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Kinetic behaviour of two-species-group aggregation

process with complete annihilation*
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We propose a two-species-group aggregation-annihilation model in which an irreversible aggregation reaction occurs

between any two clusters of the same species, and an irreversible joint annihilation reaction occurs between two distinct

species groups. Based on the mean-�eld theory, we have investigated the rate equations of the process with constant

reaction rates to obtain the asymptotic descriptions of the cluster-mass distributions. The results indicate that for the

symmetrical initial cases the kinetic behaviour of the system depends crucially on the ratio of the equivalent aggregation

rate to the annihilation rate. The cluster-mass distribution of each species always obeys a conventional or modi�ed

scaling law in each individual case. Moreover, all the species cannot �nally survive except for the cases in which at least

one equivalent aggregation rate is less than twice the annihilation rate.

Keywords: kinetic behaviour, aggregation-annihilation, scaling law

PACC: 8220, 2460, 0570L

1. Introduction

The phenomena of aggregation and annihilation

processes are central to many �elds of science and

technology, such as colloid science, polymerization, bi-

ology, and star formation. Much attention has been

devoted to understanding the kinetics of aggregation

and annihilation processes,[1�15] and theoretical re-

search found that the evolution behaviour of the ag-

gregates approaches a scaling law in the long-time

limit.[15�22] In recent years, Krapivsky[6] studied a

two-species aggregation process with partial annihila-

tion and analysed the evolution behaviour of the mass

distribution. Ben-Naim and Krapivsky[7] investigated

the kinetics of a two-species aggregation model with

complete annihilation and determined its scaling de-

scription of the cluster-mass distribution in the long-

time limit. But there are few studies concerning multi-

species aggregation processes with annihilation, espe-

cially the species-group aggregation-annihilation case.

Zhang and Yang[11] investigated several irreversible

aggregation-annihilation models of an n-species sys-

tem and analysed the scaling properties of the cluster-

mass distributions in some symmetrical cases. In our

previous works, we studied the kinetics of n-species

aggregation processes with complete annihilation and

found that the evolution of the system obeys a scaling

law in most cases.[21]

In this paper, we propose a solvable two-species-

group aggregation model with complete annihila-

tion and investigate the competitions between ag-

gregation and annihilation processes of two distinct

species-groups, Am and Bn (m = 1; 2; : : : ;M , n =

1; 2; : : : ; N). When M = 1 or N = 1, this model re-

duces to the multi-species aggregation process with

joint annihilation.[22] Here we set M;N � 2. In

our model, an irreversible aggregation reaction occurs

only between any two clusters of the same species,

Am
i + Am

j �! Am
i+j and Bn

i + Bn
j �! Bn

i+j , where

Am
i ( Bn

i ) denotes a cluster consisting of i-mers of

Am (Bn) species. Meanwhile, an irreversible com-

plete annihilation reaction occurs only between A and

B group, and each species in one group (A or B) is

annihilated jointly by all species in the other group,

Am
i +Bn

j �! inert. The rate of aggregation reaction

between Am
i and Am

j equalsKA
m(i; j) and that between

Bn
i and Bn

j equals KB
n (i; j). The rate of annihilation
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between Am
i and Bn

j is Jmn(i; j).

The present investigation is based on the mean-

�eld theory, which applies to the case with the spa-

tial dimension d of the system greater than or equal

to a critical dimension dc. Thus, the 
uctuations in

densities of the reactants are ignored and the clus-

ters are considered to be homogeneously distributed

in the space throughout the process. It was suggested

by Ben-Naim and Krapivsky[7] that for irreversible

aggregation-annihilation processes dc = 2. Here, we

assume that the spatial dimension of this two-species-

group system is greater than 2 and therefore, the

mean-�eld assumption is valid. Based on the mean-

�eld rate equations, we have derived the asymptotic

solutions for the cluster-mass distributions under the

symmetrical initial conditions. The results show that

the cluster-mass distribution of each species obeys a

conventional scaling law in general cases and it also

possesses peculiar scaling properties in several special

cases, which depend strongly on the ratios of the re-

action rates.

This paper is organized as follows. In section 2,

we describe an irreversible two-species-group aggre-

gation process with complete annihilation and give

the corresponding mean-�eld rate equations. Then

we derive the asymptotic solutions of the cluster-mass

distributions under the symmetrical initial conditions

and analyse their evolution behaviours. A brief sum-

mary is given in section 3.

2.Model of irreversible aggrega-

tion process with complete an-

nihilation

In our investigation, the theoretical approach to

the aggregation process is based on the mean-�eld

rate equation, which assumes that the reaction pro-

ceeds at a rate proportional to the reactant concen-

trations. There are two types of species groups in

the system, A group and B group. A group consists

of M kinds of distinct species while B group has N

kinds. The concentrations of Am
k and Bn

k clusters are

respectively denoted as amk and bnk, m = 1; 2; : : : ;M ;

n = 1; 2; : : : ; N . We consider a simple model with

constant reaction rates. The aggregation rates of Am

and Bn species are equal to I1m and I2n, respectively.

Meanwhile, all the annihilation reaction rates equal a

constant J .

By generalizing the rate equations given by Ref.[7]

we write out the corresponding rate equations for this

two-species-group aggregation system as follows:

damk

dt
=I1m

0
@1

2

X
i+j=k

amiamj � amk

1X
j=1

amj

1
A

� J

NX
n=1

1X
j=1

amkbnj ; m = 1; 2; : : : ;M;(1a)

dbnk
dt

=I2n

0
@1

2

X
i+j=k

bnibnj � bnk

1X
j=1

bnj

1
A

� J

MX
m=1

1X
j=1

bnkamj ; n = 1; 2; : : : ; N: (1b)

We consider a simplest but important case in

which there only exist the monomer-clusters of Am

and Bn species at t = 0 and their concentrations are

equal to Am0 and Bn0, respectively. Then the initial

conditions are

amk(0) = Am0Æk1; bnk(0) = Bn0Æk1;

m = 1; 2; : : : ;M ; n = 1; 2; : : : ; N: (2)

Under the above monodisperse initial conditions, the

rate Eqs. (1) can be solved with the help of ansatz[6]

amk(t) = Am(t)[am(t)]
k�1;

bnk(t) = Bn(t)[bn(t)]
k�1;

m = 1; 2; : : : ;M ; n = 1; 2; : : : ; N: (3)

Substituting Eqs.(3) into Eqs.(1), we can transform

the rate Eqs. (1) into the following di�erential equa-

tions:
dam
dt

=
I1mAm

2
;

dAm

dt
= �

I1mA
2
m

1� am
� JAm

NX
n=1

Bn

1� bn
;

m = 1; 2; : : : ;M; (4a)

dbn
dt

=
I2nBn

2
;

dBn

dt
= �

I2nB
2
n

1� bn
� JBn

MX
m=1

Am

1� am
;

n = 1; 2; : : : ; N: (4b)

Correspondingly, the initial conditions of Eqs.(4) are

am = bn = 0; Am = Am0; Bn = Bn0;

m = 1; 2; : : : ;M ; n = 1; 2; : : : ; N at t = 0: (5)
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Introducing new variables �m(t) and �n(t),

�m = (1� am)
�1; �n = (1� bn)

�1; (6)

we recast Eqs.(4) to the following equations:

d2�m
dt2

= �
d�m
dt

NX
n=1

�
2J

I2n�n

d�n
dt

�
;

m = 1; 2; : : : ;M ; (7a)

d2�n
dt2

= �
d�n
dt

MX
m=1

�
2J

I1m�m

d�m
dt

�
;

n = 1; 2; : : : ; N; (7b)

with the corresponding initial conditions

�m = 1; �n = 1;
d�m
dt

=
I1mAm0

2
;
d�n
dt

=
I2nBn0

2
;

m = 1; 2; : : : ;M ; n = 1; 2; : : : ; N at t = 0: (8)

Then we obtain the integrals of Eqs.(7),

d�m
dt

=
I1mAm0

2

NY
n=1

��2J=I2n
n ; m = 1; 2; : : : ;M ;

(9a)

d�n
dt

=
I2nBn0

2

MY
m=1

��2J=I1m
m ; n = 1; 2; : : : ; N:

(9b)

It is diÆcult to determine the solutions of Eqs.(9)

in general initial cases. In order to derive the analyti-

cal solution of the system, we turn to discuss the sym-

metrical initial case, i.e. I1mAm0 = 2A0, I2nBn0 =

2B0, �m = �, and �n = � for m = 1; 2; : : : ;M and

n = 1; 2; : : : ; N . Thus Eqs.(9) can be rewritten as

d�

dt
= A0�

�
P

N

n=1
2J=I2n ; m = 1; 2; : : : ;M ; (10a)

d�

dt
= B0�

�
P

M

m=1
2J=I1m ; n = 1; 2; : : : ; N; (10b)

and the initial conditions become � = � = 1,

d�=dt = A0 and d�=dt = B0. For convenience, we setPM
m=1 1=I1m = 1=I1e and

PN
n=1 1=I2n = 1=I2e. Here,

I1e and I2e can be considered as the equivalent aggre-

gation rates of A and B groups, respectively. From

Eqs.(10) one can obtain the di�erential equations for

�(t) and �(t),

�
d�

dt

��I2e=2J d2�

dt2
= �

2JB0

I2e
A
�I2e=2J
0 ��2J=I1e

d�

dt
;

(11a)�
d�

dt

��I1e=2J d2�

dt2
= �

2JA0

I1e
B
�I1e=2J
0 ��2J=I2e

d�

dt
:

(11b)

In order to thoroughly investigate the kinetic be-

haviours of the system, we discuss the solutions of

Eqs.(11) in several di�erent cases.

case 1: I1e > 2J and I2e > 2J

In this case, Eqs.(11) can be solved to yield

d�

dt
=
�
C1�

1�2J=I1e + C2

��2J=(I2e�2J)

; (12a)

d�

dt
=
�
C3�

1�2J=I2e + C4

��2J=(I1e�2J)

; (12b)

where C1 = [I1e(I2e � 2J)=I2e(I1e � 2J)]B0A
�I2e=2J
0 ,

C2 = A
�I2e=2J
0 [A0 � B0I1e(I2e � 2J)=I2e(I1e � 2J)],

C3 = [I2e(I1e � 2J)=I1e(I2e � 2J)]A0B
�I1e=2J
0 and

C4 = B
�I1e=2J
0 [B0 � A0I2e(I1e � 2J)=I1e(I2e � 2J)].

We assume that the system reaches its steady

state at t ! 1 and the steady conditions are then

given as follows:

dam
dt

=
1

�2

d�

dt
= 0;

dAm

dt
=

2

I1m�2

d2�

dt2
�

4

I1m�3

�
d�

dt

�2

= 0;

m = 1; 2; : : : ;M ; (13a)

dbn
dt

=
1

�2
d�

dt
= 0;

dBn

dt
=

2

I2n�2
d2�

dt2
�

4

I2n�3

�
d�

dt

�2

= 0;

n = 1; 2; : : : ; N: (13b)

Thus we can conclude that either �(�) ! 1 or

d�=dt(d�=dt)! 0 at t!1. From Eqs.(12) we know

that � ! 1 and � ! 1 at t ! 1 in the case of

I1e > 2J and I2e > 2J . Hence, � � 1 and � � 1

at t � 1. In the long-time limit, Eqs.(12) can be

approximately rewritten as

d�

dt
'

�
C1�

1�2J=I1e
��2J=(I2e�2J)

; (14a)

d�

dt
'

�
C3�

1�2J=I2e
��2J=(I1e�2J)

: (14b)

One can then determine the following asymptotic so-

lutions of �(t) and �(t) in a very long time:

�(t) ' C5t

1 ; (15a)

�(t) ' C6t

2 ; (15b)

where


1 = (I1eI2e � 2I1eJ)=(I1eI2e � 4J2);


2 = (I1eI2e � 2I2eJ)=(I1eI2e � 4J2);
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C5 = 
�
11 C
�2I1eJ=(I1eI2e�4J2)
1 ;

and

C6 = 
�
22 C
�2I2eJ=(I1eI2e�4J2)
3 :

Thus we obtain the asymptotic solutions of the

cluster-mass distributions

amk(t) =Am(t)a
k�1
m (t)

'
2
1

I1mC5
t�1�
1

�
1� C�1

5 t�
1
�k�1

;

m = 1; 2; : : : ;M ; (16a)

bnk(t) =Bn(t)b
k�1
n (t)

'
2
2
I2nC6

t�1�
2
�
1� C�1

6 t�
2
�k�1

;

n = 1; 2; : : : ; N: (16b)

Eqs. (16) can be further rewritten as follows:

amk(t) '
2
1

I1mC5
t�1�
1exp(�xm);

m = 1; 2; : : : ;M ; (17a)

bnk(t) '
2
2
I2nC6

t�1�
2exp(�yn);

n = 1; 2; : : : ; N; (17b)

which are valid in the region

k � 1; t� 1; xm = (k=C5)t
�
1 = �nite;

yn = (k=C6)t
�
2 = �nite: (18)

Krapivsky[6] used a function S(t) to denote the

characteristic cluster-mass of such an aggregation sys-

tem, and the long-time concentration ck(t) of k-mer

aggregates of any type can then be described in the

following scaling form:

ck(t) ' t�w�[k=S(t)]; S(t) / tz: (19)

One can also obtain the power-law expressions for the

total number N(t) and the total mass M(t) of the

clusters as follows:[6]

N(t) =

1X
k=1

ck(t) / t��;

M(t) =

1X
k=1

kck(t) / t��: (20)

The four exponents (w, z, �, �) are used to de-

scribe the universal scaling nature of the aggregation-

annihilation processes in the long-time limit. From

Eqs.(19) and (20), one can �nd the scaling exponent

relations

� = w � z; � = w � 2z: (21)

In this case, the asymptotic solutions (17) show

that all the cluster-mass distributions satisfy the

above conventional scaling law in the long-time limit,

and their exponents are easily obtained from Eqs.(17)

and (18),

w =
2I1eI2e � 2I1eJ � 4J2

I1eI2e � 4J2
;

z =
I1eI2e � 2I1eJ

I1eI2e � 4J2
; � = 1;

� =
2I1eJ � 4J2

I1eI2e � 4J2

for Am clusters; m = 1; 2; : : : ;M ; (22a)

w =
2I1eI2e � 2I2eJ � 4J2

I1eI2e � 4J2
;

z =
I1eI2e � 2I2eJ

I1eI2e � 4J2
; � = 1;

� =
2I2eJ � 4J2

I1eI2e � 4J2

for Bn clusters; n = 1; 2; : : : ; N: (22b)

The results show that the exponents w, z and � (ex-

cept �) depend on the values of reaction rates I1e, I2e,

and J . In this case, both the total number and the

total mass of each species decrease with time. More-

over, neither A group nor B group remains at the end,

which is independent of initial data A0 and B0.

Case 2: I1e > 2J and I2e = 2J

We obtain two integrals of Eqs.(11) in this case,

d�

dt
= A0exp

�
2JI1eB0

I2e(I1e � 2J)A0

�
1� �1�2J=I1e

��
;

(23a)

d�

dt
=

�
I1e � 2J

I1e
A0B

�I1e=2J
0 ln�

+B
�(I1e�2J)=2J
0

��2J=(I1e�2J)

: (23b)

From Eq.(23a) we determine the solution of �(t) in an

implicit form

1X
i=1

�
(�C8)

�i
i�1Y
j=0

�
I1e

I1e � 2J
� j

�

�
�
exp(C8)� exp(C8�

1�2J=I1e)

� �2iJ=I1e�i+1
��

= C7t; (24)
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where C7 = A0exp[2JI1eB0=I2e(I1e � 2J)A0] and

C8 = 2JI1eB0=I2e(I1e � 2J)A0. If there exists an in-

tegral L satisfying the equation 2LJ=I1e � L+ 1 = 0,

the in�nite terms in Eq.(24) will reduce to the �nite

terms of i = 1 � L. It can be concluded from Eqs.(23)

and (13) that �; � ! 1 at t ! 1. In the long-time

limit, the value of the �rst term of the summation is

much greater than the sum of the others, and Eq.(24)

can then be approximately rewritten as

I1eC
�1
8

I1e � 2J
�2J=I1eexp

�
C8�

1�2J=I1e
�
' C7t: (25)

From Eq.(25) we obtain

�(t) ' C
�I1e=(I1e�2J)
8 (ln t)I1e=(I1e�2J): (26)

Substituting Eq.(26) into Eq.(10a), one can determine

the asymptotic solution

�(t) ' C9t(ln t)
�2J=(I1e�2J); (27)

where C9 = C
I1e=(I1e�2J)
8 (I1e � 2J)A0=I1e. In the

long-time limit, the asymptotic solutions of the mass

distributions are obtained as follows:

amk(t) '
2I1e

I1m(I1e � 2J)
C
I1e=(I1e�2J)
8 t�1

� (ln t)�(2I1e�2J)=(I1e�2J)exp(�xm);

m = 1; 2; : : : ;M ; (28a)

bnk(t) '
2

I2nC9
t�2(ln t)2J=(I1e�2J)exp(�yn);

n = 1; 2; : : : ; N; (28b)

which are valid in the scaling region

k � 1; t� 1;

xm = C
I1e=(I1e�2J)
8 k(ln t)�I1e=(I1e�2J) = �nite;

yn = C�1
9 kt�1(ln t)2J=(I1e�2J) = �nite: (29)

These indicate that the conventional scaling descrip-

tion (19) of the cluster-mass distribution breaks down

for each species, and both the mass distribution of Am

clusters and that of Bn clusters obey a rather pecu-

liar scaling regime. We may further modify the above

scaling description (19) into[21]

ck(t) ' hk[g(t)]�w1 [f(t)]�w2�[k=S(t)];

S(t) / [g(t)]z1 [f(t)]z2 ; g0(t); f 0(t) > 0; (30)

where h denotes a constant (0 < h � 1), and g(t) and

f(t) are two unusual functions of time such as et, log t,

2t, and so on. The total number and the total mass

of the clusters can be rewritten as

N(t) =

1X
k=1

ck(t) / [g(t)]��1 [f(t)]��2 ;

M(t) =

1X
k=1

kck(t) / [g(t)]��1 [f(t)]��2 ; (31)

and the corresponding exponent relations are

�1 = w1 � z1; �1 = w1 � 2z1;

�2 = w2 � z2; �2 = w2 � 2z2 for h = 1; (32a)

�1 = �1 = w1; �2 = �2 = w2 for 0 < h < 1:

(32b)

When f(t) = g(t) � t, one can �nd the relations be-

tween these exponents (w1, w2, z1, z2, �1, �2, �1, �2)

and those (w, z, �, �) of the conventional scaling law

(19)

w = w1 + w2; z = z1 + z2;

� = �1 + �2; � = �1 + �2: (33)

In this case, by letting g(t) � t and f(t) � ln t,

we obtain the scaling exponents

w1 = 1; w2 =
2I1e � 2J

I1e � 2J
;

z1 = 0; z2 =
I1e

I1e � 2J
;

�1 = 1; �2 = 1;

�1 = 1; �2 = �
2J

I1e � 2J

for Am clusters; m = 1; 2; : : : ;M ; (34a)

w1 = 2; w2 = �
2J

I1e � 2J
;

z1 = 1; z2 = �
2J

I1e � 2J
;

�1 = 1; �2 = 0;

�1 = 0; �2 =
2J

I1e � 2J

for Bn clusters; n = 1; 2; : : : ; N: (34b)

These indicate that the exponents are only dependent

on the equivalent aggregation rate I1e of A group and

the annihilation rate J . Comparison between the total

mass MA(t) / t�1(ln t)2J=(I1e�2J) of Am species and

MB(t) / (ln t)�2J=(I1e�2J) of Bn species shows that

Bn clusters dominate over Am clusters in the long-

time limit, which is independent of the initial con-

centrations A0 and B0. It is not surprising because

I1e > I2e. The results also show that both the total

number and total mass of each species decrease with
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time. Hence, two species-groups annihilate each other

completely and no species can survive at the end.

Case 3: I1e = 2J and I2e > 2J

From Eqs.(11) we derive two integrals as follows:

d�

dt
=

�
I2e � 2J

I2e
B0A

�I2e=2J
0 ln�

+A
�(I2e�2J)=2J
0

��2J=(I2e�2J)

; (35a)

d�

dt
= B0exp

�
2JI2eA0

I1e(I2e � 2J)B0

�
1� �1�2J=I2e

��
:

(35b)

This case is just contrary to the above case 2. By em-

ploying the above method, we obtain the asymptotic

solutions of �(t) and �(t) as follows:

�(t) ' C10t(ln t)
�2J=(I2e�2J); (36a)

�(t) ' C11(ln t)
I2e=(I2e�2J); (36b)

where C10 = [(I2e � 2J)B0=I2e][2JI2eA0=I1e(I2e �

2J)B0]
I2e=(I2e�2J) and C11 = [2JI2eA0=I1e(I2e �

2J)B0]
�I2e=(I2e�2J). In this case, the conventional

scaling description of the cluster-mass distribution

also breaks down for all species, and we obtain the

modi�ed scaling descriptions for the cluster-mass dis-

tributions as follows:

amk(t) '
2

I1mC10
t�2(ln t)2J=(I2e�2J)exp(�xm);

xm = C�1
10 kt

�1(ln t)2J=(I2e�2J);

m = 1; 2; : : : ;M; (37a)

bnk(t) '
2I2e

I2n(I2e � 2J)C11
t�1

� (ln t)�(2I2e�2J)=(I2e�2J)exp(�yn);

yn = C�1
11 k(ln t)

�I2e=(I2e�2J); n = 1; 2; : : : ; N:

(37b)

Eqs. (37) indicate that the clusters of B group domi-

nate over those of A group in the long-time limit. By

letting g(t) � t and f(t) � ln t in Eq.(30), we obtain

the scaling exponents

w1 = 2; w2 = �
2J

I2e � 2J
;

z1 = 1; z2 = �
2J

I2e � 2J
;

�1 = 1; �2 = 0;

�1 = 0; �2 =
2J

I2e � 2J

for Am clusters; m = 1; 2; : : : ;M ; (38a)

w1 = 1; w2 =
2I2e � 2J

I2e � 2J
;

z1 = 0; z2 =
I2e

I2e � 2J
;

�1 = 1; �2 = 1;

�1 = 1; �2 = �
2J

I2e � 2J

for Bn clusters; n = 1; 2; : : : ; N: (38b)

These show that the exponents are only dependent on

the equivalent aggregation rate I2e of B group and

the annihilation rate J . Moreover, from Eqs.(38) one

can conclude that all species will annihilate completely

and no clusters are retained at the end.

Case 4: I1e � 2J and I2e < 2J

In this case, we have the same Eqs. (12) of d�=dt

and d�=dt for I1e > 2J , while the expressions of d�=dt

and d�=dt are the same as Eqs.(35) for I1e = 2J .

Meanwhile, we �nd that for this case, � ! 1 at

t ! 1. Hence, �1�2J=I2e ! 0 at t � 1. In the

long-time limit, we obtain the asymptotic solution of

�(t) from Eqs.(12b) and (35b),

�(t) ' C12t; (39)

where C12 = C
�2J=(I1e�2J)
4 for I1e > 2J or C12 =

B0exp[2JI2eA0=I1e(I2e � 2J)B0] for I1e = 2J . Sub-

stituting Eq.(39) into Eqs.(10), one can determine the

asymptotic solution of �(t),

�(t) ' C13 � C14t
�(2J�I2e)=I2e ; (40)

where C13 = (B0=C12)
I1e=2J and C14 = [I2eA0=(2J �

I2e)]C
�2J=I2e
12 . We can again obtain the scaling solu-

tions of the cluster-mass distributions

amk(t) '
2(2J � I2e)C14

I1mI2eC2
13

�

�
C13 � 1

C13

�k
t�2J=I2eexp(�xm);

xm =
C14

C13(C13 � 1)
kt�(2J�I2e)=I2e ;

m = 1; 2; : : : ;M ; (41a)

bnk(t) '
2

I2nC12
t�2exp(�yn);

yn = C�1
12 kt

�1; n = 1; 2; : : : ; N: (41b)

The results indicate that Bn species satis�es the con-

ventional scaling form (19) with the exponents

w = 2; z = 1; � = 1; � = 0; (42a)
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while Am species obeys the modi�ed scaling form (30)

with the exponents

w = � = � =
2J

I2e
; z =

2J � I2e
I2e

: (42b)

It is not diÆcult to obtain the total masses of Am and

Bn clusters as follows:

MAm(t) '
2(2J � I2e)C14

I1mI2e
t�2J=I2e ;

MBn(t) '
2C12

I2n
; (43)

which indicate that the total mass of Am species de-

creases with time, while that of Bn species is a time-

independent constant at t� 1. In this case, B group

dominates over A group at a very long time and only

the clusters of B group remain �nally, which are inde-

pendent of initial concentrations A0 and B0.

Case 5: I1e < 2J and I2e � 2J

In this case, the expressions of d�=dt and d�=dt

are the same as Eqs.(12) for I2e > 2J or same as

Eqs.(23) for I2e = 2J . It is found that for this case

� ! 1 at t ! 1. Thus we obtain the asymptotic

solutions of �(t) and �(t) in the long-time limit,

�(t) ' C15t; (44a)

�(t) ' C16 � C17t
�(2J�I1e)=I1e ; (44b)

where C15 = C
�2J=(I2e�2J)
2 for I2e > 2J or C15 =

A0exp[2JI1eB0=I2e(I1e � 2J)A0] for I2e = 2J , C16 =

(A0=C15)
I2e=2J ; and C17 = [I1eB0=(2J�I1e)]C

�2J=I1e
15 :

Thus, we �nd that the mass distribution of Am clus-

ters approaches the conventional scaling form

amk(t) '
2

I1mC15
t�2exp(�xm);

xm = C�1
15 kt

�1; m = 1; 2; : : : ;M; (45)

with the exponents (42a). Meanwhile, the conven-

tional scaling description breaks down for Bn species,

and it satis�es the modi�ed scaling description

bnk(t) '
2(2J � I1e)C17

I2nI1eC2
16

�

�
C16 � 1

C16

�k
t�2J=I1eexp(�yn);

yn =
C17

C16(C16 � 1)
kt�(2J�I1e)=I1e ;

n = 1; 2; : : : ; N; (46a)

with the exponents

w = � = � =
2J

I1e
; z =

2J � I1e
I1e

: (46b)

The results show that A group dominates over B

group in the long-time limit, which is just contrary

to that in the above case 4. It is obvious that only the

clusters of A group can survive �nally.

Case 6: I1e = I2e = 2J

Now we turn to the special case, I1e = I2e = 2J .

In this case, Eqs.(11) reduce to the following equa-

tions: �
d�

dt

��1
d2�

dt2
= �

B0

A0
��1 d�

dt
; (47a)

�
d�

dt

��1
d2�

dt2
= �

A0

B0
��1 d�

dt
: (47b)

Eqs. (47) can be directly solved to yield

�(t) = [(A0 +B0)t+ 1]
A0=(A0+B0) ; (48a)

�(t) = [(A0 +B0)t+ 1]
B0=(A0+B0) : (48b)

Then we obtain the scaling solutions of amk(t) and

bnk(t) in the long-time limit,

amk(t)'
2A0

I1m
[(A0+B0)t]

�(2A0+B0)=(A0+B0)exp(�xm);

xm = k[(A0 +B0)t)]
�A0=(A0+B0);

m = 1; 2; : : : ;M; (49a)

bnk(t)'
2B0

I2n
[(A0+B0)t]

�(A0+2B0)=(A0+B0)exp(�yn);

yn = k[(A0 +B0)t]
�B0=(A0+B0);

n = 1; 2; : : : ; N: (49b)

These show that the mass distribution of each species

obeys the conventional scaling law (19), and the scal-

ing exponents are

w =
2A0 +B0

A0 +B0
; z =

A0

A0 +B0
; � = 1;

� =
B0

A0 +B0
for Am clusters; (50a)

w =
A0 + 2B0

A0 +B0
; z =

B0

A0 +B0
; � = 1;

� =
A0

A0 +B0
for Bn clusters; (50b)

which show that the exponents w, z and � have rela-

tions with the initial data A0 and B0. The results also

imply that the heavy group with larger initial concen-

tration dominates over the light one in the long-time

limit. Moreover, all the species annihilate completely

and no species remains at the end.

Case 7: I1 < 2J and I2 < 2J
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We also obtain the di�erential Eqs. (12) for this

case. It is obvious that C1 > 0 and C3 > 0. The solu-

tions of �(t) and �(t) are complicated and dependent

on the values of C2 and C4.

When (2J � I1e)I2eA0 > (2J � I2e)I1eB0, we �nd

that C2 > 0 and C4 < 0. Thus it can be concluded

that � ! 1 at t ! 1. So, �1�2J=I1e ! 0 in the

long-time limit. From Eqs.(12) one can determine the

same asymptotic solutions (44) of �(t) and �(t) for

this case. Hence, this case is equivalent to the above

Case 5.

When (2J � I1e)I2eA0 = (2J � I2e)I1eB0, it is

found that C2 = C4 = 0. In this case, Eqs.(12) reduce

to Eqs. (14). One can obtain the exact solutions of

amk(t) and bnk(t) similar to Eqs.(16). So, the results

of this case are identical with those in Case 1.

When (2J � I1e)I2eA0 < (2J � I2e)I1eB0, C2 < 0

and C4 > 0. So � ! 1 at t ! 1. One can obtain

the same asymptotic solutions of amk(t) and bnk(t) as

Eqs.(41). In this case, the behaviours of the system

are similar to those in Case 4.

3.Summary

We have studied an aggregation-annihilation pro-

cess of two-species-group system on the basis of mean-

�eld theory. Considering the constant-reaction-rate

model, we have analysed the kinetic behaviours of the

aggregation system with joint annihilation between

two species groups. The results show that for the sym-

metrical initial conditions the evolution behaviour of

the system depends crucially on the ratios of equiv-

alent aggregation rates (I1e, I2e) to the annihilation

rate J . In the �rst case of I1e > 2J and I2e > 2J , we

have found that the cluster-mass distribution of each

species obeys the conventional scaling law in the long-

time limit. The governing exponents are dependent on

the equivalent aggregation rates as well as the anni-

hilation rate. In the second and third cases in which

one equivalent aggregation is greater than 2J while

the other equals 2J , the conventional scaling descrip-

tion breaks down for all species; meanwhile, all species

in either group scale according to a modi�ed peculiar

scaling form. In the fourth and �fth cases in which one

equivalent aggregation rate is greater than or equal to

2J while the other being less than 2J , each species

in the group with less equivalent rate obeys the con-

ventional scaling law while all the species in the other

group evolve according to the modi�ed scaling regime,

and the exponents depend only on the less equivalent

aggregation rate as well as the annihilation rate. In

the sixth case of I1e = I2e = 2J , each species also

possesses the conventional scaling description for its

mass distribution, and the scaling exponents depend

only on the initial concentrations. In the last case of

I1e < 2J and I2e < 2J , it is found that the evolution

behaviour of the system depends on both the reaction

rates and the initial concentrations. We have obtained

the distinct evolution behaviours of the system for dif-

ferent ratios of (2J � I1e)I2eA0=(2J � I2e)I1eB0.

In short, the evolution of the two-species-group

aggregation process with complete annihilation always

satis�es a conventional or modi�ed scaling law, and

the scaling exponents depend strongly on the reac-

tion rates. Meanwhile, the initial concentrations also

play an important role in the kinetic behaviour of the

system. The evolution behaviour of the total mass

of each species also depends strongly on the reaction

rates. The results indicate that all the species anni-

hilate each other completely except for the cases in

which at least one equivalent aggregation rate is less

than 2J . Moreover, at most one species-group can be

retained by the dynamics of the system at the end.

|||||||||||||||||||||||||||
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