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‘We consider the process of parametric resonance of magnons in magneto-ordered crystals in a microwave resonator.

The nonlinear interaction of the resonator photons with the parametric magnon pairs is analysed theoretically, and the

result expressed by the deviation frequencies relative to the pump frequency further demonstrates that the dynamics of

resonator modes plays an important role once the pump power exceeds the threshold of parallel pumping.

Keywords: nonlinear interaction, magnon, parametric resonance

PACC: 3240, 1480A, 7650

1. Introduction

Theory of magnetic materials and its applica-
tion have been attracted much attention in recent
years.!=3] The research on the theory of spin-wave
(magnon) is important for improving the performance
of microwave ferrite device. Parametric resonance un-
der a microwave pump hcoswpt is a convenient tool
to study the nonlinear spin-wave system of magnetic
crystals.[*=71 When the microwave field hcoswpt is
parallel to the static magnetic field H and above a
threshold amplitude h;y,, the parametric resonance is
defined by the process of annihilation of microwave
photon which excites a pair of magnons with equal
but oppositely oriented wavevectors: wy, = wr+ w_.
Experimental measurements for the process of para-
metric resonance are usually performed using a mi-
crowave resonant cavity into which the magnetic sam-
ple is mounted. The resonant spectrum is observed
by a nonlinear microwave absorption by the sample at
P > Py, x hfhr. The resonant cavity is assumed to
be a part of experimental installation which does not
influence the excited state of the sample, but only in-
creases the amplitude of the microwave magnetic field
and makes the experimental set-up more sensitive to
the absorption of microwave power. Such a point of
view is traditional in the analysis of the experimental

results on the basis of so-called S-theory.®—9 Thus,

the sample was considered as if it were placed in an
alternating magnetic field hcoswyt, and the dynamics
of the forced electromagnetic oscillations (photons in
the cavity) was ignored. With different consideration
of previous researcher, Bryant et al[) first mentioned
that the dynamics of photon mode in the cavity should
be taken into account. Their equations were used by
Yamazaki et all*!! to simulate a non-equilibrium be-
Safonov('? has shown that

the nonlinear coupling of photons and parametric

haviour of spin-waves.

magnons leads to an effective nonlinear damping in
a parametric system. The effect of the cavity qual-
ity factor Q on the threshold of auto-oscillations of
parametrically excited magnons in YIG was observed
experimentally by Yamazaki and Minol*3 Andrienko
and Safonov['*'%! studied parallel pumping of mag-
netoelastic waves in antiferromagnet FeBO3 placed in
a microwave resonator, in which they obtained the
spectrum of the coupled photon-phonon oscillations
and demonstrated the fact that the parametric pair
of magnetoelastic waves can behave as a single-mode

oscillator above the threshold of pumping.

However, although the cavity resonant mode has
been considered to play an important role in a com-
bined system of a sample and a resonator and there is
some relative experimental evidence, no one has sys-

tematically analysed the interaction between the pho-
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ton of cavity and the magnon of sample. Based on the
recent theory that the magnon pair can be considered
as a nonlinear oscillator,[!®] here we shall analyse the
nonlinear interaction of sample and resonant cavity
mode by the process of the parametric excitation of

spin-waves.

2.Theoretical analyses for the
interaction of photons and
magnon pairs
In the case of parametric resonance of spin-waves

in magnetically ordered crystals, the pair of waves usu-

ally consists of the following elements:

K_(k)=bgb_y, Ky (k)=0bb",,

Ko (6) = 3 (e + b 4f?). 1)

Here b;, and b* ; are the classical complex amplitudes
of wave with wavevector k and frequency wy, in which
a shift of spectrum due to nonlinear interactions is
taken into account. The resonant condition for the
wave pair in the external microwave field of the fre-
quency wy, is

Wp = Wk + W_k. (2)

The effective Hamiltonian of a spin-wave system can

be written as follows:

H/h =wrRR+ Y 2w Ko (k)
k
!
+ G (RK (F) - RK (i)
k
+ F {R"exp (—iwpt) + Rexp (iwpt)} + Hin /R,

(3)

where R* and R are the complex variable of the res-
onant mode (with frequency wgr); wy is the “bare”
spin-wave frequency; Gy is the nonlinear coupling pa-
rameter between photons and magnons; and F' is the

parameter of pumping field.

Hint/h :2ZI (2quK0 (k) KO(q) + Squ-ﬁ-(k)K* (q))
k,q
+ S TR RE, (k). (4)

Here T}, and Siq are the amplitudes of four-magnon

)

interactions; TISR is the amplitude of photon-magnon
scattering. We consider the wave system with the in-

!
version symmetry (k — —k), Z denotes the sum-

k
mation over k-semispace. Planck’s constant A is used

as a dimensional constant in order to have dimension-
less complex variables as a classical analogue of Bose
operators of creation and annihilation. It should be
pointed out that in the earlier parametric spin-wave
theories the dynamics of photon mode in the cavity
has not been taken into account.!®—9!

The Hamilton equations of motion with phe-
nomenological damping parameters (I" and vy, are the
relaxation rates of photons and magnons, respectively)

can be written in the form

i<i+F>R:{R,H/h},

i <% + 7k> b = {be, H/R}. (5)
Here

(4.5 P4 0B 9B 34
’ " 0RSR* OSROR*

oy (Ao m i)
— \ 3b, 8b;  db, b

is the classical analogue of a commutator.

Introducing the variables in the rotating frame

by, = crexp (—iwpt/2), R = Rexp (—iwpt),

o = Ngexp {i (0 — 7/2)}, (6)

where 0}, is the phase angle between the pumping field

and the forced magnetic oscillations. |og| = Ny and

lek| = |c_g| can be derived from o) = cpc_j. Finally,

one can obtain the equations of motion in the follow-

ing form in a region @ of k-semispace, where N, # 0

and Ny =01if k ¢ Q:

(d ~ .

i\ 3 + I )+ (wp —wgr) p R+ GNexp (i) — F = 0,

(7)

d

EO -G (Rexp (—i0) + R"exp (20))

— (wp — 2w) +4SN =0, (8)

d 5 . . ; _
{dt + 2y, —iG (Rexp (—i0) — R*exp (29)) } N =0.
(9)
Here
WR = WR + ZT(R)N,

~ 12
@y = wp + 4TN + TP ‘R‘ (10)

are the renormalized frequencies.'1:1217] N is the

number of magnon pairs. According to Egs.(7)—(9)
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and the resonant condition 2wj = w,, the station-  in the cavity.[%'8] P; is the input microwave power,
ary state (with Rg, N(®), 8(%)) of the excited resonant @ = wr/2[ is the quality factor, Vi is the volume of
mode and spin-wave system can be defined as the resonator, and fg ~10-100 is the numerical factor

which depends on the construction of resonator.

(il + Awg) Ry = —GN@exp (ia((’)) +F (11

: 5 NO) 2 _ (gn©)° ©)?
Vi sin (6o — 6r) = SN©), (12) (WVi)* = (SNO) + (3 +maN @) . (15)

hVj cos (6p — Or) = i + nrdN(O), (13)
Taking into account that hin, - Vi = 1 and sub-

where stituting (h/hthr)2 by P/Piy, yield
sin@RE&, COS@REL,
NI NiEEv= N .
S =25+ @AWR - L (i) + <7;:> N(0)2
r o I'? + Awd’
th = FG AwR = wp — WR.- + 2 <7:]},L;:> N(O) + 1 ir =0. (16)

VI?+ Awd

Here V}, is the effective coupling of magnons with the . . o -
Linear analysis of small deviations dR, §6; and

magnetic microwave field ) )
N o exp(At) relative to the stationary state (11)-

h= (ﬂlthiC.)/prR)l/2 (14)  (13) gives the following equations:
A+ T —iAwg O C i1D*
0 A+ T +iA C* —iD
+ 1 +1Awpgr 7 _o, (17)

D D* A+ 29 4(T +2S)

—iC* iC —4SN©2 )
where ¢ = GNOexp (iﬁ(o)) , D = —GNOexp as = — 20y, H — 2G*’NOH — 2y, (Awgr) H
(—iﬁ(o)), + 2TRO* and A = R (\) +il (\). The con- +2IG?NO~, +16I%5?N©)2 4 3272 5N (2
dition R(A\) < 0 corresponds to a stationary state, 116 (AwR)2 SEN2 4 g4 (Awr) CTka(O)*

I (M) describes the frequencies of new normal modes.

— 4TCT,R* 4 32 (Awg)® SN2

Equation (17) can be expanded in the following
+16 (Awgr) GEN 2T 4 8 (Awg) GEN ()25

form:
+ GINO _ 4G3exp <—i0<°>) N©2 R(O)*
a0A4 + a1/\3 —|— ag)\z ~|— a3/\ + Ay = 0 (18) -
+4T?RO*2C? — 2i (Awg) GEN (),
where — 8(Awg) SN©2Gexp (—w(O)) 0
a0 =1, +16 (Awgr) SNO2TQ* RO + (02Q?)"
+ 4TG2N(O)2R(0)*Q*,
a; =2 + 27T,

Q = — Gexp (fie(o)) ZTﬁ(O),

=2G2N©) — 20 + 16S*N©2 4 4Ty, + I'?
42 T H =Q*GN@exp <i0(0)> .

+32(Awgr)® SN©O2T — 4CTRO*,

Let
as = — 2y, H — 2I'H + 64I'SN©2T 4 21rG?N©)

+ 2G2N O, 4 2I'%, + 32I'S? N(0)2 bi=aijao(i=1,2,3,4), A=u—b/4, (19)
+2 (AwR)2 v — 4CT RO,
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Eq.(18) becomes b=0b}/8 —byby/2 + b3,
ut + au? +bu+c =0, (20)
= —3b1/256 + biby/16 — bybs /4 + by.
where
a=—3b2/8 + by, So the solution of Eq.(20) is
1/6 1 1 288 24a®  72v/6b
ws = Y202 1 L gy (o)t - 2202 \f,
12 12\ (01)° Vo2
6o, 1 1 288c+24a®  T2v/6b
u3’4:\/02:|:— 48a 6 (o)} — 0T 24T Vb
12 12 (01)3 /o2
where

o1 = — 288ac + 108b% + 8a*

+ 124/ —T68¢3 + 384c2a2 — 48ca* — 432ach? + 81b* + 12b2a3,

1 1
oy = —4da+0? +4(12¢ + da®)/o?.

The solution of Eq.(18) is

M234 =U1234— b1/4 (21)

This is a general expression about A, which in-
cludes complicated real and imaginary parts. If we
omit I" and v, in Eq.(21) (i.e. a relation of new mixed
modes is neglected), then we can obtain a simplified

solution for A in the form of R (\) = 0 and

S

7 (4% B2 i

f()‘)ii =+ (22)

where

i) (5 (5
<

a\ 2
= 1 2 N3

T
B =256 <1 +25 N©1 4128

S

Awp G\ 2 Awpg 4
=) NO )
(5 (5) v+ (5

R)

For simplicity, we consider the case T,g = 0 when
Awr = wp — wr. We can calculate the number N
of magnon pairs from Eq.(16) and obtain the devia-

tion frequencies relative to the pump frequency from

Eq.(22):

Avy =wy —wp =

3. Discussion

The above analyses demonstrate that there is a
nonlinear interaction between the parametric spin-

When the

driving microwave power exceeds the threshold, P >

wave pairs and resonant cavity photons.

Piyr, the nonlinear interaction between the parametric
spin-wave pairs and the photons will exhibit a physi-
cal picture of spectrum in which two resonant peaks
correspond to two new normal modes of the system.
We can find that the frequency of one mixed mode
is lower, and that of another mode is higher than wy,
from Egs.(23) and (24). The distance between the two
resonant peaks increases with increasing pump power,
indicating an increase of interaction between photons
It is further demonstrated that

the dynamics of resonant cavity modes plays an im-

and magnon pairs.

portant role in the process of the parametric resonance
of magnons once the pump power exceeds the thresh-

old of parallel pumping. Also, parametric pairs shift
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the resonator frequency and decrease the amplitude of

the pump field. These lead to a restriction of absorbed

microwave power even when Tyy = Siq = 0. The ex-

istence of nonlinear interactions between photons and

magnon pairs stimulates us to reconsider some phys-

ical results on parallel pumping of spin-waves in the

overthreshold region.

It is valuable to perform ex-

periments to quantitatively parallel and validate our

predicted result.
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