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We propose a new model (parabolic bistable system) with a colour noise source. In the presence of periodic input

signal, we investigate the output signal to-noise ratio and the power spectral density of output signal, in which the

self-correlation time may be an arbitrary value with no restriction. We �nd that the curves of signal-to-noise ratio

versus the noise intensity D exhibits a bell-shape behaviour. The peak height increases with the increasing value of

amplitude A0 of the input signal. However, the position of peak does not shift. Moreover, the signal-to-noise ratio is

insensitive to the modulation frequency 
 , which completely di�ers from result of Ref.[6]. The power spectral density

also has similar behaviour.

Keywords: stochastic resonance, parabolic-bistable potential, signal-to-noise ratio

PACC: 0540, 0250

1. Introduction

Stochastic resonance (SR) is a nonlinear phe-

nomenon that has attracted considerable atten-

tion.[1�3] In the broad sense, SR means that perfor-

mances of the system, such as the response to weak in-

put of periodic signals, can be enhanced and optimized

at certain nonzero noise level. This phenomenon is

rather counter-intuitive, but the mechanism requires

three basic ingredients:[4] (i) an energetic activation

barrier or, more generally, a form of threshold; (ii) a

weak coherent input (such as a periodic signal); (iii)

a source of noise that is inherent in the system, or

is added to the coherent input. Since the concept

of SR was originally put forward in the seminal pa-

pers by Benzi and collaborators, much more research

has been done both in theory and in experiments. In

theory, adiabatic limit and linear-response approxima-

tion have been put forward successively. The �rst ex-

perimental veri�cation of the SR in study noise de-

pendence of the spectral line of an ac-driven Schmitt

trigger presently created a buzz of activity in other

�elds,[4�9] optical system (bistable ring laser),[10] elec-

tronic and magnetic systems (tunnel diode and su-

perconducting quantum interference devices),[11] neu-

ronal system, and so forth. By far, more works are

focused on systems with white noise source. In the

physical world, however, such an idealization is never

exactly realized. Though a few works explore system

with colour noise source, the auto-correlation time �

was be restricted to regions of small � or large � .

When the value of correlation-time � equals to a mod-

erate value, the SR is never observed in the system

driven by external force in theory or in experiment. In

this paper, we observed the SR in a special parabolic

bistable potential system, in which the � may have ar-

bitrary value and the analytical expression of escape

rate can be obtained exactly, when � equals to the

moderate value.

In this paper, we propose a new model, namely

the parabolic bistable system with a colour noise

source. An analytical expression of mean �rst passage

time Tk(D) (escape rate rk = 1=Tk(D)), in which the

self-correlation time � may have an arbitrary value

with no restriction, has been obtained in the absence

of periodic signal in our other paper.[12] This result

is in good agreement with the numerical calculation

for arbitrary � , even for the moderate �: It should be

noted that all values of the parameter are in the regime

of adiabatic limit and linear-response approximation

is assumed in the paper. In the presence of periodic

input signal, we investigate the signal-to-noise ratio
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(SNR) and the power spectral density (PSD) S(!) of

the output signal. We �nd that the SR will appear

in curves of SNR versus the noise intensity D in the

presence of periodic input signal (A0 6= 0). The peak

height will be higher with increasing value of ampli-

tude A0 of input signal, and the position of the peak

will not shift for di�erent A0. Moreover, the SNR

is insensitive to the angular modulation frequency 
 ,

which di�ers from that in Ref.[6]. Furthermore, we

explore the curves of PSD S(!) for di�erent values

of noise intensity D, modulation amplitude A0 and

modulation frequency 
 .

2.The escape rate of particles

Considering overdamped particles in a poten-

tial U(x) modulated by an input signal A0x cos(
t),

the stochastic dynamics is subject to the following

Langevin equation

_x = �U 0

(x) +A0 cos(
t) + �(t); (1)

where

U(x)

8>>>>>><
>>>>>>:

U1(x) =
a

2
(x+ 1)2 +

k

2
; x < � 1p

3
;

U2(x) =
b

2
x2; jxj � 1p

3
;

U3(x) =
a

2
(x� 1)2 +

k

2
; x >

1p
3
;

(2)

and a > 0; b < 0; jbj < 1=� , and �(t) represents O-U

noise with zero mean and autocorrelation

< �(t)�(s) >=
D

�
exp

�
�jt� sj

�

�
: (3)

In the absence of periodic signal, the exact ana-

lytical expression of stationary parabolic distribution

(SPD) is obtained in another paper of ours:

P (x) =

8>>>>>><
>>>>>>:
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where � = a(a� +1); � = b(b� +1); H1(x) = H3(x) =r
a� + 1

b� + 1
exp(� �

2
p
3D

); H2(x) =

r
2�D

b�2 + �
; N is the

normalization constant. The equations are subject to

the continuous condition given by

b(b� + 1) = a(a� + 1)(1�
p
3): (5)

Then the mean �rst passage time is determined

by when particles surmount a potential starting from

x = �1 to x = +1,

Tk(D) =D�1
Z 1

�1
H(x)exp[�(x)]dx

�
Z x

�1
H(y)exp[��(y)]dy; (6)

here
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After some algebraic calculation, the analytical

expression which can be in good accordance with the

numerical calculation for arbitrary � of Tk(D), is ob-

tained in the absence of input signal:
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Therefore, the escape rate under the Kramers

meaning with no input signal can be given by

rk =
1

Tk(D)
: (8)

In the presence of input signal, the transition

probability densities W�(t) proposed by McNamara

and Wiesefeld is[4]

W�(t) = rkexp

�
� A0xm

D
cos(
t)

�
: (9)

On assuming that the modulation amplitude is

small, i.e., A0xm � D, we can use the following ex-

pansions in the small parameter A0xm=D;

W�(t) =rk

�
1� A0xm

D
cos(
t)

+
1

2

�
A0xm
D

�2

cos2(
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�
;
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W+(t)+W�(t) =2rk

�
1+

1

2

�
A0xm
D

�2

cos2(
t)� � � �
�
;

where xm = �1:
3.The power spectral dentistry

and SNR
In order to investigate the SR, it is necessary to

calculate the power spectral density and SNR.

We know that the power spectral density is the

Fourier transform of autocorrelation function. Firstly,

we write down the expression of autocorrelation. The

general de�nition of the autocorrelation function <

x(t+ s)x(t) j x0; t0 > is

<x(t+ s)x(t) j x0; t0 >
=

Z Z
xyP (x; t+ s j y; t)P (y; t j x0; t0)dxdy

=x2mexp(�2rk jsj)
�
1� 1

2
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�2
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2

�

+
x2m
2

�
A0xm
D

�2
4r2k

4r2k + 

2
cos(
s): (10)

The power spectral density S(!) commonly re-

ported in the literature is the Fourier transform of

Eq.(10):

S(!) =

�
1� 1

2

�
A0xm
D

�2
4r2k

4r2k + 

2

�
4rkx

2
m

4r2k + !2

+
�

2

�
A0xm
D

�2
4r2kx

2
m

4r2k + 

2

� [Æ(! � 
) + Æ(! + 
)]: (11)

SNR is the important measure for the SR phe-

nomenon. Researchers usually investigate the SR

through observing the SNR in theory or in experiment.

The SNR adopted here has the following de�nition:[4]

SNR = 2

�
lim

�!!0

Z 
+�!


��!
S(!)d!

�
=SN (
): (12)

Here SN (
) =

�
1 � 1

2

�
A0xm
D

�2
4r2k

4r2k + 

2

�
4rkx

2
m

4r2k + !2

is the product of the Lorentzian curve obtained with

no input signal A0 = 0: The total output power, signal

plus noise, for the two-state model discussed here, is

2�x2m, independent of the input-signal amplitude A0

and frequency 
 . Finally, according to Eq.(11) and

Eq.(12), the SNR follows as

SNR = �

�
A0xm
D

�2

rk +O(A4
0) (13)

4.Conclusion and discussion

(i) Fig.1 shows the relation between the SNR and

stochastic parameters D for di�erent amplitudes A0

of input signal when the self-correlation time of noise

source has a �xed value (� = 10). Due to the continu-

ous condition Eq.(5), the values of a; b and k equal to

0:0260263; �0:0402702 and �0:018, respectively, when
� = 10. When the threshold of signal amplitude is ex-

ceeded, the curve of SNR versus noise strength D will

exhibit a bell-shape behaviour, that is, the SR is ob-

served. Moreover, the peak height will become higher

with increasing amplitude A0 of the input signal, and

the position of peak will not shift for di�erent A0; as

shown in Fig.1.

Fig.1. The curve plane of SNR versus noise inten-

sity D and signal amplitude A0. The values of the

parameters: 
 = 0:001, � = 10.

(ii) In the case of � = 10, the curve surface

of SNR versus strength D and signal frequency 


demonstrates that the SR is insensitive to the modu-

lated frequency 
 (see Fig.2). Such point di�ers from

that observed in other double-well potential system.

Fig.2. The curve plane of SNR versus noise intensity

D and modulation frequency 
 . The values of the

parameters: A0 = 0:03, � = 10.
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Fig.3. The curve of PSD S(!) versus frequency ! for

di�erent input-signal amplitude A0. The values of the

parameters: 
 = 0:001, D = 0:2, � = 10, solid line

versus A0 = 0:003, dotted line versus A0 = 0:2.

(iii) When the autocorrelation time has a moder-

ate value (� = 10), the power spectral density S(!) as

a function of frequency ! for di�erent amplitudes A0

of input signal is depicted in Fig.3. From the �gure,

we can see that the S(!) is symmetric to the zero fre-

quency (! = 0) and its peak will be higher with the

increasing of A0. And all values of S(!) for large A0 is

larger than that for small A0 because the input energy

is larger. So there is no junction between the curves

for di�erent A0. However, the curves of S(!)-! for dif-

ferent noise intensities D indicate that the output sig-

nal will be submerged in the large noise background,

that is, the peak height will be lower when increasing

the D, as shown in Fig.4. Due to the input-energy is

held a constant, there are sure junctions between the

curves for di�erent noise intensities D.

(iv) The curve surface of S(!) versus frequency !

and signal angular-frequency 
 demonstrates that the

S(!) is also insensitive to the modulated frequency 


(see Fig.5). In other words, the input signal frequency


 does not in
uence the output signal con�guration

of frequency spectra.

Fig.4. The curve of PSD S(!) versus frequency !

for noise intensity D. The values of the parameters:

A0 = 0:003, 
 = 0:001, � = 10, solid line versus

D = 0:2, dotted line versus D = 0:5.

Fig.5. The curve plane of PSD S(!) versus frequency

! and modulation frequency 
 . The values of the pa-

rameters: D = 0:2, � = 10, A0 = 0:003.
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