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For a rotational relativistic Birkhoffian system, a set of the Lie symmetries and conservation laws is given under

infinitesimal transformations.

On the basis of the invariance of rotational relativistic Birkhoffian equations under

infinitesimal transformations, Lie symmetrical transformations of the system are constructed, which only depend on the

Birkhoffian variables. The determining equations of Lie symmetries are given, and a new type of non-noether conserved

quantities are directly obtained from Lie symmetries of the system. An example is given to illustrate the application of

the results.
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1. Introduction

With the developments in science and technol-
ogy, more and more experimental facts have been
related to the problem of high speed spinning.[!! In
1985, Carmelil? constructed the theory of rotational
relativistic mechanics. Since 1996, we have obtained
the theory of analytical mechanics for the rotational
relativistic system, and given its basic theoretical
frame.[3~12] The dynamics of the Birkhoffian system
is more general than the Hamiltonian mechanics, and
much attention is paid to it in the field of mathemat-
ics, mechanics and physics.'326 The Hamiltonian
mechanics has been extensively applied to the fields
of modern physics. Thus the dynamics of Birkhoffian
systems will also be applied to the fields of modern
physics. Recently, Refs.[27-32] have given the basic
theoretical frame of the rotational relativistic Birkhof-
fian system.

The conservation laws for a dynamical system
play an important role in the fields of mathematics,
mechanics and physics. There are two main methods
One is based

on the theory of invariance of Hamilton’s action un-

used to seek the conserved quantity.

der infinitesimal transformations, namely, the Noether
theory.[33] The other was given by Lutzky[*¥ in 1979

who introduced Lie’s method of expansive group of in-
variance for ordinary differential equations under in-
finitesimal transformations to the mechanical system,
and presented the Lie symmetries of differential equa-
tions of motion. In recent 20 years, in Refs.[35-49]
has been developed the method of Lie symmetries,
and many important results have been obtained. In
general, the Lie symmetry of a dynamical system does
not always imply the conserved quantity, it can lead to
the conserved quantity only under certain conditions.
There are two main methods used to seek the Lie
[7,24,25,35-44] ;¢
[45—49]

symmetrical conserved quantities. One
based on the Noether symmetries, and the other

is directly based on the Lie symmetries of the system.

This paper presents a method for obtaining con-
served quantities from the Lie symmetries of rota-
tional relativistic Birkhoffian system. In terms of
the invariance of rotational relativistic Birkhoffian
equations under infinitesimal transformations, the Lie
symmetrical transformations of the system are given,
which only depend on the Birkhoffian variables. A set
of non-noether conserved quantities are directly ob-
tained from the Lie symmetries of the system. Also,
an example is given to illustrate the application of the

results.
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2.A set of the Lie symmetries of
rotational relativistic Birkhof-

fian systems

Here we study the fixed axis rotation of a mechan-
ical system composed of N particles. At time ¢, the
ith particle has an angular velocity éi, where as the
limiting angular velocity is I}, the classical rotational
moment of inertia is Iy;, and its relativistic rotational

moment of inertia is [2:3

Io;
L= (1)

Ji-ere

We can construct the Birkhoffian B* and the
Birkhoff functions R%(v =1,---,2n) of the rotational

relativistic system as
B* = B*(I;(t,a"),t,a"),
R, = Ry(I(t.a"),t.a"), (vp=1,--2n); (2)
and we let

B* = B*(t,a") = B*(I;(t,a"),t,a"),

Rjx = Rj(t,a") = R(Li(t,a"), t,a").  (3)

Then the Birkhoffian equations of the rotational rela-

tivistic system can be written in the form!27-28]
ORy OR.\., 0B OR,
dak da¥ dak ot ’
(Valu'zla"'aQn)a (4)

where the repeated subscripts represent the summa-
tion. In general, it is supposed that the system (4) is

non-singular, i.e.,

. . _ (9B, OR,
detlnn) 70, iy = <8a“ - aa">' ®
If R; and B* do not include time ¢ explicitly, the sys-
tem (4) is autonomous. If R; do not include time ¢
explicitly, the system (4) is semi-autonomous.

From Egs.(4), we can obtain

oB* OR*
aﬂ_w”ll*(ﬁ‘i_ 8tu>’ (M:V:]-v"'72n)7 (6)
where
wrwr = 6. (7)

Egs. (6) can be expressed as follows

du:h#(taau)) (U7V: ]_,--',ZTL). (8)

We introduce infinitesimal transformations for a*

tr =t au*(t*) :a“(t)—{—Aa“, (/‘L: ]_,"',QTL),

(9)

)

and their expanding forms are

t"=t, a" =a" +e,(t,a"), (10)

where ¢ is an infinitesimal parameter, and £, are called
the infinitesimal generators. Under the infinitesimal
transformations (10), we introduce a vector of gener-

ator

0

dar’

X0 =g, (11)

and its first extension

0

0 .
X = &g +Euggn

(12)

From the theory of the invariance of differential equa-
tions under infinitesimal transformations, we know
that the invariance of Eqgs.(4) under the infinitesimal

transformations(10) is
0B*  OR;
(1) — | qv _  pr* v —
X [a w <_8a” + 5 >] 0. (13)

Noticing the inverse Eqgs. (6) of Eq.(4), we can obtain

the determining equations of the rotational relativistic

Birkhoffian system

: dB*  OR:
— x(0) nzs v
b= o (554 %55 ) |

(n,v=1,---,2n).

(14)

If the generators &, of the infinitesimal transforma-
tions (10) satisfy the determining Egs. (14), then the
transformations (10) are called Lie symmetries. So we
have the following Lie symmetrical theorem for the ro-
tational relativistic Birkhoffian system.

Theorem 1. For the rotational relativistic
Birkhoffian system (4), if the generators £, of the in-
finitesimal transformations (10) satisfy the determin-
ing Eqgs. (14), then the corresponding symmetries are

the Lie symmetries of the system.

3.A set of the Lie symmetrical
conserved quantities of rota-
tional relativistic Birkhoffian

systems

In general, the Lie symmetry of a dynamical sys-
tem does not always imply the conserved quantity;

however, it can only lead to the conserved quantity
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under certain conditions. Now, we give the conditions
under which a Lie symmetry can lead to a conserved
quantity and the form of the quantity for the rota-
tional relativistic Birkhoffian system.

Theorem 2. For the rotational relativistic
Birkhoffian system (4), if the generators £, of the in-
finitesimal transformations (10) satisfy the Lie sym-
(14), and there exists a

function G = G(a*) satisfying the following condition

metrical determining Eqgs.

oh, 1 0G
o 227 1
dar G Oar "’ 0, (15)

then the system (4) has the Lie symmetrical conserved

quantities as follows

1 0
¢ = aﬁ(Gf") = constant. (16)
In fact,
dé d /190G 190G d 9¢,
== — 17
dt dt(Gaal‘)g“ G da u€“+dta H (17)

Using Egs.(8) and (11

be written in the form

), the determining Eqgs. (14) can

oh,,
‘S fp 8(1p - Y (,LL = 17 ,27’L), (18)
so we have
dE,  9¢, dh, 9%h,,
T Rl = 1
dat  Oat OaP & darPdat (19)
Using Eq.(19), we obtain
d 9, 62h
dt Ga* ~ datdaP & (20)

Substituting Egs.(18) and (20) into Eq.(17), we have

de _d (106G,
dt ~ dt \ G dar )"

n 1 0G 0Oh, me 9%h O (21)
G da* dar >’ Baﬂaap P
From Eq.(15), we obtain
2
O'h, __ 0 (109G, 10Goh,
datQar da? \ G da” G da¥ Qa’

Substituting Eq.(22) into Eq.(21

(
0 1 0G 0 1 0G
%(aaau) = a—<aa—> (23)

we can obtain

) and Noticing

4
o =0 (24)

So Eq.(16) is the Lie symmetrical conserved quantities
of the system (4).

From theorem 2, we can obtain an important de-
duction.

Deduction For the rotational relativistic Bir-
khoffian system (4), if the generators ¢, of the in-
finitesimal transformations (10) satisfy the Lie sym-
metrical determining Eqgs. (14), and the system satisfy
the following condition

% =0, (25)

dat

then the system (4) has the Lie symmetrical conserved

quantities as follows

o

Do = constant. (26)
a

4. Example

As an example, we study the high-speed spinning
of a body around a fixed axis, of which the classical
rotational moment of inertia is Iy and the relativistic

equations of motion are

Mo @ _ Mo @\
=7 rz) =1, rz)

I
I= 40, (27)
\/1—4¢2/I?
where My = constant and I'=constant. Letting
a' = ¢ and a? = ¢, we can obtain3?
—1/2
B — Io 20 p2 (a2)2 / —d!,
M, I

N (N 2 (@)™
RIZO, RQ:E(VOG 1-— F2 (28)

02 = hy = Mo <1 - (“2)2>3/2. (29)

F2

The determining Eq. (14) gives

212\ 1/2
3]\04?; <1— (6}2) > &2, (30)

and these have solutions
3M0a2

a2)2\ /2
& :exp{— Ve <1_ ([’2) > t] + C1,

—1/2
g = ol <1_ <“2>2)

3M0(12 I?

3Mya? (a2)2 1/2
1-— t . (31
I I? ( I2 + G2 (31)

él = 527 62

xexp[—
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From theorem 1, we know that the generator (31) cor-

responds to the Lie symmetry of the system (28).
From Eq.(15), we have

o [Myf, @\, 106,
da? IO I?

Goal

1 0G [ M, (a®)2\*/?
——|—(1- =0. 32
+ G 0a? [ Iy < Iz (32)
The above equation has the following solutions
M, (a2)2 3/2
= 01— .
oo (i @RV

Substituting Eqs.(31) and (33) into Eq.(16), we can

obtain
o[ o(i- @0) " (1o @),
()

2 212\ 1/2
3Moa <1 — ((}2) > t] = constant(34)

xexp[—

From theorem 2, we know that Eq.(34) is the Lie sym-
metrical conserved quantity corresponding to the sys-
tem (28).
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