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On the electronic structures of quantum dots, there is a new viewpoint saying that, in some specific states, a few

electrons might behave as valence electrons moving outside surrounding a core. To clarify the validity of this viewpoint,

a numerical calculation was performed in this paper. The results are against this viewpoint.

Keywords: quantum dots, electronic structure, symmetry consideration

PACC: 7115, 7320D

1. Introduction

In the research of condensed matter attention is
specially paid to the low-dimensional (2D) systems in
recent years. Among the heterostructures of semicon-
ductors, the potential of application of the quantum
dots (QD) is intriguing. In the research of QDs, when
the number of electrons N is not very small, the ring-
core model of electronic structurel’=4 is believed to
be a reasonable model for two-dimensional QDs with
axial-symmetric confinement. In the ring-core model
a part of electrons (NVin,) would constitute a ring out-
side and the remaining N — Ny, electrons would con-
stitute a core inside. The electron densities in the ring
and in the core are believed to be roughly equal; this
is duo to the well known feature of incompressibil-
ity. One can imagine that each electron is associated
with a circle with the diameter equal to the average
electron—electron separation in the circular dot. Then
these circles are put together compactly into the cir-
cular dot. In this way, the number of circles touching
the outside boundary is just the number of electrons
in the ring. From this simplified picture it is believed
that Nying could not be a small number unless N itself
is small. However, a somewhat different point of view
has been proposed recently.l®! It was argued that Nring
may be very small for some states with specific orbital

angular momentum L. The argument is as follows:

Let Z; = xp + 1y, denote the coordinate of the

k-th electron. Based on the Laughlin statel6]

N
v, = [[(Z - Z;)%exp <—qz |zk|2/4>. (1)
i<j k
A trial wavefunction
M
Ve = S [[(Zi - Z0) V1, (2)
i=1

is proposed in Ref.[5], where ¢ is an odd integer and S
is the operator of symmetrization, Zy = Y Zy/N de-
notes the coordinate of the centre of mass, and M is a
given integer < N it is noted that L is a good quantum
number for the Laughlin state with L — L, = qﬂ%)
it was proved[®! that L is also a good quantum number
for the ¥1gp with L = Ly+ M. The charged densities
given by the Wy gp have been calculated, which lead
to a picture with M valence electrons surrounding a
core with N — M electrons. For example, if N=6, ¢g=3
and M=2 are assumed, then we have L, = 15g = 45
and the associated ¥rpp state has L=47, the den-
sity plot of this state demonstrates that there are two
valence electrons surrounding a core containing four

electrons.[®!

Let 1/}2’?“ denote the exact eigenstate of the
Hamiltonian which is the i-th state of an L-series hav-
ing the given angular momentum L. When i=1, the
'gbeL’;aCt is called the first state which is the lowest of
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the L-series. It is noted that both the Laughlin wave-
function and the trial wavefunction are totally anti-
symmetric with respect to particle permutations. The
former has been proved to be very close to the exact

wavefunction of the first-states with L = L, and with

the total spin S = N (i.e., a polarized system). Now
the point is whether Upp is close to an exact eigen-
state of the polarized system. In order to see this
point, exact eigenstates of a polarized N=6 dot have
been calculated. Using the ¥ gp and the 1/;2’?“ from a
numerical calculation, the overlaps ( U1 gp |z/;2’i“t> have
been evaluated.[5! It was found that, when ¢=3, the
overlaps for different M (or different L) remain within
the range of 0.93 to 0.96. Based on this evaluation, it
was claimed in Ref.[5] that (i) the V1 pp state is a good

approximation of the first-states with L = L, + M
(M < N) and with S = E, and (ii) these first-states

would have M = L — L, valence electrons surrounding
a core containing N — M electrons. According to this
point of view, the first-states with an L a little larger
than L, would have a few valence electrons surround-
ing a core. This picture is more or less like an atom,
but very different from a compact liquid.

We think that, although the above overlaps are
not small, they are not large enough to draw a deci-
sive conclusion. Therefore, further inspection is wor-

thy. The present paper is dedicated to this purpose.
2.Numerical results of a six-

electron polarized dot

Let us study in detail a 2D six-electron dot un-

¢m1kl(’l"1)
wa(1,2, - ’N) — % ¢m2k2(7‘1)
Pmnkn (T1)

where Y (m; —
i=1
spans the matrix of the Hamiltonian. After a diago-

ki)h = L is assumed. The set ¥,

nalization of the matrix, the energy eigenvalues Er,,

exact

and the eigenstates """ are thereby obtained. It is
noted that there is a parameter {2 in Eq.(4) which is
adjustable and is finally close at its optimal value so
that the energy of the first-state Er, is minimized.
In order to obtain the exact solutions, infinite basis
functions are necessary. In practice, only 5000 ba-

sis functions are taken into account. It was found

der a parabolic confinement; and a magnetic field
B = V x A perpendicular to the plane of the dot
is applied. The Hamiltonian reads

N

1 q 1

H=Y [ L7+ ot
=1

62

4me 4
1

1 N
— +9"usB_ S,

T
<j Y i=1

3)

where the effective electron mass mx, the dielectric
constant €, and the strength wg are given as 0.067m,,
12.4, and 3meV /A, respectively (for the GaAs dot). g*
is the effective g-factor, and p 5 the magnetic moment.
r; is the position vector, p; the momentum, and S;
the z-component of the spin of the ¢ —th electron. The
final term of the Hamiltonian will be dropped because
it is very small, and because it does not affect the
wavefunctions of eigenstates at all. In what follows,
only the S = N/2 states are concerned, and therefore
the orbital wavefunctions are totally antisymmetric.
For the diagonalization of the Hamiltonian, an in-
troduction of a set of basis functions is necessary. Let
us first consider the single particle harmonic oscillator

state @, satisfying

h2 v2+1m*92 (;S —¢ ¢ (4)
2t 2 mk — EmkPmk,
with e = (m+ k + 1)AL2. This state is also called a
Darwin—Fock state, where the particle has an orbital
angular momentum l,,,;, = (m —k)#%. Based on the set

®mk, the N-body basis functions are defined as

¢m1k1 (1‘2) ¢m1k1 (TN)
¢m2k2 (7‘2) (:Zsmzkz (TN) ’ (5)
Pmaks(T2) Pmuky (PN)

that these basis functions are sufficient to guarantee
the accuracy. In fact, very accurate solutions (in the
qualitative sense) have been achieved. For example,
for L=45 and B=0, we have Ej =176.614meV and
176.608meV, respectively, if the numbers of N-body
basis functions are 4000 and 5000. Moreover, the den-
sity functions extracted from the wavefunctions (as
we shall see) by using 4000 and 5000 basis functions,
respectively, are nearly indistinguishable. Thus, the
results given in the following are very accurate in the

qualitative sense.
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In what follows we use the simpler notation ¥
to replace wi’z“t and use the notation (L); to denote
the i-th state of the L-series. The one-body density is
defined as

p1(r1) :/drg---drN|!P|2, (6)

satisfying

1= /pl('rl)d'rl. (7)

The two-body density is defined as

p2(r1,72) :/dr3---drN|W|2, (8)

satisfying

1 :/pg('l‘l,’l‘g)d'l’ld'l"g. (9)

The three-body density is defined as
p3(r1,72,73) :/d'r4-~-drN|W|2, (10)
satisfying
1= /,03(7‘1,7"2,T2)d7°1d7‘2d7‘3. (11)

The results of the one-body densities of selected
first-states ranging from (45); to (50); are given in
Fig.1, in which the (L); label of each state is marked
in the subfigures. The (46); has been neglected be-
cause it is simply an excited state of the (45); with
and only with the c.m. motion being excited, Further-
more, the p; of the (45), has been given because it

has a completely different feature. The unit of length

9 eB |,
w “o (Zm*c) '
The subfigure at the left-hand side have B=0 while
those at the right-hand side have B=10T. The curves

at both sides are found to be one to one very similar.

for the abscissa is {/ —— with w =
m

However, the right-hand side has a much larger w and
therefore a much smaller unit of length. It implies that
the introduction of the magnetic field reduces the size
of the system greatly while the feature of wavefunction
remains nearly unchanged. This fact has been found
before in the literature, and we confirm this finding

once more via the set of one-body density plots.

The plots in Fig.1 can be classified into three
types. The (51); belongs to the first type, in which
there is a single peak, where all the six electrons prefer
to stay and they form a ring outside. The probability
to find an electron to be close to the centre is very
small. The (45)4 belong to the second type, in which
there is a broad peak. A detailed observation finds
that the broad peak can be divided into two with a
minimum (located at » = () lying between them. We

define

o(ro) = N / pr(r)dr, (12)

which is the average number of electrons staying in-
side the circle of radius rg. For the (45)4, we found
that g(rg) = 3. It implied that this state has a double
ring structure, each contains three electrons. All the
rest belong to the third type, in which there are two
peaks, one is located at the centre while the other is
located outside with a minimum (located at r = ry)
lying between them. Accordingly, the circle with a
radius 79 can be considered as a boundary to sepa-
Obviously, this

type is associated with the ring-core structure pro-

rate the inside and outside regions.

posed before.l!'=4] Meanwhile, the g(r) gives the av-
erage number of electrons inside the core. The (45);
and (50); have g(rg) = 1 (refer to Table 1), thus these
states have a clear centred-pentagon structure. The
(47)1, (48)1, and (49)1, have g(ro) close to but not
equal to 1. Thus, mostly there is an electron in the
core, but the electron might go out (or come in) oc-
casionally. In other words, these states are not so
crystal-like as the (45); and (50);.
able point is that the suggested picture with a few va-

Now, the notice-

lence electrons surrounding a core does not emerge in
our numerical calculation. For example, if the ¥ipp
with ¢=3 and M=2 is the main component of the
(47)1, then there would have two valence electrons sur-
rounding a core of four electrons. However, instead of
two, the exact solution tells us that there are mostly
five, or even more, electrons in the ring outside. This
numerical result does not change qualitatively if the
dynamical parameters, i.e., wy, e, and B, are changed.
Thus, the validity of the ¥ gp wavefunction is in grave
doubt.
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Fig.1. The one-body density p;.
Table 1. The electronic number of difference states inside the district of r < rq.
types (45)1 (47)1 (48)1 (49)1 (50)1 (51)1 (45)4
average number of electrons 1 0.83 0.83 1.08 1 0 3
) 1.7 1.5 1.5 1.8 1.7 0 2.7
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Fig.2. The two-body densities p3.

For a more detailed inspection, we observe the
contour plots of the two-body densities pa(r1,73). In
what follows only the results of B=0 will be given.
In Fig.2 p; are given in the upper X-Y plane with
Ty = Py fixed at the X-axis (marked by a black spot).
The darker area is associated with a larger po, and the
peak denotes the most probable location of the first
electron e; when es is fixed, and the ps in the lower
X-Y plane is symmetric to that in the upper plane.
The centred-pentagon structure is very clear in the
(45)1 and (50)1, the hexagon is clear in (51)1, and the

double ring (each containing three electrons) is clear

n (45)4. On the other hand, the geometric feature of
the (47)1, (48)1 and (49);, is not so explicit. Nonethe-
less, most electrons stay outside in these states.

The contour plots of the three-body densities
p3(r1,72,73) are given in Fig.3, where the locations of
e2 and ez are fixed and marked by black spots. Once
the locations of two electrons having been fixed, the
geometric features of the relevant states become more
explicit, this is true even for the (47);, (48); and (49);.
It is once more confirmed that these states do not have

a few valence electrons outside the core.
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Fig.3. The three-body densities ps.

3.An analysis based on symme-

try and conclusions

The geometric structure (or the crystal-like be-
haviour) of quantum dots has been investigated based
on symmetry consideration.”=8 For the six-electron
dot, it was found that only the states with L = 6k + 3
(k is an integer) are allowed to possess a regular
hexagon configuration, and only the states with L =

5k are allowed to possess a regular centred-pentagon

configuration. This is the underlying reason that six-
electron ring was found in the (51); state, and the
five-electron ring was found in the (50); state. For
the L=45 states both the hexagon and pentagon are
allowed. However, the centred-pentagon is associated
with a lower total potential energy. Therefore, this
shape is chosen by the (45);.

On the other hand, we found that the first-states
with L being neither equal to 6k + 3 nor 5k have also
the ring-core structure with mostly five electrons in
the ring, such a structure is lower in total potential en-
ergy. However, for these states the ring-core structure
is not very stable. Two points are noticeable: (i) The
radial motion of the electrons might be stronger, con-
sequently the electron in the core has a larger chance
In other

words, the electrons in the core and in the ring might

to go out (or inversely) as stated before.

exchange more frequently, this would lead to an am-
biguity of the geometric feature (this point deserves
a further study). (ii) The angular motion of the elec-
trons is stronger. The second point can be directly
verified by observing the wavefunction in the ring as
follows.

Let us observe the (45); and (48); as examples,
B=0 is assumed. Let five of the electrons be put
equidistantly on a circle while one at the centre. The
radius of the circle is the same as the radial distance
at which the one-body density is peaked. Obviously,
the five outer electrons form a regular pentagon. Now
let four of them remain fixed at the vertexes of the
pentagon and one is allowed to move along the circle
back and forth around the vertex. Then the real and
imaginary parts of the wavefunction are give in Fig.4,
where the abscissa is the azimuthal angle 8 apart from
the vertex. In Fig.4(a) the real part of the (45); has
a peak at #=0. This means that the regular pentagon
is a most probable shape. Whereas in Fig.4(b) both
the real and imaginary parts of the (48); are zero at
0 = 0. This means that the regular pentagon is pro-
hibited in which a node emerges (a zero point of the
wavefunction). Since the appearance of a node is a
signal of a stronger oscillation. It is believed that, for

the (48)1, the internal motion in the ring is stronger.
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Fig.4. ¢, (0) and ¢;(0) are the real and imaginary parts of the wavefunctions of the (45); (Fig.(a))

and (48); (Fig.(b)) states. 6 measures the angular motion of an electron around a vertex of a regular

pentagon as an equilibrium point of oscillation.

In conclusion, although the trial wavefunction
Urgp proposed in Ref.[5] has an elegant form and has
the overlap with the exact eigenstate not small, the

physical picture provided by this function deviates re-

markably from the real picture. Our numerical results
deny the possibility of having a few valence electrons
surrounding a core, and in general support the ring-

core structure.

References

[1] Reimann S M, Koskinen M, Manninen M and Mottelson
B R 1999 Phys. Rev. Lett. 86 3270

[2] de C, Chamon C and Wen X G 1994 Phys. Rev. B 49
8227

[3] Gold E and Renn S R 1999 Phys. Rev. B 60 16611

[4] Miller HM and Koonin S E 1996 Phys. Rev. B 54 14532

[5] Manninen M, Viefers S, Koskinen M and Reimann M 2001
Phys. Rev. B 64 245322

[6] Laughlin R B 1983 Phys. Rev. Lett. 50 1395

[7] Bao C G 1997 Phys. Rev. Lett. 79 3475

[8] Ruan WY, Liu Y'Y, Bao C G and Zhang Z Q 1995 Phys.

Rev. B 51 7942



