
(M)(t)) = 0

(w = 1; 2; � � � ; l;M � N): (1)

Using Ostrogradsky transformation, the general-

ized canonical momenta is de�ned by[1]

p
(N�1)
i =

@L

@qi(N)

; (2a)

p
(s�1)
i =

@L

@qi(s)
� _p

(s)
i (s = 1; 2; � � � ; N � 1): (2b)

The generalized canonical Hamiltonian of the system

is given by[1]

Hc =
nX
i=1

N�1X
s=0

p
(s)
i qi(s+1) � L(t; qi(s); � � � ; q

i
(N)): (3)

For a system with a singular higher-order Lagrangian,

its generalized Hess matrix [@2L=@qi(N)@q
j

(N)] is de-

generate, from Eq.(2a) one cannot solve all qi(N) as

functions of t; qi(N); p
(N)
i . This implies that there are

inherent constraints.[11] We assume that the equations

of motion of the system is determined by inherent con-

straints in phase space

�a(q
i
(s); p

(s)
i ) = 0 (a = 1; 2; � � � ; k): (4)

Let us suppose that we have taken into account

the compatibility between the constraints �a = 0

(a = 1; 2; � � � ; k) arising from the singularity of the La-

grangian and the given subsidiary constraints Gw = 0

(w = 1; 2; � � � ; l).

From the variation of the generalized canonical

Hamiltonian, one obtains [11]

nX
i=1

N�1X
s=0

�
_qi(s) �

@Hc

@p
(s)
i

�
Æp

(s)
i

+

nX
i=1

N�1X
s=0

�
� _p

(s)
i �

@Hc

@qi(s)

�
Æqi(s) = 0: (5)

For a regular Lagrange system without subsidiary con-

straints, Æqi(s) and Æp
(s)
i are mutually independent.

From Eq.(5) one can obtain the generalized canoni-

cal equations. But, for a singular Lagrangian system,

qi(s) and p
(s)
i are not independent, the variations of the

canonical variables satisfy the conditions

nX
i=1

N�1X
s=0

�
@�a
@qi(s)

Æqi(s) +
@�a

@p
(s)
i

Æp
(s)
i

�
= 0: (6)

For a generalized dynamical system with subsidiary

constraints, the Mth-order simultaneous variations

Æqi(M) must satisfy the Apell{Chetaev conditions[13]

ÆGw =

nX
i=1

@Gw

@qi(M)

Æqi(M�1) = 0

(w = 1; 2; � � � ; l;M � N): (7)

Introducing the Lagrange multipliers �a(t), and �w(t)

multiplying (6) by �a and multiplying (7) by �w, and

combining the expression (5), one obtains

nX
i=1

N�1X
s=0

�
_qi(s) �

@Hc

@p
(s)
i

� �a
@�a

@p
(s)
i

�
Æp

(s)
i

+

nX
i=1

N�1X
s=0

0

�
� _p

(s)
i �

@Hc

@qi(s)
� �a

@�a
@qi(s)

�
Æqi(s)

+

nX
i=1

�
� _p

(M�1)
i �

@Hc

@qi(M�1)

� �a
@�a

@qi(M�1)

� �w
@Gw

@qi(M)

�
Æqi(M�1) = 0; (8)

where
P

0

does not include s = M � 1. According to

Lagrange multiplier method, from Eq.(8), one �nds

_qi(s) =
@Hc

@p
(s)
i

+ �a
@�a

@p
(s)
i

(i = 1; 2; 3; � � � ; n; s = 0; 1; 2; 3; � � � ; N � 1); (9a)

_p
(s)
i = �

@Hc

@qi(s)
� �a

@�a
@qi(s)

(i = 1; 2; 3; � � � ; n; s = 1; 2; 3; � � � ; N � 1; s 6= M � 1);

(9b)

_p
(M�1)
i = �

@Hc

@qi(M�1)

� �a
@�a

@qi(M�1)

� �w
@Gw

@qi(M)

(i = 1; 2; 3; � � � ; n;M � N): (9c)

The expression (9) is the generalized canonical equa-

tions of HOCSGMS.

For the generalized dynamical system described

by the singular Lagrangian with subsidiary holonomic

constraints Gw(t; q
i) = 0, the simultaneous variations

Æqi must satisfy[13]

ÆGw =
@Gw

@qi
Æqi = 0: (7a)

Introducing the Lagrange multipliers �a(t) and �w(t),

and multiplying (6) by �a and multiplying (7a) by �w,
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and combining (5), one obtains

nX
i=1

N�1X
s=0

�
_qi(s) �

@Hc

@p
(s)
i

� �a
@�a

@p
(s)
i

�
Æp

(s)
i

+

nX
i=1

N�1X
s=0

�
� _p

(s)
i �

@Hc

@qi(s)

� �a
@�a
@qi(s)

� �w
@Gw

@qi(s)

�
Æqi(s) = 0:

Thus, we can still proceed in the same way to obtain

the following generalized canonical equations

_qi(s) =
@Hc

@p
(s)
i

+ �a
@�a

@p
(s)
i

(i = 1; 2; 3; � � � ; n; s = 0; 1; 2; 3; � � � ; N � 1); (10a)

_p
(s)
i = �

@Hc

@qi(s)
� �a

@�a
@qi(s)

� �w
@Gw

@qi(s)

(i = 1; 2; 3; � � � ; n; s = 0; 1; 2; 3; � � � ; N � 1): (10b)

For a system without additional subsidiary con-

straints, expressions (9) and (10) can be deduced

to the generalized canonical equations of a gen-

eralized dynamical system described by a singular

Lagrangian.[14]

3.Generalized canonical

Noether theorem
Let us �rst discuss the classical canonical sym-

metry properties of a system described by a singular

higher-order Lagrangian and with non-holonomic ad-

ditional constraints. Consider the �nite continuous

group with the in�nitesimal transformation

8>>>>>>><
>>>>>>>:

t0 = t+�t = t+ "��
�(t; qi(s); p

(s)
i );

qi(s)
0(t0) = qi(s)(t) + �qi(s)(t)

= qi(s)(t) + "��
i�
(s)(t; q

i
(s); p

(s)
i );

p
(s)
i

0(t0) = p
(s)
i (t) + �p

(s)
i (t)

= p
(s)
i (t) + "��

(s)�
i (t; qi(s); p

(s)
i );

(11)

where "� (� = 1; 2; � � � ; r) are in�nitesimal arbitrary

parameters, and ��; �i�(s); �
(s)�
i are functions of canon-

ical variables, the summation is taken over repeated

indices. Let it be supposed that the generalized canon-

ical Lagrangian Lp = p
(s)
i qi(s+1) � Hc(q

i
(s); p

(s)
i ) is in-

variant up to an exact di�erential term, ÆLp = "�D�
�,

�
� = �

�(t; qi(s); p
(s)
i ) under the transformation (11).

It is supposed that the Mth-order simultaneous vari-

ations determined by Eq.(11) satisfy Apell{Chetaev

conditions, and the total variations of the inherent

constraint conditions (4) are invariant under Eq.(11),

i.e.

��a =
@�a

@t
�t+

@�a
@qi(s)

�qi(s) +
@�a

@p
(s)
i

�p
(s)
i = 0: (12)

The relation between the total variation and the

simultaneous variation can be expressed as

�qi(s) = Æqi(s)+ _qi(s)�t; �p
(s)
i = Æp

(s)
i + _p

(s)
i �t: (13)

Owing to the consistency conditions of con-

straints, one obtains

_�a =
@�a
@t

+
@�a
@qi(s)

_qi(s) +
@�a

@p
(s)
i

_p
(s)
i = 0: (14)

From Eqs.(12){(14), one obtains

Æ�a =
@�a
@qi(s)

Æqi(s) +
@�a

@p
(s)
i

Æp
(s)
i = 0: (15)

Conversely, one can also deduce Eq.(12) from Eq.(15).

The variation of the canonical action Ip =Z t2

t1

(p
(s)
i qi(s+1) �Hc)dt under the transformation (11)

is given by[11]

Z t2

t1

��
_qi(s) �

@Hc

@p
(s)
i

�
Æp

(s)
i +

�
� _p

(s)
i �

@Hc

@qi(s)

�
Æqi(s)

+D[p
(s)
i Æqi(s) + (p

(s)
i qi(s+1) �Hc)�t]

�
dt

=

Z t2

t1

"�D�
�dt; (16a)

then one has�
_qi(s) �

@Hc

@p
(s)
i

�
Æp

(s)
i +

�
� _p

(s)
i �

@Hc

@qi(s)

�
Æqi(s)

+D[p
(s)
i Æqi(s) + (p

(s)
i qi(s+1) �Hc)�t] = "�D�

�:(16b)

Multiplying Eq.(15) by �a(t) and multiplying Eq.(7)

by �w(t), and using the equation of motion (9), i.e.

along the trajectory of motion of a singular con-

strained system, one obtains

D[p
(s)
i Æqi(s) + (p

(s)
i qi(s+1) �Hc)�t] = "�D�

� : (17)

Using the expressions (11) and (12), one obtains

p
(s)
i �i�(s) �Hc�� � �

� = constant (� = 1; 2; � � � ; r):

(18)

Therefore, we have the following Noether theorem in

the generalized canonical formalism for a constrained

singular generalized dynamical system: if, the canon-

ical Lagrangian is invariant up to an exact di�erential
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term under the transformation (11), the total varia-

tions of inherent constraints �a = 0 are invariant and

the simultaneous variations of additional constraints

Gw=0 satisfy generalized Apell{Chetaev conditions

(7), then, the expressions (18) give constants of mo-

tion for a HOCSGMS in the phase space.

Second, let us consider a generalized dynamical

system described by a singular Lagrangian with holo-

nomic constraints. It is supposed that the total vari-

ations of the subsidiary constraint conditions are in-

variant, i.e. under Eq.(11), one has

�Gw =
@Gw

@t
�t+

@Gw

@qi
�qi = 0: (19)

Owing to the consistency conditions of the subsidiary

holonomic constraints, one obtains

_Gw =
@Gw

@t
+

@Gw

@qi
_qi = 0: (20)

From Eqs.(13), (19) and (20), one obtains that the si-

multaneous variations Æqi satisfy following conditions

ÆGw =
@Gw

@qi
Æqi = 0: (21)

Thus we can still proceed in the same way, and

can obtain the generalized canonical Noether theorem

for a generalized dynamical system described by a sin-

gular Lagrangian with holonomic constraints. If the

canonical Lagrangian of a system is invariant up to

an exact di�erential term, and the total variations of

constraints (including inherent constraints and sub-

sidiary constraints) are invariant under the transfor-

mation (11), then, the expressions (18) give constants

of motion for a HOCSGMS in the phase space.

4. Inverse theorem of the canon-

ical Noether theorem

We now �nd the conditions under which the inver-

sion of the Noether theorem is possible in the canoni-

cal formalism for a HOCSGMS. Suppose that we know

r independent conservative quantities in phase space

for a HOCSGMS which is given by

D�(t; qi(s); p
(s)
i ) = C� (� = 1; 2; � � � ; r): (22)

For this system, any dynamical trajectory of the mo-

tion satisfying Eqs. (9), it follows that

�
_qi(s) �

@Hc

@p
(s)
i

� �a
@�a

@p
(s)
i

�
�
(s)�
i

+

�
� _p

(s)
i �

@Hc

@qi(s)
� �a

@�a
@qi(s)

�
�
i�

(s)

+

�
� _p

(M�1)
i �

@Hc

@qi(M�1)

� �a
@�a

@qi(M�1)

� �w
@Gw

@qi(M)

�
�
i�

(M�1) = 0; (23)

where the second term in Eq.(23) does not include the

term for s = M � 1, and

�
i�

(s) = �i�(s) � _qi(s)�
�; �

(s)�
i = �

(s)�
i � _p

(s)
i ��: (24)

Di�erentiating (22) with respect to time t and

combining expression (23), we obtain

@D�

@t
+

@D�

@qi(s)
_qi(s) +

@D�

@p
(s)
i

_p
(s)
i

+

�
_qi(s) �

@Hc

@p
(s)
i

� �a
@�a

@p
(s)
i

�
�
(s)�
i

+

�
� _p

(s)
i �

@Hc

@qi(s)
� �a

@�a
@qi(s)

�
�
i�

(s)

+

�
� _p

(M�i)
i �

@Hc

@qi(M�1)

� �a
@�a

@qi(M�1)

� �w
@Gw

@qi(M)

�
�
i�

(M�1) = 0; (25)

where � = 1; 2; � � � ; r. These relations are to be ful-

�lled for any dynamical trajectory of motion, this

leads to terms containing the time derivatives of _p
(s)
i

cancelling each other; thus

�
i�

(s) =
@D�

@p
(s)
i

: (26)

Now let

D� = p
(s)
i �

i�

(s) �Hc�
� � �; (27)

hence

�� = H�1
c (p

(s)
i �

i�

(s) �D� � �): (28)

When �
i�

(s), �� have been found, using expression

�i�(s) = �
i�

(s)+ _qi(s)�
�, one can �nd �i�(s), The p

(s)
i are com-

pletely determined in terms of �i�(s), and ��, the corre-

sponding quantities �
(s)�
i can be obtained as functions

of ��, �i�(s).
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Thus, we have obtained ��, �i�(s), �
(s)�
i as generat-

ing functions of the in�nitesimal transformation (11)

in extend phase space. If these generators satisfy con-

ditions

@�a
@qi(s)

(�i�(s)� _qi(s)�
�)+

@�a

@p
(s)
i

(�
(s)�
i � p

(s)
i ��) � 0; (29)

@Gw

@qi(M)

(�i�(M�1) � _qi(M�1)�
�) � 0

(higher order nonholonomic constraints); (30)

or
@Gw

@qi
(�i� � _qi��) � 0

(holonomic constraints): (31)

Then, the in�nitesimal transformation (11) is gener-

ated by these generators ��, �i�(s), and �
(s)�
i , under

which the variation of the canonical action Ip satis�es

(16). In fact, substituting (27), (28), (29), and (30)

into the expression (25), we obtain

d

dt
( _p

(s)
i �

i�

(s) �Hc�
�) +

�
_qi(s) �

@Hc

@p
(s)
i

�
�
(s)�
i

+

�
� _p

(s)
i �

@Hc

@qi(s)

�
�
i�

(s) = �
�: (32)

Multiplying expression (32) by "�, taking the

summation for upper and lower indices �, and inte-

grating the result on [t1; t2], one gets expression (16a).

Therefore, we obtain the inverse theorem of the gener-

alized canonical Noether theorem of a HOCSGMS: to

any r-independent constants of motion D�(t; qi(s); p
(s)
i )

for a HOCSGMS, there corresponds an in�nitesimal

transformation (11) generated by the above generators

��, �i�(s), �
(s)�
i , as long as inherent constrained condi-

tions �a = 0 and subsidiary constrained conditions

Gw = 0 satisfy expressions (29){(31), then the canon-

ical action of this system is invariant under this trans-

formation (or the generalized canonical Lagrangian is

invariant up to an exact di�erential term).

5.Conclusions and discussion

The generalized canonical Noether theorem and

its inverse theorem for a HOCSGMS are obtained.

From above discussion we see that for a HOCSGMS

with subsidiary holonomic constraint, the canonical

action and subsidiary and inherent constraints are

invariant under the global transformation in phase

space, the conservation laws in canonical variables

are derived. But for a HOCSGMS with subsidiary

nonholonomic constraint, the Mth-order simultane-

ous variations Æqi(M) must satisfy Apell{Chetaev con-

ditions, in this case the conservation laws in phase

space can also be deduced.

For a system with a singular Lagrangian, the tran-

sition to quantum theory would consist in imposing

the constraints. To analyse the inherent constraints

in phase space of the system is very important both

in canonical quantization (operator formalism) and

path integral quantization. In some models of �eld

theories the �eld variables are subject to subsidiary

constraints (for example, the nonlinear �-model, etc).

These holonomic constrained systems can be treated

as constrained Hamiltonian systems by introducing

Lagrangian multipliers. To analyse the constraints

and canonical symmetries of singular Lagrangian with

higher-order derivative in the quantum theories is thus

necessary.

|||||||||||||||||||||||||||
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